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A new 4-D hyperchaotic two-scroll system with two
unstable equilibrium points, its dynamic analysis,
circuit simulation and synchronization design via

integral sliding mode control

Sundarapandian VAIDYANATHANo , Fareh HANNACHIo ,
Mohamad Afendee MOHAMEDo , Aceng SAMBASo

and Manikonda Srinivasa SESHA SAI

In this research work, a new hyperchaotic two-scroll system with two unstable equilibrium
points has been derived and the qualitative properties of the new hyperchaotic system are
detailed. A bifurcation analysis has been carried out for the proposed hyperchaotic two-scroll
system by varying the system parameters. Multistability property of the new hyperchaotic two-
scroll system has been also illustrated by showing the coexistence of hyperchaotic attractors for
the proposed hyperchaotic two-scroll system for the same set of parameter values but different
initial conditions. For engineering applications, we provide an electronic circuit simulation of
the proposed hyperchaotic two-scroll system using MultiSim 14.0. As a control application, we
derive new results for the complete synchronization for a pair of new hyperchaotic two-scroll
systems taken as the master and slave systems. We have used integral sliding mode control and
Lyapunov stability theory for the derivation of the synchronizing control law for the complete
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synchronization design for a pair of new hyperchaotic two-scroll systems. We have provided
MATLAB simulations to illustrate and highlight the main results of this work.

Key words: chaos, chaotic systems, curve equilibrium, bifurcation, multistability, circuit design,
synchronization, sliding mode control

1. Introduction

Nonlinear systems of differential equations are called as hyperchaotic sys-
tems if they are equipped with at least two positive Lyapunov exponents [1].
Hyperchaotic systems with high complexity have several applications in science,
engineering and technology such as memristors [2, 3], robotics [4, 5], oscilla-
tors [6,7], fuzzy systems [8,9], finance systems [10,11], cryptosystems [12–14],
etc.

In the chaos literature, several hyperchaotic systems have been reported with
various properties such as two-scroll systems [15,16], four-scroll systems [17,18],
multi-scroll systems [19, 20], systems with hidden attractors [21, 22], etc.

In this research work, a new hyperchaotic two-scroll system with two unstable
equilibrium points has been derived and the qualitative properties of the new
hyperchaotic two-scroll system are detailed. The proposed hyperchaotic system
has a total of four quadratic nonlinearities. We show that the new hyperchaotic
system exhibits the Lyapunov exponents 𝑙1 = 3.4070, 𝑙2 = 0.1194, 𝑙3 = 0 and
𝑙4 = −29.5256. Since the proposed system has two positive Lyapunov exponents,
the system is hyperchaotic. Since the sum of the Lyapunov exponents is negative,
the proposed hyperchaotic system is dissipative. A bifurcation analysis has been
carried out for the proposed hyperchaotic two-scroll system by varying the system
parameters. Bifurcation analysis is very useful for understanding the qualitative
properties of the dynamical systems [22, 23].

In chaos theory, multistability refers to the property of coexistence of chaotic
or hyperchaotic attractors for the same set of values of system parameters but
different values of the initial conditions [24–26]. In this research work, we es-
tablish the multistability property of the new hyperchaotic two-scroll system by
demonstrating the coexistence of hyperchaotic attractors for the proposed hyper-
chaotic two-scroll system for the same set of parameter values but different initial
conditions.

It is well-known that the design of electronic circuits for chaotic and hy-
perchaotic systems is very useful for the engineering applications [27, 28]. In
this research work, we provide an electronic circuit simulation of the proposed
hyperchaotic two-scroll system using MultiSim 14.0.

As a control application, we derive new results for the complete synchroniza-
tion for a pair of new hyperchaotic two-scroll systems taken as the master and slave
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systems. Complete synchronization (CS) is a phenomenon where two chaotic or
hyperchaotic systems consisting of a master drive system and a slave response
system converge to the exact same trajectory over time [29,30]. Synchronization
of hyperchaotic systems has important applications in secure communication sys-
tems [31,32]. In this research work, we have used integral sliding mode control for
the derivation of the synchronizing control law for the complete synchronization
design for a pair of new hyperchaotic two-scroll systems. Integral sliding mode
control (ISMC) is an useful control technique for the synchronization of hyper-
chaotic systems [33–35]. We have provided MATLAB simulations to illustrate
and highlight the main results of this work.

2. A new hyperchaotic two-scroll system with four quadratic nonlinearities

In this research paper, we propose a new 4-D dynamics given by
¤𝑦1 = 𝑎(𝑦2 − 𝑦1) − 𝑦2

2 + 𝑝𝑦2𝑦3 ,

¤𝑦2 = 𝑏𝑦1 − 𝑦1𝑦3 + 𝑦4 ,

¤𝑦3 = 𝑦1𝑦2 − 𝑐𝑦3 ,

¤𝑦4 = 𝑦1 ,

(1)

where 𝑎, 𝑏, 𝑐, 𝑝 are positive bifurcation parameters and 𝑌 = (𝑦1, 𝑦2, 𝑦3, 𝑦4) is
the state vector.

We shall establish that the 4-D system (1) with a total of four quadratic
nonlinearities will exhibit a hyperchaotic attractor when the system constants
take the following values

𝑎 = 24, 𝑏 = 18, 𝑐 = 2, 𝑝 = 14. (2)

For numerical simulations, we assume the initial state as 𝑌 (0) =

(0.5, 0.3, 0.5, 0.3) and the parameters as (𝑎, 𝑏, 𝑐, 𝑝) = (24, 18, 2, 14). Using
MATLAB, the Lyapunov exponents (LEs) for the 4-D dynamics (1) can be cal-
culated for these values with 𝑇 = 1 × (10)4 seconds as follows:

𝑙1 = 3.4070, 𝑙2 = 0.1194, 𝑙3 = 0, 𝑙4 = −29.5256. (3)

Since the 4-D dynamics (1) has two positive LE values, we deduce that
the 4-D system (1) has a hyperchaotic attractor with the maximal Lyapunov
exponent (MLE) equal to 𝑙max = 3.4070, which is a high value. Thus, the proposed
hyperchaotic system (1) exhibits high complexity and hence it can be used for
applications in encryption and secure communications. Moreover, the Lyapunov
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dimension for the 4-D hyperchaotic system (1) is determined as follows:

𝐷𝐿 = 3 + 𝑙1 + 𝑙2 + 𝑙3|𝑙4 |
= 3.1194 (4)

which exhibits the high complexity of the proposed hyperchaotic system (1). The
rest points of the new hyperchaotic system (1) are got by means of solving the
following set of equations:

𝑎(𝑦2 − 𝑦1) − 𝑦2
2 + 𝑝𝑦2𝑦3 = 0, (5a)

𝑏𝑦1 − 𝑦1𝑦3 + 𝑦4 = 0, (5b)
𝑦1𝑦2 − 𝑐𝑦3 = 0, (5c)

−𝑦1 = 0. (5d)

From (5d), (5c) and (5b), we find that 𝑦1 = 0, 𝑦3 = 0 and 𝑦4 = 0. Substituting
these values in (5a), we get 𝑎𝑦2 − 𝑦2

2 = 0 or 𝑦2(𝑎 − 𝑦2) = 0. This calculation
shows that the new 4-D hyperchaotic system (1) has two equilibrium points, viz.
𝑃0 = (0, 0, 0, 0) and 𝑃1 = (0, 𝑎, 0, 0)

For the hyperchaotic case (𝑎, 𝑏, 𝑐, 𝑝) = (24, 18, 2, 14), we find that 𝑎 = 24.
Thus, the equilibrium points of the system (1) in the hyperchaotic case are
𝑃0 = (0, 0, 0, 0) and 𝑃1 = (0, 24, 0, 0).

The Jacobian matrix of the system (1) at 𝑃0 = (0, 0, 0, 0) is found as

𝑀0 =


−𝑎 𝑎 0 0
𝑏 0 0 1
0 0 −𝑐 0
−1 0 0 0

 . (6)

It is clear that 𝜆 = −𝑐 is a stable eigenvalue of 𝑀0 as 𝑐 > 0, while the other
three eigenvalues are the roots of the equation

𝜑(𝜆) = 𝜆3 + 𝑎𝜆2 − 𝑎𝑏𝜆 + 1 = 0. (7)

Since 𝑎 > 0 and 𝑏 > 0, it is clear from the Routh’s stability criterion that the
cubic polynomial 𝜑(𝜆) is unstable.

From Descarte’s rule of signs, we can also deduce that 𝜑(𝜆) has two positive
real roots and one negative real root.

Hence, 𝑃0 = (0, 0, 0, 0) is a saddle point and unstable equilibrium of the 4-D
system (1) when 𝑎 > 0, 𝑏 > 0 and 𝑐 > 0.
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The Jacobian matrix of the system (1) at 𝑃1 = (0, 𝑎, 0, 0) is found as

𝑀1 =


−𝑎 −𝑎 𝑝𝑎 0
𝑏 0 0 1
𝑎 0 −𝑐 0
−1 0 0 0

 . (8)

For the hyperchaotic case (2), we can simplify the Jacobian matrix 𝑀1 as

𝑀1 =


−24 −24 336 0
18 0 0 1
24 0 −2 0
−1 0 0 0

 . (9)

Using MATLAB, we compute the eigenvalues of the Jacobian matrix 𝑀1 as
74.99, −101.11 and 0.06±0.06𝑖. This shows that 𝑃1 is an unstable, saddle-focus,
equilibrium of the 4-D hyperchaotic two-scroll system (1).

MATLAB simulations for the new 4-D hyperchaotic two-scroll system (1) for
the initial state (0.5, 0.3, 0.5, 0.3) and (𝑎, 𝑏, 𝑐, 𝑝) = (24, 18, 2, 14) are presented
in Figures 1 to 4.

Figure 1: (𝑦1, 𝑦2) plot of the new hyperchaotic two-scroll system (1) for𝑌 (0) = (0.5, 0.3, 0.5, 0.3)
and (𝑎, 𝑏, 𝑐, 𝑝) = (24, 18, 2, 14)
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Figure 2: (𝑦1, 𝑦3) plot of the new hyperchaotic two-scroll system (1) for𝑌 (0) = (0.5, 0.3, 0.5, 0.3)
and (𝑎, 𝑏, 𝑐, 𝑝) = (24, 18, 2, 14)

Figure 3: (𝑦1, 𝑦4) plot of the new hyperchaotic two-scroll system (1) for𝑌 (0) = (0.5, 0.3, 0.5, 0.3)
and (𝑎, 𝑏, 𝑐, 𝑝) = (24, 18, 2, 14)
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Figure 4: (𝑦3, 𝑦4) plot of the new hyperchaotic two-scroll system (1) for𝑌 (0) = (0.5, 0.3, 0.5, 0.3)
and (𝑎, 𝑏, 𝑐, 𝑝) = (24, 18, 2, 14)

3. Dynamic analysis of the new 4-D hyperchaotic two-scroll system

In this section, we carry out a bifurcation analysis of the dynamics of the two-
scroll system (1) by means of the bifurcation diagrams and Lyapunov exponents
spectrums for the 4-D system (1).

3.1. Varying the parameter 𝑎

Here, we fix the values the system parameters (𝑏, 𝑐, 𝑝) as (𝑏, 𝑐, 𝑝) =

(18, 2, 14) and vary the parameter 𝑎 in the interval [20, 30]. Figure 5 shows the

(a)

Fig. 5a
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(b)

Figure 5: (a) Bifurcation diagram and (b) LE spectrum of the 4-D two-scroll dynamics (1) for
𝑎 ∈ [20, 30] and (𝑏, 𝑐, 𝑝) = (18, 2, 14)

Lyapunov exponents spectrum and the bifurcation diagram of the 4-D system (1)
when the parameter 𝑎 varies in [20, 30] and (𝑏, 𝑐, 𝑝) = (18, 2, 14).

From Figure 5, it can be seen that the 4-D system (1) exhibits only hyperchaotic
behavior when 𝑎 ∈ [20, 30], as the system (1) exhibits two positive Lyapunov
exponents (𝑙1 > 0, 𝑙2 > 0, 𝑙3 = 0 and 𝑙4 < 0). Behaviors and Lyapunov exponents
of the new 4-D system (1) for different values of parameter 𝑎 are summarized in
Table 1.

Table 1: Summary table for the dynamic analysis of the 4-D system (1) for different values
of the parameter 𝑎 and (𝑏, 𝑐, 𝑝) = (18, 2, 14)

Dynamics Parameter
𝑎

LEs
𝑙1 𝑙2 𝑙3 𝑙4

20 3.3410 0.1047 0 −25.4500
21 3.4080 0 0 −26.5300
22 3.4940 0.1267 0 −27.6200
23 3.4380 0.07937 0 −28.5200

Hyperchaotic
25 3.3030 0.1457 0 −30.4500
26 3.2480 0.1252 0 −31.3800
27 3.2120 0.1108 0 −32.3300
28 2.9720 0.1563 0 −33.1300
29 2.7560 0.1502 0 −33.9100
30 2.6100 0.09473 0 −34.7000
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3.2. Varying the parameter 𝑏

Here, we fix the values the system parameters (𝑎, 𝑐, 𝑝) as (𝑎, 𝑐, 𝑝) =

(24, 18, 2) and vary the parameter 𝑏 in the interval [0, 20]. Figure 6 shows the
Lyapunov exponents spectrum and the bifurcation diagram of the 4-D system (1)
when the parameter 𝑏 varies in [0, 20] and (𝑎, 𝑐, 𝑝) = (24, 18, 2).

(a)

(b)

Figure 6: (a) Bifurcation diagram and (b) LE spectrum of the 4-D two-scroll dynamics (1) for
𝑏 ∈ [0, 20] and (𝑎, 𝑐, 𝑝) = (24, 18, 2)

We can identify the dynamic behavior of the system (1), when the parameter
𝑏 varies in the range [0, 20]. We define three regions as follows:

𝐴 = [0, 2.08) ∪ [2.08, 3.62] , 𝐵 = (3.62, 5.32] , 𝐶 = (5.32, 20] . (10)

From Figure 6, it can be seen that system (1) exhibits only periodic behavior
when 𝑏 ∈ 𝐴, where the maximal Lyapunov exponent is zero and the other
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Lyapunov exponents are equal or less than zero. When 𝑏 ∈ 𝐵, we can see from
Figure 6 that the system (1) exhibits hyperchaotic and chaotic behavior where one
or two Lyapunov exponents are positive, one zero Lyapunov exponent (𝑙3 = 0)
and one negative Lyapunov exponent (𝑙4 < 0). Thus, the 4-D system (1) is chaotic
and generate chaotic attractor or hyperchaotic attractor when 𝑏 ∈ 𝐵.

When 𝑏 ∈ 𝐶, we can see from Figure 6 that the system (1) has two positive
Lyapunov exponents (𝑙1 > 0, 𝑙2 > 0), one zero Lyapunov exponent (𝑙3 = 0) and
one negative Lyapunov exponent (𝑙4 < 0). Thus, the system (1) is hyperchaotic
and generates a hyperchaotic attractor, when 𝑏 ∈ 𝐶.

Behaviors and Lyapunov exponents of the new 4-D two-scroll system (1) for
different values of parameter 𝑏 are summarized in Table 2.

Table 2: Summary Table for the dynamic analysis of the 4-D system (1) for different values of the
parameter 𝑏 and (𝑎, 𝑐, 𝑝) = (24, 18, 2)

Dynamics Parameter
𝑏

LEs
𝑙1 𝑙2 𝑙3 𝑙4

0 0 −0.0431 −1.9020 −24.050
0.5 0 −0.7181 −0.7324 −24.54
1.2 0 −0.08904 −0.8853 −25.02

Periodic 2 0 −0.04332 −0.5120 −24.45
2.50 0 −0.1720 −0.1782 −25.65

3 0 0 −0.08935 −25.82
3.50 0 −0.01993 −0.01815 −25.96

Chaotic 4.60 0.1959 0 −0.01069 −26.19
3.84 0.09679 0.01834 0 −26.10

4 0.09521 0.0287 0 −26.12
5 0.2253 0.01994 0 −26.25

5.50 0.04781 0.04781 0 −26.29
Hyperchaotic 8 0.7535 0.1493 0 −26.90

12 1.8760 0.1300 0 −28.00
15 2.7290 0.1225 0 −28.86
17 3.1670 0.1292 0 −29.52
20 3.865 0.09552 0 −29.96

3.3. Varying the parameter 𝑐

Here, we fix the values the system parameters (𝑎, 𝑐, 𝑝) as (𝑎, 𝑏, 𝑝) =

(24, 18, 14) and vary the parameter 𝑐 in the interval [0, 10]. Figure 7 shows the
Lyapunov exponents spectrum and the bifurcation diagram of the 4-D system (1)
when the parameter 𝑐 varies in [0, 10] and (𝑎, 𝑏, 𝑝) = (24, 18, 14).
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(a)

(b)

Figure 7: (a) Bifurcation diagram and (b) LE spectrum of the 4-D two-scroll dynamics (1) for
𝑐 ∈ [0, 10] and (𝑎, 𝑏, 𝑝) = (24, 18, 14)

We can identify the dynamic behavior of the system (1), when the parameter
𝑐 varies in the range [0, 10]. We define three regions as follows:

𝐴 = (0, 0.04) ∪ (0.12, 0.28) , 𝐵 = [0.04, 0.12] , 𝐶 = [0.28, 10] . (11)

When 𝑐 ∈ 𝐴, we can see from Figure 7 that the system (1) exhibits chaotic
behavior where 𝑙1 > 0, 𝑙2 = 0, 𝑙3 < 0 and 𝑙4 < 0. Thus, the system (1) is chaotic
and generates a chaotic attractor, when 𝑐 ∈ 𝐴.

When 𝑐 ∈ 𝐵, we can see from Figure 7 that the system (1) exhibits only
periodic behavior because the maximal Lyapunov exponent is zero and the other
Lyapunov exponents are less than or equal to zero.



288 S. VAIDYANATHAN ET AL.

When 𝑐 ∈ 𝐶, we can see from Figure 7 that the system (1) exhibits hyper-
chaotic behavior where 𝑙1 > 0, 𝑙2 > 0, 𝑙3 = 0 and 𝑙4 < 0. Thus, the system (1) is
hyperchaotic and generates a hyperchaotic attractor, when 𝑐 ∈ 𝐶.

Behaviors and Lyapunov exponents of the new 4-D system (1) for different
values of parameter 𝑐 are summarized in Table 3.

Table 3: Summary Table for the dynamic analysis of the 4-D system (1) for different values of the
parameter 𝑐 and (𝑎, 𝑏, 𝑝) = (24, 18, 14)

Dynamics Parameter
𝑐

LEs
𝑙1 𝑙2 𝑙3 𝑙4

0.04 0 −01358 −0.8389 −23.19
0.05 0 −0.1822 −0.3248 −23.5426

Periodic 0.06 0 −0.2240 −0.3392 −23.50
0.08 0 −0.06685 −0.6635 −23.35
0.10 0 −0.1333 −0.1995 −23.76
0.11 0 0 −0.1587 −23.96
0.02 0.0234 0 −1.8070 −22.24
0.14 0.08804 0 −0.2996 −23.93

Chaotic 0.16 0.1536 0 −0.3062 −24.01
0.20 0.2862 0 −0.1277 −24.36
0.24 0.3941 0 −0.04684 −24.59
0.26 0.4503 0 −0.03652 −24.68
0.30 0.5050 0.05529 0 −24.86

3 4.0530 0.09629 0 −31.15
Hyperchaotic 5 4.220 0.02539 0 −33.25

6 4.201 0.03063 0 −34.23
7 2.2570 0.0273 −0.1961 −33.09
10 3.50 0.01774 −0.04853 −37.47

3.4. Varying the parameter 𝑝

Here, we fix the values the system parameters (𝑎, 𝑏, 𝑐) as (𝑎, 𝑏, 𝑝) =

(24, 18, 2) and vary the parameter 𝑝 in the interval [10, 20]. Figure 8 shows
the Lyapunov exponents spectrum and the bifurcation diagram of the 4-D sys-
tem (1) when the parameter 𝑝 varies in [10, 20] and (𝑎, 𝑏, 𝑝) = (24, 18, 2).

It can be seen from the Figure 8 that the 4-D system (1) exhibits only hyper-
chaotic behavior when 𝑝 ∈ [10, 20], where 𝑙1 > 0, 𝑙2 > 0, 𝑙3 = 0 and 𝑙4 < 0.

Behaviors and Lyapunov exponents of the new 4-D system (1) for different
values of parameter 𝑝 are summarized in Table 4.
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(a)

(b)

Figure 8: (a) Bifurcation diagram and (b) LE spectrum of the 4-D two-scroll dynamics (1) for
𝑝 ∈ [10, 20] and (𝑎, 𝑏, 𝑐) = (24, 18, 2)

Table 4: Summary Table for the dynamic analysis of the 4-D system (1) for different values of the
parameter 𝑐 and (𝑎, 𝑏, 𝑐) = (24, 18, 2)

Dynamics Parameter
𝑝

LEs
𝑙1 𝑙2 𝑙3 𝑙4

10 2.8980 0.09861 0 −29.00
12 3.1070 0.08076 0 −29.19
15 3.5590 0.1435 0 −29.71

Hyperchaotic 16 3.6630 0.1113 0 −29.78
17 3.80 0.09241 0 −29.90
18 3.8190 0.1323 0 −29.96
20 3.9120 0.1069 0 −30.02



290 S. VAIDYANATHAN ET AL.

4. Multistability in the new 4-D hyperchaotic two-scroll system

A key feature of integer-order hyperchaotic systems is their ability to show
multistability, meaning they can have several hyperchaotic attractors at the same
time for the same parameter values. This is important for both understanding
and applying hyperchaotic systems. Having multiple attractors helps reveal the
system’s complex behavior and makes it possible to design systems with different
dynamic properties. To study the coexistence of these attractors and other system
features, it’s helpful to slightly change the initial conditions while keeping the
system parameters fixed.

Let 𝑌1 and 𝑌2 be two different initial conditions for the new 4-D system (1),
where:

𝑌1 = (0.5, 0.5, 0.5, 0.3) (blue color), (12)
𝑌2 = (−0.5,−0.3,−0.5, 1) (red color). (13)

We fix the values of system parameters as

𝑎 = 24, 𝑏 = 18, 𝑐 = 2, 𝑝 = 14 (14)

Figure 9 demonstrates the coexistence of two hyperchaotic attractors cor-
responding to the initial states 𝑌1 (blue color) and 𝑌2 (red color), showcasing
multistability for the 4-D hyperchaotic two-scroll system (1).

(a) (𝑦1, 𝑦4) plane (b) (𝑦2, 𝑦4) plane

Figure 9: Coexistence of two hyperchaotic attractors of the 4-D hyperchaotic two-scroll system (1)
with different initial values where 𝑎 = 24, 𝑏 = 18, 𝑐 = 2, 𝑝 = 14: The initial states are chosen as
𝑌1 = (0.5, 0.5, 0.5, 0.3) (blue orbit) and 𝑌2 = (−0.5,−0.3,−0.5, 1) (red orbit)
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5. Offset boosting control of the new hyperchaotic two-scroll system

Offset boosting control enables flexible adjustment of a system’s amplitude
by adding a control parameter to one of its state variables. This method does not
change the system’s qualitative behavior; instead, it shifts the attractor’s position
either positively or negatively, depending on the value of the control parameter.

The state variable 𝑦4 appears only once in the 4-D hyperchaotic two-scroll
system (1), and thus it can be easily controlled. We offset-boost the state variable
𝑦4 by the transformation 𝑦4 −→ 𝑦4 + 𝑘 , where 𝑘 denotes the offset-boosting
controller. The 4-D system (1) can be rewritten accordingly as follows:

¤𝑦1 = 𝑎(𝑦2 − 𝑦1) − 𝑦2
2 + 𝑝𝑦2𝑦3 ,

¤𝑦2 = 𝑏𝑦1 − 𝑦1𝑦3 + (𝑦4 + 𝑘),
¤𝑦3 = 𝑦1𝑦2 − 𝑐𝑦3 ,

¤𝑦4 = −𝑦1 .

(15)

When we take the parameter values as (𝑎, 𝑏, 𝑐, 𝑝) = (24, 18, 2, 14) and initial
state as 𝑦0 = (0.5, 0.3, 0.5, 0.3), the offset boosted hyperchaotic attractors can be
obtained for the 4-D system (15).

The 2D projection of the attractor onto (𝑦1, 𝑦4) plane is shown in Figure 10b
and the corresponding time-sequence diagram for the signal 𝑦4 is given in Fig-
ure 10a.

(a) (b)

Figure 10: (a) Offset chaotic signal 𝑦4 plot and (b) Offset-boosting control of the 4-D hyperchaotic
two-scroll system (15) shown in (𝑦1, 𝑦4) plane with different values of parameter 𝑘 , 𝑘 = −50
(red), 𝑘 = 0 (blue), 𝑘 = 50 (green) in (𝑦1, 𝑦4)-plane
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It can be observed that a bipolar signal is obtained for 𝑘 = 0 (blue), a unipolar
signal for 𝑘 = −50 (red), and a unipolar signal for 𝑘 = 50 (green). Therefore, we
can transform the chaotic signal 𝑦4 from bipolarity to unipolarity when varying
the control parameter 𝑘 .

6. Circuit simulation of the new 4-D hyperchaotic two-scroll system

In this section, the new 4-D hyperchaotic two-scroll system (1) is realized
by the NI Multisim 14.2 platform. The electronic circuit design of the 4D hy-
perchaotic two-scroll system (1) is shown in Figure 11 in which TLO84ACD is
selected as OPAMP and the multipliers are of type AD633.

Using Kirchhoff’s electrical circuit laws, we derive the circuit model for the
4D hyperchaotic two-scroll system (1) as follows:

¤𝑦1 =
1

𝑅1𝐶1
𝑦2 −

1
𝑅2𝐶1

𝑦1 −
1

𝑅3𝐶1
𝑦2

2 +
1

10𝑅4𝐶1
𝑦2𝑦3 ,

¤𝑦2 =
1

𝑅5𝐶2
𝑦1 −

1
10𝑅6𝐶2

𝑦1𝑦3 +
1

𝑅7𝐶2
𝑦4 ,

¤𝑦3 = − 1
𝑅8𝐶3

𝑦3 +
1

10𝑅9𝐶3
𝑦1𝑦2 ,

¤𝑦4 = − 1
𝑅9𝐶4

𝑦1 .

(16)

Here 𝑦1, 𝑦2, 𝑦3, 𝑦4 are the voltages across the capacitors, 𝐶1, 𝐶2, 𝐶3, 𝐶4,
respectively. The values of components in the circuit are selected as follows:

𝐶1 = 𝐶2 = 𝐶3 = 𝐶4 = 1 nF, 𝑅1 = 𝑅2 = 4.166 kΩ, 𝑅4 = 0.7142 kΩ, (17)

𝑅3 = 𝑅6 = 𝑅9 = 10 kΩ, 𝑅5 = 5.555 kΩ, 𝑅7 = 𝑅10 = 100 kΩ, (18)

𝑅8 = 50 kΩ, 𝑅11 = 𝑅12 = 𝑅13 = 𝑅14 = 𝑅15 = 𝑅16 = 100 kΩ. (19)

Multisim outputs of the 4-D hyperchaotic circuit (16) via oscilloscope XSC1
and Tektronix oscilloscope are plotted in Figures 12 to 15.

7. Complete synchronization of the new hyperchaotic two-scroll systems

This section presents a control application of the new 4-D hyperchaotic two-
scroll system (1), viz. complete synchronization of a pair of new hyperchaotic
two-scroll systems taken as the transmitter and receiver systems by means of
employing the integral sliding mode control (ISMC) technique, which is a famous
technique in the control literature and it has several engineering applications [35].
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Figure 11: Circuit design of the new 4-D hyperchaotic two-scroll system (16)
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Figure 12: (𝑦1, 𝑦2) plot of the new hyperchaotic system (16) via oscilloscope XSC1 and Tektronix
oscilloscope

Figure 13: (𝑦1, 𝑦3) plot of the new hyperchaotic system (16) via oscilloscope XSC1 and Tektronix
oscilloscope
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Figure 14: (𝑦1, 𝑦4) plot of the new hyperchaotic system (16) via oscilloscope XSC1 and Tektronix
oscilloscope

Figure 15: (𝑦3, 𝑦4) plot of the new hyperchaotic system (16) via oscilloscope XSC1 and Tektronix
oscilloscope
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As the transmitter system, we consider the new 4-D hyperchaotic two-scroll
dynamics 

¤𝑧1 = 𝑎(𝑧2 − 𝑧1) − 𝑧22 + 𝑝𝑧2𝑧3 ,
¤𝑧2 = 𝑏𝑧1 − 𝑧1𝑧3 + 𝑧4 ,
¤𝑧3 = 𝑧1𝑧2 − 𝑐𝑧3 ,
¤𝑧4 = −𝑧1 .

(20)

We denote the state of the transmitter system (20) as 𝑍 = (𝑧1, 𝑧2, 𝑧3, 𝑧4).
As the receiver system, we consider the new 4-D hyperchaotic two-scroll

dynamics 
¤𝑤1 = 𝑎(𝑤2 − 𝑤1) − 𝑤2

2 + 𝑝𝑤2𝑤3 + 𝑢1 ,

¤𝑤2 = 𝑏𝑤1 − 𝑤1𝑤3 + 𝑤4 + 𝑢2 ,

¤𝑤3 = 𝑤1𝑤2 − 𝑐𝑤3 + 𝑢3 ,

¤𝑤4 = −𝑤1 + 𝑢4 .

(21)

We denote the state of the receiver system (21) as𝑊 = (𝑤1, 𝑤2, 𝑤3, 𝑤4).
We note that 𝑢 = (𝑢1, 𝑢2, 𝑢3, 𝑢4) is the integral sliding mode controller (ISMC)

which will be carefully designed so as to achieve complete synchronization
between the hyperchaotic two-scroll systems (20) and (21).

We can define the complete synchronization error as follows:


𝜖1 = 𝑤1 − 𝑧1 ,
𝜖2 = 𝑤2 − 𝑧2 ,
𝜖3 = 𝑤3 − 𝑧3 ,
𝜖4 = 𝑤4 − 𝑧4 .

(22)

We obtain the dynamics of the synchronization error as follows:


¤𝜖1 = 𝑎(𝜖2 − 𝜖1) − 𝑤2

2 + 𝑧
2
2 + 𝑝(𝑤2𝑤3 − 𝑧2𝑧3) + 𝑢1 ,

¤𝜖2 = 𝑏𝜖1 + 𝜖4 − 𝑤1𝑤3 + 𝑧1𝑧3 + 𝑢2 ,

¤𝜖3 = −𝑐𝜖3 + 𝑤1𝑤2 − 𝑧1𝑧2 + 𝑢3 ,

¤𝜖4 = −𝜖1 + 𝑢4 .

(23)
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In the IMSC design [35], an integral sliding surfrance is assigned with each
synchronization error variable 𝜖𝑖, (𝑖 = 1, 2, 3, 4) as follows:

𝑠1 = 𝜖1 + 𝛾1

𝑡∫
0

𝜖1(𝜏)d𝜏,

𝑠2 = 𝜖2 + 𝛾2

𝑡∫
0

𝜖2(𝜏)d𝜏,

𝑠3 = 𝜖3 + 𝛾3

𝑡∫
0

𝜖3(𝜏)d𝜏,

𝑠4 = 𝜖4 + 𝛾4

𝑡∫
0

𝜖4(𝜏)d𝜏.

(24)

A simple calculation results in the following dynamics:
¤𝑠1 = ¤𝜖1 + 𝛾1𝜖1 ,

¤𝑠2 = ¤𝜖2 + 𝛾2𝜖2 ,

¤𝑠3 = ¤𝜖3 + 𝛾3𝜖3 ,

¤𝑠4 = ¤𝜖4 + 𝛾4𝜖4 .

(25)

We consider the integral sliding mode controls defined as follows:

𝑢1 = −𝑎(𝜖2 − 𝜖1) + 𝑤2
2 − 𝑧

2
2 − 𝑝(𝑤2𝑤3 − 𝑧2𝑧3),

− 𝛾1𝜖1 − 𝛽1 sgn(𝑠1) − 𝐾1𝑠1 ,

𝑢2 = −𝑏𝜖1 − 𝜖4 + 𝑤1𝑤3 − 𝑧1𝑧3 − 𝛾2𝜖2 − 𝛽2 sgn(𝑠2) − 𝐾2𝑠2 ,

𝑢3 = 𝑐𝜖3 − 𝑤1𝑤2 + 𝑧1𝑧2 − 𝛾3𝜖3 − 𝛽3 sgn(𝑠3) − 𝐾3𝑠3 ,

𝑢4 = 𝜖1 − 𝛾4𝜖4 − 𝛽4 sgn(𝑠4) − 𝐾4𝑠4 .

(26)

In Eq. (26), 𝛽𝑖, 𝛾𝑖, 𝐾𝑖, (𝑖 = 1, 2, 3, 4) are chosen to be positive constants.
From (23) and (26), we obtain the closed-loop error dynamics as follows:

¤𝜖1 = −𝛾1𝜖1 − 𝛽1 sgn(𝑠1) − 𝐾1𝑠1 ,

¤𝜖2 = −𝛾2𝜖2 − 𝛽2 sgn(𝑠2) − 𝐾2𝑠2 ,

¤𝜖3 = −𝛾3𝜖3 − 𝛽3 sgn(𝑠3) − 𝐾3𝑠3 ,

¤𝜖4 = −𝛾4𝜖4 − 𝛽4 sgn(𝑠4) − 𝐾4𝑠4 .

(27)
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The main control result for the synchronization of master-slave hyperchaotic
systems (20) and (21) using the integral sliding mode control (ISMC) can be
stated as follows.

Theorem 1. The integral sliding mode control (ISMC) law stated in the equa-
tion (26) achieves complete global hyperchaos synchronization between the trans-
mitter two-scroll system (20) and the receiver two-scroll system (21) for all values
of the initial states 𝑌 (0),𝑊 (0) ∈ R4, where 𝛽𝑖, 𝛾𝑖, 𝐾𝑖, (𝑖 = 1, 2, 3, 4) are chosen
as positive constants.

Proof. We use Lyapunov stability theory to prove this result.
We take the Lyapunov function defined by

𝑉 (𝑠1, 𝑠2, 𝑠3, 𝑠4) =
1
2

(
𝑠21 + 𝑠

2
2 + 𝑠

2
3 + 𝑠

2
4

)
. (28)

It is easy to see that 𝑉 is a quadratic and strictly positive definite function on R4.
A direct calculation shows that

¤𝑉 =

4∑︁
𝑖=1

𝑠𝑖 (−𝛽𝑖sgn(𝑠𝑖) − 𝐾𝑖𝑠𝑖) . (29)

Simplifying the equation (29), we get

¤𝑉 = −
4∑︁
𝑖=1

(
𝛽𝑖 |𝑠𝑖 | + 𝐾𝑖𝑠2𝑖

)
. (30)

Since 𝛽𝑖 and 𝐾𝑖 are positive constants for 𝑖 = 1, 2, 3, 4, we deduce from the
equation (30) that ¤𝑉 is a strictly negative definite function defined on R4.

Using Lyapunov stability theory, we deduce that 𝑠𝑖 (𝑡) → 0 as 𝑡 → ∞ for
𝑖 = 1, 2, 3, 4.

Hence, it follows that 𝜖𝑖 (𝑡) → 0 as 𝑡 → ∞ for 𝑖 = 1, 2, 3, 4.
This completes the proof.
For numerical simulations in MATLAB, we take the parameter values as in

the hyperchaotic case, viz.

𝑎 = 24, 𝑏 = 18, 𝑐 = 2, 𝑝 = 14. (31)

We take the values of ISMC parameters as follows:

𝛽1 = 0.5, 𝛽2 = 0.5, 𝛽3 = 0.5, 𝛽4 = 0.5, 𝛾1 = 6, 𝛾2 = 6, (32)

𝛾3 = 6, 𝛾4 = 6, 𝐾1 = 12, 𝐾2 = 12, 𝐾3 = 12, 𝐾4 = 12. (33)
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The initial state of the transmitter system (20) is taken as follows:

𝑧1(0) = 1.5, 𝑧2(0) = 7.6, 𝑧3(0) = 6.8, 𝑧4(0) = 2.9. (34)

The initial state of the receiver system (21) is taken as follows:

𝑤1(0) = 5.7, 𝑤2(0) = 3.2, 𝑤3(0) = 0.4, 𝑤4(0) = 7.5. (35)

Figure 16 depicts the time-history of the synchronization error between the
transmitter two-scroll system (20) and the receiver two-scroll system (21).

Figure 16: Time-history of the synchronization error between the transmitter two-scroll
system (20) and the receiver two-scroll system (21)

8. Conclusions

The main contribution of this research work is the modelling of a new hy-
perchaotic two-scroll system with two unstable equilibrium points. By carrying
out a rigorous dynamic analysis, we detailed the qualitative properties of the new
hyperchaotic system such as the equilibrium points of the system, phase portraits,
Lyapunov exponents, Lyapunov dimension, etc. We performed a detailed bifur-
cation analysis for the proposed hyperchaotic two-scroll system by varying the



300 S. VAIDYANATHAN ET AL.

system parameters. Multistability property of the new hyperchaotic two-scroll
system was also illustrated by showing the coexistence of hyperchaotic attractors
for the proposed hyperchaotic two-scroll system for the same set of parameter
values but different initial conditions. For engineering applications, we exhibited
an electronic circuit simulation of the proposed hyperchaotic two-scroll system
using MultiSim 14.0. Finally, as a control application, we derived new results for
the complete synchronization for a pair of new hyperchaotic two-scroll systems
taken as the master and slave systems. We applied integral sliding mode control
(ISMC) and Lyapunov stability theory for the derivation of the synchronizing
control law for the complete synchronization design for a pair of new hyper-
chaotic two-scroll systems. We used MATLAB to illustrate all the main results
of this work.
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