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Nonconvex interval-valued multitime control problems
with first-order PDE constraints via the minimax exact
penalty method

Tadeusz ANTCZAK

The growing use of optimization models to help decision-making has created a demand for
such tools that allow solving more real models of processes related to human activity in which
hypotheses are not verified in a way specific for classical optimization. And just interval-valued
optimization problems were developed for formulating such real-world problems which are usu-
ally not well defined and they contain uncertain data. In this paper, an interval-valued multitime
control problem with first-order PDE constraints is considered. Then, the minimax exact penalty
function method is used for solving the aforesaid interval-valued extremum problem. The most
important property of all exact penalty function methods, that is, exactness of the penalization,
is generalized to the case when one of such methods is used for solving an interval-valued
multitime control problem. Namely, under appropriate invexity hypotheses, it is examined in
the case of the minimax exact penalty function method which is used for solving the aforesaid
interval-valued multitime control problem with the first-order PDE constraints.

Key words: interval-valued multitime control optimization problem with first-order PDE con-
straints, minimax exact penalty function method, exactness of the penalization, LU-optimal
solution, invexity

1. Introduction

In many real-life problems connecting with human activity, the occurrence
of vagueness and/or imprecision in the data is inevitable due to the increasing
complexity of various areas in which modern humans live and work. Therefore,
deterministic optimization models remain inadequate or insufficient to optimiza-
tion problems that are models of such real-life problems. Hence, more important
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optimization problems which grow rapidly are uncertain optimization problems,
i.e. extremum problems with data uncertainty.

Among various techniques used for solving extremum problems, interval-
valued optimization is a branch of mathematics which deals with uncertainty in
optimization problems. In an interval-valued optimization problem, uncertainty
may appear in the form of closed intervals either in the objective function or in
at least one of the constraints or in both inequality and equality constraints. The
interval optimization plays an important role in examining an optimization prob-
lem in the face of data uncertainty and allows to find its solution. Since in most
real-world situations the model coeflicients are not exactly known, the coefficients
in the interval-valued extremum problems are taken as closed intervals. Although
the specifications of closed intervals may still be judged as a subjective view-
point, however, the modelling of real-life situations under interval uncertainty
requires no additional information, such as membership function and probability
distribution. In fact, the bounds of uncertain data (i.e., determining the closed in-
tervals to bound the possible observed data) are, in general, easier to handle than
specifying the Gaussian distributions in stochastic optimization problems. This is
a consequence of the fact that they do not require the specification or the assump-
tion of probabilistic distributions (as in stochastic programming) or possibilistic
distributions (as in fuzzy programming). In the recent literature, optimality and
duality results can be found where imprecision in real problems is formulated
using interval analysis as a mathematical tool (see, for example, Antczak [5, 7],
Debnath and Pokharna [10], Ghosh et al. [11], Guo et al. [12], Jayswal et al. [16],
Rahman et al. [25], Treantd [28], Wu [30,31], and many others).

Besides this, one more important class of extremum problems is in the cen-
ter of attention of modern researchers who are paying their attention to study
the multitime control problems involving first-order PDE constraints. This is a
consequence of the fact that aforesaid extremum problems arise in wide areas
of research in pure and applied sciences and in the new technology as well.
This is the reason why, in recent years, the multitime control problems involving
first-order PDE constraints have attracted some attention in literature (see, for
example, Jayswal and Preeti [14, 15], Mititelu [19], Mititelu and Treanta [21,22],
Pitea and Postolache [23], Pitea et al. [24], Treanta [26,27], Udriste et al. [29]).
Jayswal and Preeti [14] formulated a penalized optimization problem with the
[1 exact penalty function method associated with the multitime control problem
with first-order PDE constraints and showed that both the problems attained their
optimality at the same solution under some suitable assumptions. Treanta [26,27]
investigated single and multiobjective multitime control problems for which, un-
der generalized convexity assumptions, he established optimality conditions and
saddle point criteria.



NONCONVEX INTERVAL-VALUED MULTITIME CONTROL PROBLEMS
WITH FIRST-ORDER PDE CONSTRAINTS VIA THE MINIMAX EXACT PENALTY METHOD 347

One of the methods for solving constrained optimization problems are exact
penalty functions methods. The exact penalty methods for finding optimal so-
lutions of constrained optimization problems are based on the construction of
a function which unconstrained minimizing points are also an optimal solution
of the constrained extremum problem. One of frequently used types of exact
penalty functions is the minimax exact penalty function method, which has been
introduced to optimization theory by Bandler and Charalambous [9] The mini-
max exact penalty function method has been used for solving various classes of
optimization problems (see, for example, Antczak [2—4, 6], Charalambous [8],
Jayswal and Choudhury [13]). In recent years, the exact penalty functions meth-
ods have been used also for solving various classes of nonlinear interval-valued
optimization problems and their most important property, that is, exactness of the
penalization, has been analyzed also for such interval-valued extremum problems
(see, for example, Antczak [5-7]).

The aim of this paper is to immunize against all the possible uncertainty
concerned with the considered interval-valued multitime control problem with
first-order PDE constraints and find its LU-solutions in an efficient way. In order
to do this, we use the minimax exact penalty function method by the means of
which we reduce the complexity of the aforesaid constrained interval-valued ex-
tremum problem and transform it into an equivalent unconstrained interval-valued
penalized multitime control problem. Then, we analyze the most important prop-
erty from a practical point of view of all exact penalty function methods, that is,
exactness of the penalization. We define and extend the aforesaid property to the
case when such a method is used for solving an interval-valued multitime con-
trol problem with first-order PDE constraints. Thus, under appropriate invexity
hypotheses, we establish the equivalence between LU-solutions in the multitime
control optimization problems with first-order PDE constraints and unconstrained
interval-valued penalized multitime control problem which is constructed in the
minimax exact penalty function method used in the paper. We illustrate the afore-
said result by an example of an invex interval-valued multitime control problem
with first-order PDE constraints.

2. Preliminaries and interval-valued multitime control problem

The following convention for equalities and inequalities will be used in the
paper.
For any x = (x1,x2,...,x,) € R", y = (y1,y2,...,yn) € R", we define:
(1) x=yifandonlyifx; =y;foralli=1,2,...,n;
(1) x> yifandonlyifx; > y;foralli=1,2,...,n;
(iii)) x > yifandonlyifx; > y; foralli =1,2,...,n.
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Now, we give some basic definitions and results from interval analysis on the
lines Alefeld and Herzberger [1].

Let I(R) be a class of all closed and bounded intervals in R. Throughout
this paper, when we say that V is a closed interval, we mean that V is also
bounded in R. If V is a closed interval, we use the notation V = [vL,vU],
where vE and vV mean the lower and upper bounds of V, respectively. In other
words, if V = [vE,vY] € I(R), then V = [vL,vY] = {x eR:vE<x< vU}. It
vl =vY =y, then V = [v,v] = v is a real number.

Let V = [vE,vY], W = [wE, wY], then, by definition, we have:
DV+W={v+w:veVandw e W} = [vL +wl v +wY],
ii-V={-v:veV}=[-Y, -],

i) V-W=V+(-W)={v—w:veVandwe W} = [vE —wVY wW —wl],
ivVk+V={k+v:veV}=[k+vl k+vY], where k is a real number,

[kvE, kU] if k>0,
[kvY, kvE] if k<O,

In interval mathematics, an order relation is often used to rank interval num-
bers and it implies that an interval number is better than another but not that one
is larger than another. For V = [vE,vY] and W = [wh, wV], we write V <,y W
if and only if vl < w! and v¥ < wY. It is easy to see that <;y (which was
defined by Wu [30]) is a partial ordering on I(R). Also, we can write V <y W
if and only if V <,y W and V # W. Equivalently, V <,y W if and only if

(vE < wk v <wY) or (vE <wh, v <wY) or (v < wk, vV <wY).

V) kV = where k is a real number.

Definition 1. Let S be a nonempty subset of R". A function ¢ : S — I (R) is
called an interval-valued function. The interval-valued function ¢ can also be
written as ¢(x) = [goL (x), goU(x)] with o, @V : § — R such that

of(x) < @Y(x) foreach x€S. (1)

The real-valued functions o* and ¢V are called the lower endpoint function and
the upper endpoint function, respectively.

Now, we give the following useful lemma in proving one of the main results
in this paper, the simple proof of which is omitted in this paper.

Lemma 1. (Antczak [2]) Let ¥y, k = 1,...,r, be real-valued functions defined
on a nonempty set S C R". For each z € S, one has

max Yi(z) = max Z Ori(2),

where A :={0=(01,...,0,) ER™: 0, >0, k=1,....r, 3;_ 0 =1}.
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Before formulating the interval-valued multitime control problem (IVMCP)
with first-order PDE constraints considered in the paper, we introduce some
denotations used in the sequel.

* Let (M, g) be a given n-dimensional complete Riemannian manifold and
(7, h) be a given a g-dimensional Riemannian manifold.

e Consider r = (%), B = 1,...,q, and x = (x?), @ = 1,...,n, the local
coordinates on (77, i) and (M, g), respectively.

* Let the hyperparallelepiped €,,,, in 7 be fixed the diagonally opposite
points #y = (tg) and 1| = (tf), B=1,....q,and t = (t¥) € Q,, be a
multiple parameter of evolution of a multitime.

* dw = Vdet hdt' A dt* A ... A dt9 represents the volume element on 7~ D

€.+, and, in order to simplify the writing for our control problem formula-
tion, it was assumed 7~ = R, without loss the generality (hence, deth = 1).

* Denote by X the space of piecewise smooth state functions x: Q, , C
7 — M endowed with the distance denote by d (x,x) = d (x(+),x(:)) =
Sup,cq dg (x(t),x(t)), where dg (x(t),x(¢)) is a geodesic distance in
(M, G), in this sense, (X, d) is a metric space.

* Let U C R’ the space piecewise continuous control functions u: €, C
7 — U equipped with the uniform norm || - ||co.

Throughout this paper, let us introduce the following denotations: x = x(¢),
u=u(t), my(t) = (6, x(t), u(?)), 7z (t) = (£, %(2), u(t)), 7z (t) = (¢,x(t), u(1)),
mw(t) = (6, x(¢),u(t),c=c(t),A={1,...,n},B={1,...,q}.

In the paper, we consider the interval-valued multitime control problem
(IVMCP) with first-order PDE constraints defined by:

Lmin FGO.WE) = [ Fa.u) do -
Q’O’tl

/ [ (0, u0) « Y (ox(0)u(@))] doo
. (IVMCP)
sit. Gj(t,x(),u(t)) <0, jeJ=A{l,...,m},
ox®
OtB
t €&y, x (o) = x0, x (1) =x1,

= Hg (t,x(t),u(t)), a€A, BEB,

where f: Q,; X M XU — I(R) is a weakly continuously differentiable
interval-valued functional with its lower and the upper (endpoint) functionals



350 T. ANTCZAK

FE Y Quuy X MXU > R, G = (Gj) : Qi X MXU - R, j € J,
Hg = (Hg) Q. XMXU - R", @ € A, B € B, are continuously differen-
tiable functionals.

Let

r (Qto,tl) = {(x(t),u(t)) EX XUt ey, x (to) =Xxq, X (tl) = X1,
Gi(t,x(t),u(t)) <0, j=1,...,m, % = Hg (t,x(1),u(t)),

a=1,...,n, ,6’:1,...,(]}

denote the set all feasible solutions of the considered interval-valued multitime
control problem (IVMCP) with first-order PDE constraints.

We define an optimal solution for the considered interval-valued multitime
control problem (IVMCP) with first-order PDE constraints as an LU-optimal
solution in the following sense:

Definition 2. A feasible solution (x(-),u(+)) is said to be an LU-optimal solution
in the considered interval-valued multitime control problem (IVMCP) if there
does not exist other (x(-),u(+)) € T (Qy,,) such that the inequality

/ £ (120, u(t)) do <0 / £ (LE (@), 7(1)) dw @)
Qto,zl on,rl

holds.

Remark 1. If we use the definition of the relation <y, then LU-optimality of
(x(2),u(t)) in (IVMPC) means that there does not exist other (x(t),u(t)) €
" (Q44,) such that the following system of inequalities

/ L (x(t), u(0)) do < / FL T (0.3() de A

Q[ St Qt,[
0-f1 0-71

/ £ (1), u(0)) do < / £ (L E (0. 7()) dw 3)

Qfo’n Qf(m
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or /fL (t,x(t),u(t)) dw < /fL (£,x(1),u(t)) dw A

Q4,1 .11

/fU(t,x(t),u(t)) dw < /fU(t,)_c(t),ﬁ(t)) dw

Qu.1y 4.1y

or /fL (t,x(t),u(t)) dw < /fL (t,x(1),u(t)) dw A

Q’O”l Q’O’tl

/fU(t,x(t),u(t)) do < /fU(t,)_c(t),ﬁ(t))da)

to,I] Qto,tl

is satisfied. In other words, the relation (2) is equivalent to the aforesaid system
(3) of inequalities.

Definition 3. It is said that the considered interval-valued multitime control
problem (IVMCP) with first-order PDE constraints is solvable if there exists at
least one its LU-optimal solution.

Now, we give the definition of invexity for a functional which was
given by Mititelu [19]. Let ¥: X X U — R be defined by ¥(x,u) =
0x

58 is the derivative of x(¢) and

/ @ (t,x(1), x5(1), u(t)) dw, where xz(t) =

Q1)

the scalar function ¢ is of C!-class. For notational convenience, we use ¢(t, x, i)
for ¢ (1, x(t), xp(t), u(r)). Further, letn :== (n1,...,7n) © Qpr, X (X X U? > R"
and € = (£],...,&) 1 Q, X (X x U)? — R®. The following definition intro-
duces the concept of invexity for the functional V.

Definition 4. A functional ¥ (x,u) = / o (t,x(1),x5(2), u(t)) dw is said to

Qtoll
be (strictly) invex at (x(t),u(t)) € X X U on X X U with respect to functions
n € R" of C'-class, where 77|6Qz = 0 (082, denotes the boundary of £, ;,),
0-11
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and & € R® of CO-class with & | 9. . = 0 such that the following inequality
10-11

/ o (t,x(2),xp(1), u(t)) dw - /90 (2, %(2),xp(1), u(t)) dw

Qfof 1 Qfon

> /(77 (t,x(t),u(t),x(1),u(t)) g—f (2,%(2),xp(2), u(r))

Qfofl

+ Dy ( (6 x(0), (1), X(0). (1)) 57‘; (1. (1), Xp(0). (1))

+ E(t,x(1),u(t),x(t),u(t)) Z—": (2, %(2),xp(1), u(2)) | dw (>)

holds for all (x(t),u(t)) € X X U, ((x(t),u(t)) # (x(t),u(t))). If the inequality
above is satisfied for every (x(t),u(t)) € X X U, ((x(1),u(t)) # (x(t),u(r))),
then ¥ is said to be (strictly) invex on X X U with respect to functions n and &.

Now, we generalize the aforesaid definition of invexity to the case of an
interval-valued functional.

Definition 5. An interval-valued functional / f(t,-,-,-)dw is said to be invex
Q’O”l
at (x(+),u(:)) € X XU on X X U (with respect to n and &) if its lower and the
upper (endpoint) functionals f*, fU are (strictly) invex at (x(-),u(-)) € X x U
on X X U with respect to the same 1 and &. In other words, / f(t, -, )dwis
Q.11

said to be an invex interval-valued functional at (x(-),u(-)) e X XU on X X U
if the inequalities

/fL (t,x(2),xp(t),u(t)) dw - /fL (t,%(1),%5(1),u(1)) dw

Qfofl Qfof 1

L
. / (77 (1,20, u(0) %0, 7)) 2 (1,50, 500, 700)

Qtotl
o oft
+Dp (17 (¢, x(1), u(t),x(1), u(1))) a5 (£, %(2),Xp(2), u(1))

o _
+f(Z,X(I),M(t),X(l),M(I))W(I,X(l),Xﬁ(l),M(f)) dw’ (>) (4)
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/fU (¢, x(2), x5(1), u(t)) dw - /fU (t,%(1),%p(t),u(1)) dw

Qtofl Qtofl

U
> / (n (110, 0 %0, 7)) 2L (1. 5%(0), %0, 7))
Q1
U

+ D (1 (1.x(0), u(r) X(0). (1)) % (1. (1), Xp(0). (1))

U

+E(t,x(0),u(t),x(t),u(t)) % (£, X(2),Xp(2), u(?)) | dw (>)  (5)
hold for all (x(-),u(-)) € X x U, ((x(-),u(-)) # (x(-),u(-))).

Now, we give the necessary optimality conditions of the Karush-Kuhn-Tucker
type for the considered interval-valued multitime control problem (IVMCP) with
first-order PDE constraints (see, for example, Mititelu and Treantd [21], Tre-
antd [28]).

Theorem 1. (Necessary Optimality Conditions): Let (x(+),u(+)) € T (Q,,) be a
normal LU-solution in the considered interval-valued multitime control problem

—L —U
(IVMCP) with first-order PDE constraints. Then there exist A € R, 1~ € R
and piecewise smooth functions f: Q,; — R}, 0: & ;, — R such that the
following conditions (with summation over the repeated indices)

L U
7L (et + 7790 ()5 (1)
aHoz Eﬁ
ﬁ
aaa 5F =0, a=1,...,n, B=1,...,q, (6)
Py v U
7L (e + 1L (nxu(r>>+u,<t> ) (rea 1))
ﬁaHa
(nxu(t))— a=1,...,n, r=1,...,s, (7)
,uj(l)Gj(ﬂ'm(l)): , teEQyy, j=1,...,m, (8)
>0, >0, g0, j=1,....m )

are fulfilled for all t € Q,, ;,, except at discontinuities.

Definition 6. If/_lL > 0and A" > 0, then (x(),u(:)) € T' (R, ), satisfying the
conditions (6)—(9), is called a normal LU-optimal solution of (IVMCP).
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Definition 7. ((x(-),a(-)) anal, ﬁ(-),g_f(-)) € T (Quys,) XR2XR" xR is said
a Karush-Kuhn-Tucker point (a KKT point, for short) of the considered interval-
valued multitime control problem (IVMCP) with first-order PDE constraints
if the necessary optimality conditions (6)—(9) are fulfilled at (x(-),u(-)) with
scalars ﬁL € R, ZU € R and piecewise smooth functions [: ,; — R,
E:Q,; — R

3. Minimax exact penalty function method

One of the methods which are used in the literature for finding optimal so-
lutions of constrained extremum problems are exact penalty function methods.
These methods are based on the construction of a so-called penalty function
whose unconstrained minimizing points are also optimal solutions of the con-
strained optimization problem for all sufficiently large values of the penalty pa-
rameter. Hence, such methods of solving mathematical programming problems
transform an original constrained extremum problem into a single unconstrained
optimization problem.

Usually, these methods have been used in the literature for solving classical
optimization problems which are deterministic models of real-world O.R. prob-
lems. However, in this paper, we show that one of the aforementioned methods is
applicable for solving interval-valued multitime control optimization problems
with first-order PDE constraints which are models of aforesaid control problems
with uncertainty.

Therefore, if we use any exact penalty function method for solving the con-
sidered interval-valued multitime control problem (IVMCP) with first-order PDE
constraints, then we have to construct a unconstrained interval-valued penalized
multitime variational problem (IVP(c)) which is defined by:

min P(x (), u(-),c(-)) = F(x(-),u(-)) +c()p(x(-),u()), AVP(c))  (10)

where F: R" — I(R) is an interval-valued objective function of the original
interval-valued multitime control problem (IVMCP) with first-order PDE con-
straints, p is a suitable penalty function, c(-) is a penalty parameter. As it follows
from the definition of (IVP(c)), the original interval-valued multitime control
problem (IVMCP) is replaced by an unconstrained multitime variational prob-
lem (IVP(c)), whose the interval-valued objective function is the sum of a certain
fuzzy “merit” function (which reflects the interval-valued objective function of
the given interval-valued optimization problem) and the penalty term which re-
flects the constraint set which is defined, among others, by means of first-order
PDE constraints. The interval-valued merit function is chosen as the original
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interval-valued objective function, while the penalty term is obtained by multi-
plying a suitable function, which represents the constraints (among others, the
aforementioned first-order PDE constraints), by a positive parameter c, called the
penalty parameter.

Since we use an exact penalty function method for solving the given interval-
valued multitime control problem (IVMCP) with first-order PDE constraints,
therefore, the penalty objective function of the unconstrained interval-valued
multitime variational problem (IVP(c)) constructed in this method is an interval-
valued function. Thus, it follows from (10) that we associate with the original
interval-valued mathematical programming problem (IVMPC) the following un-
constrained interval-valued penalized optimization problem defined as follows:

min P(x(-), u(-),c) = [PY(x(-),u(-),¢), PY(x(),u(),c)| = (AVP(c))

[FEG(),u()) +epe(),u)), FY(x(),u() +epx()u(-)]. A1

Now, we define the property of exactness of the penalization for the interval-
valued exact penalty function method used for solving the considered interval-
valued multitime control problem (IVMCP) with first-order PDE constraints.
Hence, in a natural way, we extend the definition of exactness of the penalization
defined for the classical exact penalty function method in the deterministic case
to the aforesaid interval-valued case.

Definition 8. If a threshold value c(-) > 0 exists such that, for every c(-) > ¢(-),
arg LU—optimal{F(x, u): (x(-),u(:)) el (Q,()Jl)} =
arg LU-optimal {P(x(-),u(-),c(:)): (x(-),u(-)) € X x U},

then P(x(-),u(-), c(-)) is termed an interval-valued exact penalty function and,
therefore, we call (IVP(c)), defined by (11), the penalized multitime variational
problem with an interval-valued exact penalty function.

It is clear that, conceptually, if P(-,c) is an interval-valued exact penalty
function, that is, the objective function in the interval-valued penalized multi-
time variational problem, we can find “constrained” LU-optimal solutions in
the original interval-valued multitime control problem (IVMCP) with first-order
PDE constraints by finding “unconstrained” LU-optimal solutions of the penalty
function P(-, ¢), for sufficiently large values of the penalty parameter c. Thus, in
this paper, one of the main purposes is to show that there is the threshold of the
penalty parameter such that, for every penalty parameter exceeding this threshold,
the aforesaid equivalence holds.
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Before we introduce an interval-valued minimax exact penalty function
method, we define the function G;, J € J, for every inequality constraint G,
j € J, as follows:

0 if G;(t,x(1),u(t)) <0,

G, (t.x(1), u(t)) if G, (t,.x(1),u(t)) > 0. (12)

GH(1.x (1), u(0)) = {

As it follows from (12), any function G;f, J € J, has a positive value whenever
the constraint G is violated. Therefore, note that the function G* defined above
has the penalty features relative to the single inequality constraint G ; since large
violations in the inequality constraint G ; result in large values for the function G;T.

One of the most popular nondifferentiable exact penalty function methods
for solving nonlinear mathematical programming problems is the minimax ex-
act penalty function method. Now, we use the aforesaid exact penalty function
method for solving the considered interval-valued multitime control problem
(IVMCP) with first-order PDE constraints. Then, the definition of the uncon-
strained interval-valued multitime control problem constructed in the minimax
exact penalty function method for the original interval-valued multitime control
problem (IVMCP) with first-order PDE constraints is given as follows:

Pa( (0. e() = | [ (£ @oxto.u0) + p (1.0, u(0) doo

Qlo,ll

/ (fU (£, x(1), u (1)) + c(t)p (t,x(t),u(t))) dw| — min, (IVMCPw(c))

Q’O’ll

where

o ox“
Hy (1,x(), () = =

2

p(t,x(-),u(-)) = maX{G}(I,X(J,M(')), jed,

a=1,...,n, ﬁzl,...,q,}.

Now, we investigate the exactness property of the penalization for the min-
imax exact penalty function method in the case when this method is used for
solving the considered interval-valued multitime control problem (IVMCP) with
first-order PDE constraints. In other words, we show that any LU-optimal solu-
tion in the original interval-valued extremum problem (IVMCP) is also an LU-
optimal solution in its associated interval-valued penalized optimization problem
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with minimax exact interval-valued penalty function constructed in the aforesaid
method.

First, under appropriate invexity hypotheses, we prove that each KKT-point
in the considered interval-valued multitime control problem (IVMCP) with first-
order PDE constraints is also an LU-optimal solution in its interval-valued pe-
nalized optimization problem with the interval-valued minimax exact penalty
function for sufficiently large penalty parameters exceeding the given threshold.

Theorem 2. Let (X(),u(-)) € I' (Q,,) be a Karush-Kuhn-Tucker point in the
considered interval-valued multitime control problem (IVMCP) with first-order
PDE constraints and the necessary optimality conditions (6)—(9) be fulfilled with

Lagrange multipliers e R, e Ry, and u(-) = (,L_tj(')) P Qs — RY,

i =B . . . .
Ip(-) = (ﬁa(-) : &, — R, which are piecewise smooth functions, except at
discontinuities. Further, assume that:

a) /f(t,-, Ydw is an invex interval-valued functional at (x(-),u(-)) on

Qto,tl
X X U with respect n and &,

b) / <,UJ-(-), G(t,-, )> dw, j = 1,...,m, are invex functionals at
Qfostl
(x(+),u(-)) on X x U with respect n and &,

90 (), Ho (1 O G, B = 1 =1 ;

c) 2 () ﬁ( ,',')—ﬁ w B=1,...,q a=1,...,n, are invex
Qfo,ll
Sfunctionals at (x(-),u(-)) on X X U with respect n and &.

If we assume that the penalty parameter c(+) is large enough, i.e. it satisfies
the following condition

m n g
COEDNHOEDIDY
j=1

a=1 p=1

70|, (13)

then (x(-),u(-)) is a LU-minimizer in the interval-valued penalized control prob-
lem (IVMCPy(c)) with the interval-valued minimax exact penalty function.

Proof. We proceed by contradiction. Suppose, contrary to the result, that
(x(+),u(-)) is not a LU-minimizer in (IVMCP4(c)). Then, by Definition 2, there
exists (x(+),u(-)) € X x U such that

Poo((X(),u(-)), (1)) <rv Peo( (X(),u(-), ().
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Thus, by the definition of the relation <, the aforesaid inequality yields

( /Pfo(()_c(t),ﬁ(t)),c(t))da)> /Pg((z(t),ﬁ(r)),c(r))dw/\

10,11 Qf(m

/Pg(()_c(t),ﬁ(t)),c(t))dw> /Pg((f(t),ﬁ(t)),c(t))dw)

Qto,tl Qto,tl

or ( /Pfo(()?(t),ﬁ(t)),c(t))dw> /Pfo((}'(t),ﬁ(t)),c(t))dw/\
Q

10-11 Qto,tl

/Pg(()‘c(t),ﬁ(t)),c(t))dw> /Pﬁ’o((f(t),ﬁ(t)),c(t))dw)

Qi1 L1y

or( /Pfo((x(r),ﬁ(t)),c(t))dw> /Pﬁo((f(t),ﬁ(t)),c(t))dw/\

1011 Q4,1

/Pg(()_c(t),ﬁ(t)),c(t))dw> /Pg((f(t),ﬁ(t)),c(t))dw),
Qto,tl on,tl

Hence, by the definition of the minimax penalty functional P, one has

ox®
Hp () — 5

2

( /(fL (ﬂm)+c(t)max{G; (nw), j€J,
a €A, ,BeB})dw

ox“

H}f (m37) — rrak

> /(fL (m5z) + (1) max{G; (m5w), j€J,

Qfo,ll

ozeA,,BEB})dw/\
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ox“

Ha (JT)CM) a ﬂ

/ (fU (nxu>+c<t>max{c+ () . j €,

Q’()Jl

a €A, ﬁeB})dw

ox®
aﬁ

a€A, Be B})dw)

ox®
Ha, (ﬂxu) a ﬁ

Hp (m) —

/ (fU (nz) + c(t) max{G+ (ns), j€J,

Qlo,tl

or / (f (n) +c(t) maX{G+ (nw), j €J,

Qto,tl

aeA,ﬁeB})da)

ox®

(44 —
H (T[XM) 8 ﬁ

/ (fL (mz) + ¢ (1) max{GJr (nz), j€J,

Qfo,ll

aGA,,BEB})dw/\

8)?0‘

Ha (ﬂxu) 6 ﬁ

/ (fU (nxu)+c<t)max{c+ () j € .

Qfo" 1

a €A, ﬁeB})dw

Hx

/(fU(T( )+c(t)maX{G+(7rxu) J€J, |Hg (ms) -

Qlo,tl

a€A, pe B})dw)
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0)?“

a
H (ﬂxu) a ﬂ

or / (fL (ms) + ¢ (1) max{G+ (nw), j€J,

Qto,ll

a/EA,,BEB})dw

ox¢

H(Y (ﬂxu) 6 ﬁ

/(f (s )+c(t)max{G+ (ns), j €J,

Q’O”l

aeA,,BeB})dw/\

ox”

Ha (ﬂxu) 0 IB

/ (fU (m) + cmax{GJr (ms), j€J,

Qto,tl

a/EA,,BeB})dw

ox®
('),3

a€A, Be B})dw).

Thus, using (X(-),u(+)) € I' (€., ) together with (12), we obtain

[t amaws [ (s @

Hy (mz7) -

b

/ (f (ms) + ¢ (1) max{G+ (nz), j€J,

Qto,tl

Qto,rl Qf(),tl
o
+ (1) max{Gj. (). J € J. |HS (n) — % La €A, Be B})dw A
[t am o [ (s @
Q1 Q1
N(I
+c(t)max{G+(ﬂ 7). J€J, |Hg (nz) = aeA,,BeB})dw
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or| [ rram o [ (1@

Q4,1 Q1

a"'af

+c(1) maX{G; (), J€J, Hg (m5) — 6_);5 ,a €A, Be B})da) A

[ 1 dos> [ (s @
Q’O-’l QZOJI
+ fa
—_— r a —) —_ -
+c(1) maX{Gj (7)., J €J, Hg (mz) 5| a€A, Be B})dw

or| [ framdo> [ (1w

10,11 Q’O”l
. o ox“
+c(1) max{G; (mz), J€J, Hg () — Frt a €A, Be B})dw A
[ 12 m do> [ (£ @
Qf(m Qf(%’l
+c(1) maX{G; (), J€J, Hg (m5) — (9)67 , €A, Be B})dw).

Multiplying the above inequalities by the corresponding Lagrange multipliers

= =U . . . .
A1 >0,1 > 0associated to the endpoint functionals f and fU of the interval-
valued objective function and then adding the resulting inequalities, we get

[ ({7 e+ T (re) awo > [ (3% tr) + 77 )

Qto,fl Qto,tl

ox”
HY (nep) - 7z

—L U ,
+ (/l +A )c(t) max {G;r (ma0),j €J, 507

,aeA,,BeB}) da)).
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Since T+ = 1, the inequality above implies

[ ({5 e s ) dwo> [ (755 tr) + 7 7 r
Qi iy

+C(t)maX{G]+-(7Tﬁ),j€J, )_6% ,

Hy (mz

a €A, Be B}) da)). (14)

By assumption, / f(t,-,-)dw is an invex interval-valued functional at

Qto,ll
(x(+),u(-)) on X X U. Then, by Definition 5, the inequalities

[ (7t w5070 - 5 (50,700 do

Qto,tl

> /n(t,)?(t),i(t),)_c(t),ﬁ(t))

Qfo,ll

+ / £ (0, 7(0), 7(0), X(1) 7 (1))

Qto,ll

arL
ox«

(2,x(t),u(t)) dw

ofr
ou”

(t,x(t),u(r)) dw, (15)

[ (¥ 5070 - 1 15070 do

Qto,f 1
U

> [ Fo.T0.50.70) F 0:50.70)) do

Ox«
Qto,tl

v [ ewzw.ao.x0.a0) i

Qto,tl

(t,x(1),u(t)) dw (16)

hold. Multiplying (15) and (16) by the corresponding Lagrange multipliers /_lL >0,
EU > (0 and adding both sides of the resulting inequalities, we get
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[ (@ e5w.a0) -1 (5070 do

Q;

+ / (ZUfU (t, %), 1(1)) = 1 fU (t,)_c(t),ﬁ(t))) dw
Q.1
/ (2, x(1),u(t),x(t),u f ,u(t)) dw
Qto 1
fL
v [ewzw.an.x (1) do
Qto 1
fU
/ (t,x(1),u(t),x(1), u(t))/l —(t x(t),u(t)) dw
Qtor
—vofY a7
Qto,tl
Further, /(ﬁj(-),Gj(t, . -)) dw,j=1,..., m,
Qto,tl
/<5§(.),Hg(t,., ) - gxg> dw,B=1,..., g, a=1,..., n, are assumed to be

Qto,tl

invex functionals at (x(+), u(-)) on X X U. Then, by Definition 4, the inequalities

J (4550065 1.7 0.70)) = (8 0.6, (1. 700. 7)) do
Qto,zl
> [ 0507050, 70) <u,(t) 1 (1,5%(1), u(r))} dw

Qlo 1

v [ews.ao.zw.m0) (50,5

Qfo 5l

u(t))> w, (18)
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ox“

/ (<5§<z)ﬂg (150 7(1)) - 87> - <5§<r>,Hz’ (1,5(1), () - %)) do
Q1)

OH
> /n(t x(1), u(1),x(1), u(1)) <19 (1), 5= (1. 5(0), u(t))>dw

Q1)
- [Fo0Ds (1 x(0).0) 50 70) do
Qo1
OHS

/f(t x(2),u(t),x(t), u(t)) <79 (1), —- (t x(1), u(t))> (19)

Q[o tl

hold. By direct computations, we obtain

Dy [nﬁﬁ(z)] =95 () Dy + DI (7). (20)

Thus, (20) gives

/nDﬁﬁf(t)dw: / Dy [nﬁﬁ(r)] dw - /[Eﬁ(t)Dﬂn] do. (@21

Qtotl Qtotl Qtotl

Using the flow-divergence formula, one has

/ Dy [qﬁﬁ(z)] dw = / (Eﬁ(t)n)—;f(r)da 0, 22)
Qtotl 6gtot1
where 77 (1) = (no (1)), @ = 1, .. ., n, is the normal vector to the boundary 081,

and 77|6910,t1 = (. Combining (21) and (22), we obtain

/ nDg0(Hdw = - / [Eﬁ(r)pﬁn] dw. 23)

Qfof 1 Qfof 1

Using (23) in (19), and then adding both sides of the resulting inequalities, (17)
and (18), we get

[ (@ e5w.a0) -3 (150,70 do

Qto,tl

+ / (ZUfU (6, %), i(1)) = 1 fU (t,)_c(t),ﬁ(t))) dw

Qf(m
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+/(<ﬁj(z), G (1,x(1), u(t))) - (1;(1), G, (t,)_c(t),ﬁ(t))>) dw

Qfo,tl

+/(<5§(r),Hg (1, %(1), (1)) —%> <ﬂ (1), HY (1, %(1), 7(1)) - ‘;);>) dw
) L U
> / 0 (6,F(0) 7). 5 (1), u(z))[ L e+ 2700
Q.1
OH ag (1)
<,u](t) (ﬂxu)> 19 (t) ( xu) By dw
L U
/ £ (6,500, (). 5 (1), u(r))[ O e + 172 (e

4.1y
aH‘Y
<:u] (1), — (ﬂxu)> <19 (1), — (ﬂxu)ﬂ

Hence, by the Karush-Kuhn-Tucker optimality conditions (6) and (7), the inequal-
ity above implies

/ 7L (6,700, 1(0) dw + / Y (6,70, 5(1) dw

Q1) iy
/(y](t) G; (1,X(1), u(t))> dw +/<29 (1), H“ (t,x(1),u(t)) — %> w

Q1 L.y

>/1LfL (t,%(t), u(t)) dw+/ZUfU (¢, %(1),u(t)) dw

Q.1 Qu.ny

_ ox”

+/<ﬁj(t), G (1,%(1),u())) dw +/<ﬁ§(r),Hg (6, x(1),u(r)) - £> do.
on,tl Q’0*’1

Using the Karush-Kuhn-Tucker optimality condition (8) together with
(E(),ﬁ()) € F (Ql‘o,ll), we get

/ T FL (6,700, 1(0)) dw + / Y (4,700, 1(0) dw

Q[(),tl Qto,rl
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ox¢

: / (;(0, G (1,5(1), (1)) dw + / <ﬂ (1), Hy (1.3(0).70) - Sz

Q’O”l Q’O”l

=L | _ _ =U .y — —
> A fr,x(),u®)do+ [ A f7(t,x(1),u(t)) dw.
J J
Hence, by (12), it follows that
/ 5 FL (6,700, 1(1)) dw + / U (4,700, 1(1) dw

Q’O*’l Qfo 3l

o [ A6} w0, de

Q’0 1 J=1

WY

1 1
Qtofl =1 A=

HE (0,500, 7(0) - 2o

57| 4¢

> / AL (1,7 (0), (1)) dw + / Y (4,7(1), 5(r)) dw.

Qto 5] Qto n
i) Now, we consider the case when Z Hj > 0.
a=1 =1
Let us denote ¢(-) = Z e . Thus,

a=1 p=1

/ (Z FL (4,30, 1(1) dw + 10 fU (t,f(r),ﬁ(t))) dw

Qfo,tl

/c()z LG (1,70 7(0) do

T

HE (0,70, 7(1) - 2o

6ﬂdw

n q o
/ C(’)Zﬁz &0

> / ZL L34, 78(0) dw+ 1 £ (1,7(0),71(1)) dw.

Qto,fl

) do

(24)

(25)
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Let us denote _
a0 =Y (26)
c(-)
—l
_ 70|
9m+l+k('): — ’ l:13-~'7n9 k:15'-~9q9 (27)
c(-)
v (6,%(), 7)) = GF (6,%(), @), [=1,...,m, (28)
. L~ ox!
Umstsk (6, X(), u () = [Hy (8,%(-), u(-)) - 27| I=1,...,n, k=1,..q. (29)
_ m n q —5
Then, note thatd; > 0,/ =1,...,m+ng,and,byc(-) = Zﬁj(-)+ Z ﬁa(-)‘,
j=1 a=1 =1
m+nq
it follows that 6, = 1. Using (26)—(29) in (25), we get
=1
(—L L o~ ~ =U U, ~ o\ ~
L (4,50, 7)) dw + 20 f (t,x(t),u(t))) dw
Q.1
m+nq
v [ 2wy B nF0.70)
o) =1
10-1]
> / L (6,30, 7(0) dw+ 1 £Y (4,7(1), 7(1)) dow. (30)
Q1

Thus, (30) gives

/ (ZL FL (30, 1(0) dw + 1 £Y (1, 7(0), ﬁ(t))) dw

Qf(m
m+nq

+/E(t) max Zel(f)lﬁl(f,f(f),ﬁ(t))dw

0;(1)eA(r) =
Qlo,tl -

> / L (6,30, 7(0) dw+ 1 £Y (1, 7(1), 7)) do,

Qto,rl
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m+ngq
where A(f) = {0(1‘) e R Z 0;(1) = 1}. Hence, by Lemma 1, we get
=1

/ (EL FL (4,70, 1(0) dw + 1 £Y (1, 7(0), i(t))) dw

Qto,tl

+/E(t) max ; (,%(t),u(t)) dw

1<I<m+ng
Qfo,tl

> / L (L7(0),0(0)) dw+ 1 fU (4,50, 5(1) do. (1)

Qto,tl

Again using (26)—(29) in (31), we get

/ (ZL FL 70, 71(0) dw + 1 £V (1,7(0), ﬁ(r))) dw

Q1)
_ + . . N _ _ ox®
+ /c(t) [max {Gj (1,X(0), u(r)) , |Hg (2,%(1),u(t)) - W}
10-11 léqgn
I<j<m
> / L (%), a() dw+ 10 £V (6,%(0), 1(1)) dw. (32)
Q’o’n

m n 4
Using the assumption c¢(-) > ¢(-) = Zﬁj (r) + Z Z
j=1

a=1 p=1

55()‘, we get that the

inequality

/ (ZL FL (30, 1(0) dw + £ (1, 5(0), ﬁ(r))) dw
Qto,tl

T

Hg 0.0 - 5 |

+ / e(r) max {G; (1, %(1), 0(1)) ,

<B< orh
> / L (6,70, 17(0) dw+ 1 £Y (4, %(0), 7(1)) dw

Qto,tl

holds, which contradicting (14).
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m n q
ii) Now, we consider the case when Z () + Z Z 55(-)) =0.
j=1

a=1 p=1
Then, (24) yields

/ (ZL L7, 7)) + 1 £ 4,7 0), ﬁ(t))) dw
on,tl

> / (/_lLfL(t,)_c(t),ﬁ(t))+/_1UfU(t,)_c(t),ﬁ(t))) do.  (33)

Qto,tl

Thus, (33) implies that the inequality

/ (ZL FL (30, 1(0) dw + 1 £Y (1, 5(0), i?(t))) dw

Q1)
v [ et max {67 ¢.50.a0) . g 0.50.70) - 5
c [max (G ,x(0),u s |Hpg (8,x(1), u 5
Qs 1<a<n
o 1<j<m
> / L (6,50, 7(0) dw+ 1 £Y (4, %(0), 7(1)) dw
Qt()’tl

holds, which contradicting (14).

This means that (X(-),u(-)) € T (Q4,) is an LU-minimizer in
(IVMCP4(c))) and completes the proof of this theorem.

This corollary follows directly from Theorem 2

Corollary 1. Let (x(-),u(-)) € T'(Q,,) be a normal LU-optimal solution in
the considered interval-valued multitime control problem (IVMCP) with first-
order PDE constraints. Further, assume that all the hypotheses of Theorem 2 are
fulfilled. Then (x(+),u(-)) is a LU-minimizer in (IVMCP(c)).

Now, we prove the converse result to that one established in Theorem 2

Theorem 3. Let (x(-),u(:)) be a normal LU-optimal solution in the uncon-
strained penalized multitime variational problem (IVMCP (c)) with the interval-
valued minimax exact penalty function. Further, assume that:

a) /f(t,y)da) is an invex interval-valued functional on T (Qy,,,) with

Qto,tl
respect  and &,



370 T. ANTCZAK

b) / (ﬁj(-), G(t,-, -)) dw, j =1,...,m, are invex functionals on T (Qy, , )

4.1y
with respect n and &,

—~ N ox® ;
c) ﬁg(-),Hﬁ(t,-,-)—— dow, B=1,...,9, @« = 1,...,n, are invex

otk
Qto,ll
functionals on T (Qy,,,) with respect  and &,

where ((55(-),1?[(-)),;I\L,IU,,ZI(-),@\(-)) is any Karush-Kuhn-Tucker point in

(IVMCP) with AL > 0 and AV > 0. If the original interval-valued multitime
control problem (IVMCP) with first-order PDE constraints is solvable and the
penalty parameter c(-) is assumed to be suﬁ‘iciently large (that is, it is suffi-

cient to assume that c(+) > Z M ), u(+)) is also a

a=1 B=1
LU-minimizer in (IVMCP)

Proof. Assume that (x(-),u(-)) is an LU-optimal solution in the unconstrained
interval-valued penalized multitime variational problem (IVMCP(c)). We pro-
ceed by contradiction. Suppose, contrary to the result, that (x(-),u(-)) is also a
LU-minimizer in IVMCP). By assumption, the original interval-valued multi-
time control problem (IVMCP) with first-order PDE constraints is solvable. Then,
by Definition 3, there exists at least one LU-optimal solution in (IVMCP). We
denote it by (X(-),u(+)) € I (Qy,., ). Then, by Definition 2, one has

/ £ (150, 7(0) do <10 / FE0.30) do.
Qg Qig.1y

Then, by the definition of the relation <;y, we have

/f <nxu>dw>/f (e do [ 1 ) do> [ 1Y () do

fo n fo 1 Qfo n Qfo n
or
/f (s2) do > /f () do A /fU(ﬂxu)dw>/fU(7T 2 dw
Qto Qto Qlo n Qfo 1
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or

[ maws [ aon [ @mios [ 1 om ol

Qt{)”l Q’()’tl Q’()Jl Q’()’tl

Multiplying the above inequalities by the corresponding Lagrange multipliers

1 >0,1 > 0associated to the endpoint functionals £ and fY of the interval-
valued objective function and then adding the resulting inequalities, we get

J @1 ) 31 r) > [ (3 ) 4 G50 0. G0
o1 Qt()’tl

Since (x(+),u(-)) is an LU-optimal solution in the unconstrained penalized mul-
titime variational problem (IVMCP4(c¢)), by Definition 2, the following relation

Poo (x(-),u(4)), ¢(+)) <Lu Poo ((x(-),u(:)), c(4))

holds for all (x(-),u(-)) € X X U. Thus, by the definition of the relation <y, the
aforesaid inequality yields, for all (x(-),u(-)) € X XU,

/ PL ((x(t),u(1)) (1)) doo > / PL ((R(1).7(1)) . (1)) deo A

Q.14 i1y

/Pg((X(t),u(t)),C(t))dw> /Pg((f(t),ﬁ(t))w(t)) dw

Q.11 Q.

or
/ PL ((x(0).u(1)) . (1)) de > / PL ((R(0).7(1)) . (1)) dw A
1011 Qto,tl
/ PU (1), () (1)) dw > / PY (R0, 7(1)) . (1)) dw
10,11 Qlo»fl

or

/ PL ((x(0).u(1)) (1)) dw > / PL ((R(0).7(1)) . (1)) dw A

Q0,11 Qi1
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/ PU ((x(0),u0)) . (1)) dw > / PU ((R(0).7(1)) . (1)) daw |

Q’O’ll Qlo’fl

Thus, by the definition of of the interval-valued minimax penalty functional P,
one has for all (x(-),u (-)) € X XU,

/(f (7)) + () max {G+(eru) J€J, |Hg(me) - - ,AEA, ,BGB})
/(f (msz) + c(f) max {G+(7rxu) j€J, |Hy(nm) - x ,aE€EA ﬁEB}) dw A
Q1)

/(fU(ﬂxu) + ¢(t) max {G;(ﬂxu),jEJ, Hg(nm) ?9 Z a€A,B e B})
Q.11

/ (fU(nxu) + c(t) max {G+(7rxu) J€J, |Hg(msm) = l ,EA, ,BEB})

Qfo n
or

/ (fL(nxu) + ¢ (1) max {G}(nxu),jeJ, H () = (;Z a€A, ,BGB})
Q1)

/(f (m) + ¢(t) max {G+(7rx,,) J€J, |Hg(msm) = x ,AEA, ,BEB}) dw A

Qfo 3|

/ (fU(ﬂxu)+c(t) max {G;(nxu), jel, ‘Hg(nxu) GXZ a€A, ﬁeB})
Q’O”l
U + . ia
>/(f (ﬂm)+c(t)max{Gj(7r,m),]eJ, Hg(ﬂm) eyl LA EA, ,BEB})

Qto,ll
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or

/(f (ﬂxu)+c(t)max{G+(7rxu) J€J, |Hg(mw) = x; a €A, ,BEB})
Q1

/ L + . a ox”
> (f (75z) + ¢(t) max {Gj(ﬂﬁ),je.], Hﬁ(ﬂ'ﬁ) 5| ,aEA, ,BEB}) dw A
Qto,tl

/ (fU(nxu) + ¢ max {G;(nxu),jeJ, Hg(ﬂxu) BXZ a€A, ,BEB})
Q’()Jl
/(fU(nxu)+c(t)max{G+(7rxu) Jj€J, |Hg(mm) - x ,AEA, ,BGB})

Qto n

Then, by (12), the aforesaid inequalities yield for all (x(+),u(-)) € X XU,

/ (fL(ﬂ'xu) + ¢(t) max {G;(nxu),jeJ, Hyg () = axZ a€A, ﬁEB})
Q.1
> fE () do A
J
/ (fU(nxu) + c(t) max {G;(ﬂxu),jEJ, Hp (m) - gxz @ €A, BGB})
Q)
> | fY(rm) dw
J
or
/ (fL(ﬂ'xu) + ¢(t) max {G;(ﬂxu),jej, Hy () = GXZ a€A, ﬁeB})

Qto»fl

> /fL(T(m)dw A

Qf(m
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a

ox
Hg(ﬂxu) .5

/ (fU(ﬂ'xu) + c¢(t) max {G;(ﬂxu),jej, 507

Q’()”l

,aeA,ﬂeB}) dw

> /fU (M) dw
Qto,tl

or

a

ox
Hg(ﬂxu) .5

/ (fL(ﬂxu) + ¢(t) max {G;(?Txu), Jjed, 507

Q’()Jl

,aeA,,BeB}) dw

> /fL(ﬂ'x—u) dw A

Q’O’tl

a

ox
Hg(ﬂxu) ~ a.R

/(fU(nxu) + ¢ max {G;(nxu),jeJ, oy

L.y

,aeA,ﬁeB}) dw

> /fU (mw) dw |.
on,tl

Since the above inequalities are satisfied for all (x(-),u(-)) € X X U, they are
also fulfilled for all (x(-), u(-)) € " (€y,.,)- Then, using (12) again, the following
inequalities

St = 1t ) do > 0 A [ (010 - 17 (x50) d > 0

Qfo,ll Qfo,tl

[ (70 - 5 (e} a0 > 0 & [ (1) = ¥ (20 4o > 0] 39

ity .1y

[t = £ ) do > 0 a [ (V) = £ 10) do > 0

Qto,tl Qto,ll
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hold for all (x(-),u(-)) € I' (Q,). Then, by the definition of the relation <.,
(35) implies that the relation

/ £ (LE@).7(1) do <0 / £ (1.x(0), u(0)) dw (36)
Qto,zl Qto»fl

holds for all (x(+),u(+)) € T' (Qy.,)-

Hence, in order to show (x(+),u(-)) is an LU-optimal solution of (IVMCP),
we have to prove that it is feasible in (IVMCP). Since (x(-),u(-)) € T (Q.,)
is an LU-optimal solution of (IVMCP). there exist AL € Ry, AU e R, and
piecewise smooth functions u: Q,; — R, 9 Q.r; — R such that the
necessary optimality conditions (6)—(9) are fulfilled for all ¢+ € Q, ,,, except at

discontinuities. Moreover, by Definition 7, ((x( ), u(+)), AL, Y, w(), 1?( )) is a

Karush-Kuhn-Tucker point in (IVMCP) with AL > 0 and 2V > 0. Hence, by
invexity assumptions, the following inequalities

/ (fL (,%(0),u(2)) — fL (1, x(0), ﬁ(z))) dw

Qto,tl
L
Z /n(t’x(t)’ﬁ(t)af(t)’ﬁ(t) afa
Q’Ov’l
L
(37)
Q’O’ll

[ (¥ 50,70 - 17 (1.50.70) do

Qfo,ll

U
> /n(t x(1),u(t),x(1), u(t)) f — (1, x(1),u(r)) dw
Q.1
U

/ £ (10, 70), 50, 70) 9L (1,500, 20) do, (38)

Qfo 5l
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/ ((; (1), G (1, %), u(1))) = {{; (1), G (1,x(1), u(1)))) dw

Qto»fl

> [ 0507050, 70) <u,<r) U (1,7(0), u<r>>> dw
Q.1

v [ ex.a0.20.a0) <y,

Qfo 5l

u(f))> w, (39)

/ (<l’ﬂ(’) Hj (1.5(0). ”<f>>—@> <ﬂﬂ(t) HE (6,3(1), 2(0)) - w“)>) dw

L.y

(')H"‘

> / 0 (6 3(0) T (0.5 (), 7(0)) (<ﬁﬂ(t)

Qt0vf1

L (.30), u(t))>)

- / 9D (n (1. X(1). 7(1).T(1). 7(1))) dew

Q.11

/f(t xX(1),u(r),x(2), u(r)) <l9“(t) £ (0.3, u(t))>dw (40)

Qfo Bl

are satisfied. Multiplying (37) and (38) by AL >0,V >0, respectively, and then
summarizing both sides of the resulting inequalities together with (39) and (40),
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we get

[ (@t G - 24 ) do s [ (T4 () = T () do
Q.1 Q.1

+ / (&0).G; (mm)) — (1), G (xs))) dwo

Qto,fl

/ (<’ﬂa(t) Ha/ (ﬂxu) (9)_Ca> dw - <5§(I)’Hg (ﬂfﬁ) - (Z%AZ>) dw

0.1

> / n (6,%(1), w(1), X(2), u(t)) [AL or U‘Zf U (75z
on,tl
_ . 0G, 5 OHj o9,
+ <#j'(t),ﬁ(ﬂm)>+<ﬂg(t),ﬁf nm)> atﬂ
v [ etxo.mwz0.a0 |15 I (ra)
Qtotl
4G ; GH“
<M,(t) (nxu>> <ﬁﬂ<r> (nxu>>] do. (41)

Since ((35(-), u(+)) ,EL,/’{U,[J(-),E(-)) is a Karush-Kuhn-Tucker point in
(IVMCP), by Definition 7, the necessary optimality conditions (6)—(9) are ful-
filled at (x(-),u(-)) for all t € €,,,,, except at discontinuities. Hence, by the
necessary optimality condition (6), we have

J (7 0 a4 501 )+ B, ) 55 )

Qto,tl

. / (ﬂﬂcm + 2V Y () + (i (1), G ()

Qfo 1

<ﬂﬂ(r) HY (m57) - Aa>)dw
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Using (12) together with (X(-), u(+)) € I' (€., ), we get

/ (ZLfL () + AV Y () + D i (G (pisg) dw

Qfo,tl
) dw

j=1
. / (T4 () + 2V 1Y (57 ) o, 42)

Q.1

n g oxg
+ 2, D [P [Hf () = .5

a=1 p=1

)|

In the similar way as in the proof of Theorem 2, we obtain that the inequality

[ (@ e + 4 () do

Qto,ll
Gt He ox® d
+ c(1) [max )G (mzm) , |Hp (m57) — 55| 4«
P 1<a<n
o 1<j<m
> / (IL FL () + AV FU (m)) dw 43)
Qlo,tl
m n q N
is satisfied, where c(-) > Zﬁj(-)+ ﬂﬁ(‘)).Since (xX(-),u(-)) € T Q).
j=1 a=1 B=1

by (12), it follows that

T

C(‘)maX{G;(”m), JeJ, T

Hp (m

,aeA,ﬂeB}:o_ (44)
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Combining (43) and (44), we obtain

[ (@t G + 5 () do

Qlo»fl
+/c(t) max {G* (ms), Hy (mz) - ox" dw
\B\q ] xXu Xu 6 ﬁ
P I<a<sn
0:11 1<jom
> [ (B ) + 1Y () do
Qto,tl
+ [ ey max {G? (nem) . |HS (nsp) - 22 (45)
c mﬁax s ) = o
Q.10 I<a<sn
v 1<j<m

By the definition of the unconstrained penalized multitime variational problem
(IVMCP4(c)) with the minimax exact interval-valued penalty function, (45)
implies that the inequality

Poo ((x(),u(-)) s ¢(4)) <rv Poo (x(-), u(")), c(*))

holds, contradicting the assumption that (x(-), u(-)) is an LU-optimal solution in
the unconstrained penalized multitime variational problem (IVMCP(c)) with
m

the minimax exact interval-valued penalty function for each c(-) > Z wi(e) +
J=1
>

a=1 p=1
in (IVMCP). This completes the proof of this theorem.

52(-) | Thus, we conclude by (36) that (x(-), u#(-)) is also a LU-minimizer

4. Illustrative example

Now, we give the example of an invex interval-valued multitime control
problem with first-order PDE constraints to illustrate the results established in
the paper.

Example 1. Let 7 = R>, M = C = R and €1, be a rectangle (in particular
cases, a square) fixed by the diagonal opposite points ty = (tl 0) andt; = (t} , t‘f‘)
in 7. Then, we consider the following interval-valued multitime control problem
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with first-order PDE constraints defined by:

min /1n(u2(t)+1)dt1dt2, /(ln(uz(t)+1)+1)dtldt2

Q0,2 Q0,2

0 0
s.t. 6—;(1?) = a—txz(t) = —2arctanu(t), t = (tl, tz) € Qpo, IVMCPI)
x*()-49<0, = (tl,tz) € Qoa,

(1) -64<0, t= (ll, t2) € Qoo,
x(0) =x(0,0) =0, x(2)=x(2,2) =2n,
where 1 € Q;,;, = Qo2 = [0, 2]? is a square fixed by the diagonally opposite
points xo = x (fg) = x (t(l),tg) = x(0,0) = 0O and x; = x (1) = x(1],13) =

x(2,2) = 27 in R>. We assume that we are only interested in affine functions.
From the formulation of IVMCP1), it follows that

fiQuaXRXR—I(R),Gj: QaxRxXR >R, j=1,2,
ngi Q()QXRXR—)R,IB: 1,2,

where
Fra) = [£E () £ ()] = [0 (120 + 1) i (w2 () 4 1) +1)

H, (ﬂxu) = H2(7Txu) =-2 arctanu(t), Gl(ﬂxu) :xz(t)_49’ G2(7Txu) :xz(t)_64

are continuously differentiable functions. The closeness condition associated with
0 0

Hpg, = 1,2,implies that (9_txl (r) = G_txz (t). By the necessary optimality conditions

(6)—(9) (see Theorem 1), it follows that if (x(-), u(+)) € I" (Qo2) is an LU-optimal

solution in (IVMCP1). Then, there exist ﬁL e R, ZU € R and piecewise smooth

functions % () : Qoo — Ru, fip(1): Qo2 — Ry, 9(1) = (51(0,52(0) Qoo —

R? for t = (¢!, %) satisfying the following conditions:

091(t)  09%(1) _
at! a2
am 2% 20 20.@0)
+ - - =0,
PO+l BO+1 O+l @) +1

20, ()X (1) + 2, (1)x (1) + 0,
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71(1) (R0 - 49) =0,

(1) (F2(0) - 64) =0,

50, 7750 77+27 =1, (1) >0, H(t) >0

for all # € Qq, except at discontinuities.

Now, we consider the case when 91(-) and 9,(-) are constant functions.
Therefore, we set #1(-) = &1, 92(-) = 82, where 81, 52 € R. From third and
fourth necessary optimality conditions, it follows that X(7) = +7 or 1, (¢) = 0 and
xX(1) = £8,1u,(t) = 0,1 € intQq 7, respectively. Note thatx(¢) = 7 and x(¢) = =8,
t € int€, are not satisfied the boundary condition x(2) = x(2,2) = 2x. Hence,
it is not possible that there exist ¢ = (¢!, %) € intQq, such that (i, (¢), (1)) >
0. Hence, (1;(1),1,(¢)) = (0,0) and, therefore, the first necessary optimality
conditions reduces to _ _

091(1)  952(1) _
or! or?

The aforesaid equation admits the following solution 9(¢) = (ﬁl(t),ﬁz(t)) =

(61,62), where 6',6%2 € R. Thus, the second necessary optimality conditions
gives

(ﬁL +EU) u(r)=6"+6%, V1€ Qqy.
Let us set /_lL + /_lU = 1. Thus,
u(r)=6'+6% VieQ,. (46)
Hence, by (46), the first constraint of IVMCP1) yields

T(t) = -2 (rl + zz) arctan (51 + 52) 183, VieQos. 47)

Then, the boundary condition x (0,0) = 0 implies that 83 = 0. Moreover, the
boundary condition x(2, 2) = 27 implies that § I+ 62 = —1. Thus, we obtain that

x(1) = g (ll + tz) . u()=-1, Yt eQqps.

Moreover, the necessary optimality conditions are fulfilled at (x(¢),u(z)) with
given above with Lagrange multipliers

50, 3750, 7427 =1, (@), 50) = (0,0), 91(r) +D2(1) = 1.
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Now, we show that (x(7),u(z)) = (% (t' + 1) ,—1) atf; = 0,1, = 0 is an
LU-optimal solution in (IVMCP1). Note that we have

F(x(),u(") = In (@%(r) + 1) de'ds?, In(@?(6) +1) + 1) de'ds?
X u Qén(u + ) Qé(n(u + )+ )
=[In2,1+1n2].

Moreover, by the PDE constraint %(I) = %(t),one hasx(t) = ¢ (t) + t2)+Yo,
where ¥1, ¥» € R. Hence, by the boundary conditions, we have that x(z) =
g (t1 + t2). Then, by Definition 2, there is no other (x(-),u(-)) € I' (Qo2) such
that F (x(-),u(-)) <ry F (x(-),u(-)) which means that, in fact, (x(-),u(-)) =
(1, %) is an LU-optimal solution in (IVMCP1).

Now, we consider the case when at least one of EL () or 92(-) is not a constant
function. For, example, we consider the case when 9 (¢) = #; and ¢, () = 0. By

direct computation, we obtain that X(¢) = % (t' +1%) +1n (tl2 +1) + 6*. Then, by

the first boundary condition, it follows that &% = 0. Further, note that the second
boundary condition is not satisfied in this case since x(2) = 27 +In5 # 2. We
have also the same in the case when 91(¢) = 0 and 9,(7) = 1, and in the case
when 9 () = t; and ¢#,(t) = t,. Then, there do not exist optimal solutions also
in the two foregoing cases. Hence, there is no solution in the case when at least
one of ¥ (+) or #,(-) is not a constant function.

We now use the minimax exact penalty function method for solving the
interval-valued multitime control problem (IVMCP1) considered in this example.
Therefore, for the original interval-valued multitime control problem (IVMCP1)
with first-order PDE constraints, we construct the unconstrained interval-valued
multitime control problem (IVMCP1(c)) with the minimax exact penalty func-
tion as follows

Peo((x(1), u(t)), (1)) = / (m (uz(t) + 1) +e(0)p (1, x(1), u(l))) di'ds?,

Qto,ll

/(1n(u2(r)+1)+1+c(r)p (t,x(t),u(t))) di'd?| > min,  (IVMCPl.(c))
Qfostl
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where

p(t,x(1),u(t)) = max{max {0,x%() — 49}, max {0,x%(¢) — 64},

0x
2 arct H+—(), B=1,2;.
arcanu()+atﬁ() B }

It can be shown, by Definitions 5 and 4, that all functionals involved in (IVMCP1)
are invex at (x(t),u(t)) on X X U with respect to n (¢, x(t),u(t),x(t),u(t)) =
x(t)—x(t) and & (t,x(t),u(t),x(t),u(t)) = arctan u(t) —arctan u(z). Since all the
hypotheses of Theorem 2 are fulfilled, therefore, (x(2),u(t)) = (% (e +12), —l)

at t; = 0, 1, = 0, being an LU-optimal solution in (IVMCP1), is also
an LU-optimal solution in the unconstrained interval-valued multitime con-
trol problem (IVMCP1/(c)) with the minimax exact penalty function for any

penalty parameter c(t) > i ) + Zn: Zq: _g
j=1

a=1 =1
F®0. 7)) = (5 (" +7).

= 1. Conversely, since

atty = 0,10 = 0is an LU- 0pt1mal solution in

(IVMCPl1(c)) for any penalty parameter c(z) > Z Hj =1

a=1 =1
and all the hypotheses of Theorem 3 are also fulﬁlled therefore, (x(¢),u(t)) is
also an LU-optimal solution in the considered interval-valued multitime con-
trol problem (IVMCP1). Then, there is the equivalence between these aforesaid
interval-valued multitime control problems.

Now, we illustrate the case in which there is no any threshold ¢(-) of a
penalty parameter such that, for any penalty parameter exceeding c(-), there is
the equivalence between the original multitime control problem with first-order
PDE constraints and its associated penalized control problem constructed in the
minimax exact penalty function method in the sense discussed in the paper.
Namely, we show the importance of invexity hypotheses in proving the aforesaid
equivalence.

Example 2. Let ¢ = 2, n = 1 and Q,,,, be a rectangle (in particular cases, a

square) fixed by the diagonally opposite points fy = (t(l), tg) and 1, = (t],13) in
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R2. Let us consider the following interval-valued multitime control problem:

min /(1+u3(t)) dtldtz,/(2+u3(t)) dr'ds?

Qo,1 Qo2
st (1) = 22 (1) = ulr) (IVMCP2)
oL a 1 - 6 2 - b
x*(1) -9 <0,

- (tl,tz) € Qo1 x(0)=x(0,0)=0, x(1)=x(1,1)=0.

We use the minimax exact penalty function method for solving (IVMCP2). Then,
we construct its associated control penalized problem (IVMCP2) as follows

Poo((x(1), u(1)) , c(t)) = /(1 + 13 (1) + c(t)p (t,x(t),u(t))) dr'ds,

Qo,1

/ (2 +13() +c()p (1, x(D), u(t))) dr'ds?|, (IVMCP2.(c))
Q,1

where
p (¢,x(1), u(t)) = max {max {0,x%(t) = 9}, u(r) + %(I), B=1, z} .

It can be shown that (X(-),u(-)) € T (Q,), where X(z) = 0, u(r) = 0, Vr €
0.1, 1s an LU-optimal solution in (IVMCP2) at which the necessary optimality
conditions are fulfilled with Lagrange multipliers ZL > 0, EU > 0, ZL + EU =1,
— -1, =2
I,(1) = 0,V € Qo1 3(1) = (19 (1), 9 (t)) — (61,6), where 61,6, € R are
constant such that 6;+d, = 0. However, note that (x(-), #(-)) is not an LU-optimal
solution in IVMCP2,(¢)) for any penalty parameter c(-) > 0. This follows from
the fact that the downward order of growth of the objective function exceeds the
upward of growth of the penalty term in the objective function of IVMCP2(c¢))
when moving from u(-) towards smaller values. This is a consequence of the

fact that not all functionals constituting (IVMCP2) are invex at (x(-),u(-)) on
I (Qo).

Remark 2. As it follows even from Example 2, invexity assumption of the func-
tionals involved in (IVMCP?2) is important in proving the equivalence between the
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sets of LU-optimal solutions in an interval-valued multitime control problem with
first-order PDE constraints and its associated interval-valued penalized control
problem constructed in the minimax exact penalty function method. If the invexity
assumption is violated, then it is not possible to find LU-optimal solutions in
the original interval-valued multitime control problem (IVMCP) by looking for
LU-optimal solutions in its associated interval-valued multitime control penal-
ized problem (IVMCP(c)) (which is constructed in the minimax exact penalty
function method) for any penalty parameter c. Hence, the fact that there is no the
threshold of the penalty parameter in the aforesaid case is important from the
practical point of view.

5. The procedure of the minimax exact penalty function method

Based on the considerations in the paper, we construct the procedure of the
minimax exact penalty function method in the case when it is used for solving
the original interval-valued multitime control problem (IVMCP) with first-order
PDE constraints. We call it IVMEPFM procedure. The primary goal of the
presented algorithm is to demonstrate the specific actions required to solve an
interval-valued control problem with first-order PDE constraints similar to those
ones mentioned in the paper. The aim of this procedure is to find an LU-optimal
solution in IVMCP).

Procedure IVMEPFM

» Input
Functions constituting the original interval-valued multitime control problem
(IVMCP) with first-order PDE constraints and a set of some self data:

e interval-valued objective function

F(x(-),u(") = / [fF @x(0),u@), Y (1, x(0), u (1) ] do,
Qi1

e set of constraints:
- G, (t,x(t),u(t)) <0, j=1,...,m,
—E:H"(tx(t)u(t)) a=1 n,B=1 q
507 s (@ , , ey N, e,
— x (to) = x0, x (t1) = x1.
e set of self data:
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— (IVMCP) is solvable,
— Hg(t,x(-),u(:)), B=1,...,q, satisfy the closeness condition,
— x(+) is an affine state function,

— all the functions constituting (IVMCP) satisfy appropriate invexity hypothe-
ses,

—L —U ) ) . _
-1 € Ry, 4 € R,, piecewise smooth functions u: Q;, — RY,
f: Qto,l‘l - an’

m n q
— the penalty parameter c(-) satisfies c(-) > Z () + Z Z
j=1 a=1 p=1

&0
» Begin
e Selection stage: select (X(+), u(+)) € Q, 1,

_if the KKT conditions are fulfilled at (¥(-),7(-)) with 1~ € R,, 1 € R,
u(-), £(-) then
go to the next stage
else
stop
end if;
e Screening stage: choosing e R, 2 e R,, 7(-) and &(-)
if they satisfy set of self data (that is, hypotheses a)-c) of Theorem 2 are
fulfilled) then
go to the next stage
else
stop
end if;
e Final stage: having (¥(-), %(-)), () and £(-) from the previous stages
if Ayunexxau Po((x(4),u()), c(+)) <Lu Poo((X(-),u(-)),c(-)) Ve(-)
satisfying (13) then

(*(+),u(-)) is an LU-optimal solution in IVMCP/(c))
and, therefore, it is a LU-minimizer in (IVMCP).
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else
stop
end if;

» End.

6. Conclusions

In the paper, the interval-valued multitime control problem with first-order
PDE constraints has been investigated. Namely, one of the methods, as it is the
minimax exact penalty function method, for solving the aforesaid interval-valued
extremum problem has been investigated. Then, the most important property
from a practical point of view of any exact penalty function method has been
generalized to the case when the aforesaid exact penalty function method has
been used for solving the considered interval-valued multitime control problem
with first-order PDE constraints. Thus, this property has been analyzed in the
context where the equivalence has been established between LU-optimal solu-
tions in the original interval-valued multitime control problem with first-order
PDE constraints and its associated unconstrained penalized multitime variational
problem with the interval-valued minimax exact penalty function which has been
constructed in the aforesaid exact penalty function method. The aforesaid result
has been established for sufficiently large penalty parameters and under appro-
priate invexity hypotheses. Thus, the minimax exact penalty function method
turned out to be an effective tool in finding LU-optimal solutions of the consid-
ered interval-valued multitime control problem with first-order PDE constraints
by looking for LU-optimal solutions of its associated penalized interval-valued
multitime variational problem constructed in the used minimax exact penalty
function method which is an unconstrained control problem. Finally, the proce-
dure of using the minimax exact penalty function method for finding LU-optimal
solutions of the analyzed interval-valued extremum problem has been presented.

However, some interesting topics for further research remain. It would be of
interest to investigate whether it is possible to use the interval-valued minimax
exact penalty function method for other classes of interval-valued multitime con-
trol problem with first-order PDE constraints. We shall investigate these questions
in subsequent papers.
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