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The vibration behavior of an adatom-microresonator featuring a perforated mi-
crocore is examined in this paper. The nonlocal strain gradient theory (NSGT) is
incorporated to characterize the microscale response. The system is subjected to
a nonlinear thermal field and the adsorption of adatoms. The thermal response is
modeled by solving a nonlinear steady-state heat conduction equation. Atom-surface
interactions are characterized using the Buckingham-Coulomb interatomic potential.
Furthermore, the model introduces the coupled dynamic behavior between the two
functionally graded porous sandwich (FGPS) microbeams through a defined coupling
stiffness term included in the governing equations. To evaluate the impact of rotary
inertia, both the Rayleigh beam model (RBM) and the Euler-Bernoulli beam model
(EBM) are employed, enabling a comparative analysis. The nonlocal frequencies are
calculated using the Navier-type solution method (NTM) and the differential quadra-
ture method (DQM). These frequency results are subsequently visualized through
3D numerical plots. A detailed analysis is performed to investigate the impact of
physical parameters such as thermal gradients, porosity distribution, hole number,
and adatom density on the nonlocal frequency shift of the system. The findings of
this research are significant for advancing the fields of thermal monitoring and gas
detection technologies.
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1. Introduction

Recent studies have examined improving the design and fabrication of double
structures to enhance material performance for diverse sensing applications [1].
The double microbeam system, widely applied in MEMS [2], consists of two par-
allel beams interconnected by an elastic medium, allowing for intricate vibrational
coupling [3]. To analyze bending and deflection, the Euler-Bernoulli beam model
(EBM) is frequently used [4], while the Rayleigh beam model (RBM), which con-
siders the rotatory inertia, offers improved insights into frequency behavior [5].
Together, these models enhance the understanding of vibration patterns and me-
chanical stability. For slender beams, the EBM and RBM are sufficient, as they
assume shear deformation is negligible and bending dominates, making the switch
to the Timoshenko beam model (TBM) produce almost no difference in deflection
or natural frequency predictions [6, 7]. However, for less slender beams or thicker
beams, shear deformation contributes noticeably to the overall stiffness, and in
such cases, the TBM provides more accurate predictions of deflections and vibra-
tion frequencies by accounting for both shear and rotational effects [8, 9]. Recent
investigations have extended this framework to double Rayleigh beams subjected
to dynamic conditions such as moving and axial loads, leading to more refined
theoretical developments [10]. Additionally, studies on double Euler beams have
applied analytical, numerical, and approximate techniques to explore dynamic vi-
brations under different loads [11]. Liu et al. [12] assessed the vibrations of hybrid
double beams coupled through a spring and subjected to axial force. Their research
provides valuable insights that could pave the way for new engineering applications
of double beam systems, revealing unique dynamic responses that do not appear in
single beams.

Emerging trends in manufacturing technology innovation have permitted the
production of functionally graded materials (FGMs), which exhibit a smooth tran-
sition between two material phases along specific directions [13]. Hemmatnezhad
and Javid [14] conducted a study analyzing the free vibration of FG beams using a
numerical method. Avcar and Alwan [15] derived the governing equations for FG
Rayleigh beams, showing that variations in material properties have a significant
impact on vibration frequencies. An important development in FGMs is the incor-
poration of porosity, which modifies their mechanical characteristics and overall
structure, thereby affecting their vibrational response. Hung et al. [16] developed
a porosity-dependent model, which was used to represent a linear relationship be-
tween the porosity coefficient and the material characteristics of sandwich beams
that consist of an FGP core. Baghdali et al. [17] investigated the dynamic perfor-
mance of FGP nanostructures and analyzed three types of porosity in their study.
Arefi et al. [18] examined the response of a sandwich nanoplate composed of an
FGP core under applied electric and magnetic potentials. The investigation analyzed
the influence of the porosity coefficient, thermal parameters, and electric/magnetic
potentials on bending, electrical, and magnetic responses of the system. Elaikh et
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al. [6] analyzed the vibration of FG Rayleigh beams with simple conditions. Their
findings revealed that an elevation in the porosity index results in a decrease in the
natural frequencies.

The addition of the perforation process to the microdevices’ structure makes
them useful by reducing total weight while maintaining structural stiffness [19].
Abdelrahman and Eltaher [20] investigated the bending of perforated nanobeams by
integrating surface energy impacts within various beam theory frameworks. Civalek
et al. [21] investigated the nonlinear stability of perforated nano/microbeams, uti-
lizing nonlocal strain gradient theory and Fourier series, while considering the
influence of an elastic medium. Mektout et al. [8] studied the resonance fre-
quency of an FGP sandwich beam that consists of perforated cores. Lamari and
Bourouina [22] investigated the vibration of a double FGPS microbeam featur-
ing a two-dimensional square hole design, considering elastic coupling effects.
Kafkas [23] focused on how structural parameters, such as the perforation param-
eters, affect the vibrational response of a perforated RBM.

The nonlocal strain gradient elasticity theory (NSGT) has established itself
as a core theoretical approach for accurately modeling the mechanical response
of micro- and nanoscale beams. By incorporating size effects and material mi-
crostructure [24], NSGT enables accurate modeling of structural responses, mak-
ing it indispensable for MEMS/NEMS applications. Based on the NSGT, Zenkour
and Radwan [25] studied the nonlocal vibration, bending, and stability of FGP
nanobeams. Abdelrahman et al. [26] studied a finite element model incorporating
NSGT to analyze the vibration of hollow nanobeams subjected to a dynamic force.
Sourani et al. [27] analyzed the vibrational response of an EBM nanobeam sub-
jected to external excitations, comparing their effectiveness within the framework
of NSGT while accounting for surface effects. Guerroudj et al. [28] examined the
dynamic behavior of FG nanobeams coated with a protective layer. Their study pro-
vided the influence of porosity ratio and nonlocal parameters on dynamic frequency
characteristics. Collectively, these research efforts have highlighted the significance
of NSGT in capturing microstructural effects in small-scale beams [29].

To solve the governing differential equations of double microbeam systems, a
range of numerical and analytical methods has been employed. Bensaid et al. [30]
studied the natural frequencies of hollow beams and solved the governing equations
using the DQM, which was integrated with the finite element method. Feri et al. [31]
employed the DQM to investigate the static and free vibration responses of cross-
ply laminated composite plates. Karimi and Shahidi [32] investigated the influence
of surface energy stresses on the bending and buckling behavior of a double-layer
nanoplate. The governing equations were solved using the Galerkin method and
validated through comparison with results obtained from Navier’s method. Sel-
vamani et al. [33] performed a study on the vibration of an FG nanobeam under
the thermo-magneto-electric effect. The governing equations of motion were de-
rived using Hamilton’s principle and subsequently solved employing the NTM
as an analytical approach. Nguyen et al. [34] studied the static performances of
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FG plates, and the analytical solution was determined using NTS under simply
supported boundary conditions. Bourouina et al. [35] applied the NTM to resolve
deformation-deflection equations, underscoring its relevance in nonlocal elasticity
studies [36]. Ultimately, combining DQM and NTM improves computational effi-
ciency, enhances predictive modeling, and broadens the nonlocal elasticity within
mechanics [37].

Surface effects are known to significantly impact resonance behavior, espe-
cially those arising from mass adsorption [38]. Bourouina and Boussendel [39]
investigated the role of hydrogen bonding and van der Waals (vdW) interactions
in the nonlocal dynamics of molecule-resonator biosensors. Zhang et al. [40] pro-
posed a model for predicting microcantilever bending responses caused by adatoms.
A range of interaction potentials has been employed to explore the interfacial
dynamics between adsorbates and microbeam surfaces [37]. The Buckingham-
Coulomb potential is an interatomic potential particularly well-suited for modeling
ionic systems [41]. Shukla et al. [42] employed a Coulomb potential combined
with a standard Buckingham potential to characterize the interactions between
constituent ions. Lamari et al. [7] used the Lennard-Jones (6-12), Morse, and
Buckingham potentials to model the interaction energies between the adatoms and
the effective surface atoms in the double FGPS microresonator. The Buckingham
potential was employed to examine the interactions between water molecules and
silica surfaces, providing the molecular mechanisms underlying water performance
at the solid-liquid interface [43]. These findings are essential for enhancing the ef-
ficiency of kinetics and for guiding the advanced micro-scale sensing devices.

Microbeam systems demonstrate vibrational characteristics that can be sub-
stantially affected by external variables, including temperature loads. Chen et
al. [44] investigated the buckling of an FG beam under thermal effects. The tem-
perature was considered both uniform and variable along the thickness direction.
Esen [9] investigated the effects of a moving mass on the transverse and axial dy-
namic behavior of FGM beams in a thermal medium, converting thermal stresses
into mechanical equivalents and including them in the stiffness matrix. Abdel-
bari et al. [45] studied the influence of different thermal loads on the vibrational
response of FGP beams resting on foundations, assuming that the thermal charac-
teristics vary smoothly along the thickness direction. Rahmani et al. [46] developed
a theoretical model for microsensors in which the dynamic behavior of an Euler
beam was investigated under different temperature rises. Salari et al. [47] exam-
ined the nonlinear thermal bending and buckling of FGP beams subjected to lateral
mechanical loading. Their analysis considered two thermal conditions: transverse
heat conduction and a uniform temperature rise.

This study focuses on evaluating the vibrational characteristics of double FGP
microresonators featuring a hollow microlayer under the coupled effects of sur-
face adsorption phenomena and nonlinear thermal field. An integrated approach
based on the NSGT, EBM formulation, and RBM is employed to investigate the
influence of nanoscale interactions and spatially distributed oxygen charge on the
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variation of the system’s nonlocal frequency. The integration of nonlocal elastic-
ity theory with numerical methods like DQM offers a computationally efficient
alternative to conventional lattice dynamics approaches, which often involve solv-
ing intricate coupled integral systems. Attention is also given to the impact of
perforation geometry, and structural features on the equivalent properties of the
double FGP microresonators. The modeling begins in Section 2 with a character-
ization of the microstructure under thermal gradients, detailing effective material
properties and governing factors. The energy of vdW interactions is computed us-
ing the Buckingham-Coulomb potential. Section 3 formulates the dynamic equa-
tions for the system using beam theory within an NSGT framework, resulting in
a set of coupled equations. Analytical and numerical approaches, including the
NTM and DQM, are then employed to determine the nonlocal frequencies in
Section 4. In particular, the DQM is recognized for its high computational ac-
curacy and effectiveness in handling intricate boundary conditions, whereas the
NTM offers a robust analytical framework for analyzing vibrational characteris-
tics. Section 5 presents a detailed parametric study examining the influence of
material gradation, porosity, adsorption phenomena, spring stiffness, the nonlocal
parameter, and the nonlinear thermal environment, followed by a validation against
a previous study. The main conclusions and key observations are focused on in
Section 6.

2. Adatom-microresonator system design

This section presents a refined analytical model for an adatom-functionalized
resonator operating under thermal conditions. The adsorption energy is determined
based on the derived interaction potential. The model considers the influence of
temperature, uniformly distributed porosity, and perforation parameters on the
system’s nonlocal dynamic response.

2.1. Integrated microstructural configuration

An adatom-functionalized microresonator system comprises two FGPS mi-
crobeams, connected by an elastic layer. Both FGPS microbeams have a hollow
microcore and identical geometric properties, including width 𝑏, thickness ℎ, and
length 𝐿, as represented in Fig. 1.

Consider an FGPS microbeam with a porosity volume fraction 𝜁 , assuming an
even distribution across the thickness. According to the modified rule of mixture,
the total volume fractions of metal and ceramic satisfy𝑉𝑚+𝑉𝐶 = 1, and the ceramic
volume fraction follows the power-law distribution 𝑉𝑐 = (𝑧/ℎ + 1/2) 𝑝 [48]. Based
on this formulation, the effective material properties under a temperature change𝑇 ,
Young’s modulus 𝐸 , thermal conductivity 𝜅, and thermal expansion coefficient 𝜆,
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Fig. 1. Illustration of a double microresonator system subjected to distributed adatom
and thermal field

are expressed as follows [9, 36]:

𝐸 (𝑧, 𝑇) = 𝐸𝑚(𝑇) +
(
𝐸𝑐 (𝑇) − 𝐸𝑚(𝑇)

) (1
2
+ 𝑧

ℎ

) 𝑝
− 𝜁

2
(𝐸𝑐 (𝑇) + 𝐸𝑚(𝑇)) , (1)

𝜅(𝑧, 𝑇) = 𝜅𝑚(𝑇) +
(
𝜅𝑐 (𝑇) − 𝜅𝑚(𝑇)

) (1
2
+ 𝑧

ℎ

) 𝑝
− 𝜁

2
(𝜅𝑐 (𝑇) + 𝜅𝑚(𝑇)) , (2)

𝜆(𝑧, 𝑇) = 𝜆𝑚(𝑇) +
(
𝜆𝑐 (𝑇) − 𝜆𝑚(𝑇)

) (1
2
+ 𝑧

ℎ

) 𝑝
− 𝜁

2
(𝜆𝑐 (𝑇) + 𝜆𝑚(𝑇)) , (3)

where the variable 𝑧 ranges over the upper and lower face layers, defined by the
interval:

𝑧 ∈
[
−ℎ𝑐

2
− ℎ 𝑓 ,

ℎ𝑐

2
+ ℎ 𝑓

]
. (4)

The indices 𝑚 and 𝑐 correspond to the metallic and ceramic layers, respectively. It
is important to note that the positive real parameter 𝑝 (0 ≤ 𝑝 < ∞) represents the
power-law index. When 𝑝 = 0, the FGPS microbeam behaves as a fully ceramic
structure, whereas very large values of 𝑝 result in an almost entirely metallic
beam [48]. In these formulations, the first term describes the smooth gradation
between the ceramic and metal constituents and depends on the power-law index 𝑝.
In contrast, the second term is independent of the power-law index p and describes
the even distribution of porosity [22].

The terms ℎ 𝑓 and ℎ𝑐 denote the thicknesses of the face and core layers,
respectively. Under thermal loading conditions, the material density 𝜌 is considered
temperature-independent [18]:

𝜌(𝑧) = 𝜌𝑚 + (𝜌𝑐 − 𝜌𝑚)
(
1
2
+ 𝑧

ℎ

) 𝑝
− 𝜁

2
(𝜌𝑐 + 𝜌𝑚) 𝑧 ∈

[
−ℎ𝑐

2
−ℎ 𝑓 ,

ℎ𝑐

2
+ℎ 𝑓

]
. (5)
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While the thermal conductivity 𝜅𝑐 and thermal expansion coefficient 𝜆𝑐 are as-
sumed to remain constant throughout the hollow microcore [9], the mechanical
properties, namely the Young’s modulus 𝐸𝑚𝑐 and the density 𝜌𝑚𝑐, are directly in-
fluenced by the perforation geometry of the hollow microcore. According to Luschi
and Pieri [49]:

𝐸𝑚𝑐 (𝑧, 𝑇) = (1 − 𝛼)𝐸𝑐 (𝑇) =
(
1 − 𝑙ℎ

𝑙𝑝

)
𝐸𝑐 (𝑇) =

(
𝐿 − 𝑙ℎ𝑁

𝐿

)
𝐸𝑐 (𝑇)

=

(
𝑙𝑝𝑁 − 𝑙ℎ𝑁

𝐿

)
𝐸𝑐 (𝑇) =

[ (𝑙𝑝 − 𝑙ℎ)𝑁
𝐿

]
𝐸𝑐 (𝑇) 𝑧 ∈

[
−ℎ𝑐

2
,
ℎ𝑐

2

]
, (6)

𝜌𝑚𝑐 (𝑧) = (1 − 𝛼) (2 − (1 − 𝛼))𝜌𝑐 (𝑧) =
(
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𝑙𝑝

) (
2 −

(
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𝑙𝑝

))
𝜌𝑐 (𝑧)

=
(𝑙𝑝 − 𝑙ℎ)𝑁

𝐿
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𝐿

]
𝜌𝑐 (𝑧) 𝑧 ∈

[
−ℎ𝑐

2
,
ℎ𝑐

2

]
. (7)

Here, 𝐿 denotes the length of the hollow microcore, and 𝑙ℎ the difference between
two successive hole sizes. We define 𝑁 as the number of hole cells along the hollow
microcore, which generates a periodic square holes network with a spatial period
𝑙𝑝 = 𝐿/𝑁 [49, 50]. The relation between 𝑙ℎ and 𝑙𝑝 is expressed by the parameter 𝛼
(𝛼 = 𝑙ℎ/𝑙𝑝, known as the filling ratio [49].

Fig. 2. Hollow microcore layer with a two-dimensional square holes network

Furthermore, the closed-form formulations of the equivalent bending rigidity
𝐸𝐼eq, equivalent mass per unit length 𝜌𝐴eq, and equivalent rotary inertia per unit
length 𝜌𝐼eq are computed by Lamari et al. [7]:

𝐸𝐼eq =

∫
𝐴

𝐸 (𝑧, 𝑇)𝑧2 d𝐴, (8a)

𝜌𝐴eq =

∫
𝐴

𝜌(𝑧)d𝐴, (8b)

𝜌𝐼eq =

∫
𝐴

𝜌(𝑧)𝑧2 d𝐴. (8c)
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The term 𝐼 represents the second moment (𝐼 = 𝑏ℎ3/12), and 𝐴 = 𝑏ℎ is the section
of the microbeam’s area. The presented equations illustrate the impact of material
property variations across the layers of the double FGPS microresonator on its
equivalent parameters.

2.2. Nonlinear thermal load

This section considers a thermal boundary condition where distinct tempera-
ture values are applied to the upper and lower surfaces. Under this assumption, the
transverse temperature gradient is defined by solving the stationary heat conduc-
tion equation. The governing equation for the transverse temperature variation is
expressed as [9]:

− 𝑑

𝑑𝑧

(
𝜅(𝑧, 𝑇) 𝑑𝑇

𝑑𝑧

)
= 0. (9)

The resulting solution to the temperature distribution equation is formulated as:

𝑇 (𝑧) = 𝑇0 + Δ𝑇 (𝑧), (10)

where 𝑇0 is the ambient or free stress temperature, Δ𝑇 denotes the temperature
change [46]. The temperature variation across the thickness direction 𝑧 is evaluated
to capture the thermal gradient within the microresonator [46]:

𝑇 (𝑧) = 𝑇𝑚 + (𝑇𝑐 − 𝑇𝑚)∫ ℎ/2

−ℎ/2

1
𝜅(𝑧, 𝑇) d𝑧

𝑧∫
−ℎ/2

1
𝜅(𝑧, 𝑇) d𝑧. (11)

Under this type of thermal loading, the one-dimensional steady-state heat conduc-
tion equation (Eq. (9)) is solved to determine the temperature distribution of the
double FGPS microbeams system.

2.3. Modeling adsorption phenomena

This section investigates the vdW interactions between adsorbed atoms and
their surrounding atomic environment within the adatom-microresonator system.
The interaction energy between atom pairs 𝑖 and 𝑗 is modeled using the Coulomb
potential supplemented by a standard Buckingham potential [42]:

𝑢vdW
𝐵𝐶 (𝑟𝑖 𝑗) = A𝑒−(𝑟𝑖 𝑗/𝜀) − 𝐶

𝑟6
𝑖 𝑗

+ 1
4𝜋𝜀0

𝑞𝑖𝑞 𝑗

𝑟𝑖 𝑗
, (12)

where A denotes the repulsion energy coefficient, 𝐶 is the dispersion attraction
coefficient, and 𝜀 is the decay length Buckingham [7]. The first term is the Buck-
ingham potential, and the second term is the Coulomb potential [42]. The terms 𝑞𝑖
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and 𝑞 𝑗 are partial or full charges on atoms, with the formal charges, 𝜀0 represents
vacuum permittivity, and 𝑟𝑖 𝑗 is the interatomic distance [22]. In this model, silicon
(Si) atoms are still used on the microbeam surface, but these surface Si atoms can
behave like partially charged Si4+ due to interaction with adsorbed oxygen (O2−).
The vdW interaction energy between an adatom and specific atoms within the
system, such as interactions between adatom 𝑃 and atom 1 or adatom𝑄 and atom 3
(Fig. 3b), is expressed as follows [7]:

𝑢𝐵𝐶𝑄3 = 𝑢𝐵𝐶𝑃1 = A𝑒−( 𝑟𝑃1
𝜀

) − 𝐶

𝑟6
𝑃1

+ 1
4𝜋𝜀0

𝑞𝑃𝑞1
𝑟𝑃1

, (13)

where 𝑟𝑃1 = 𝑟𝑄3 represents the distance between an adatom 𝑝 and 𝑎 double FGPS
microresonator atom 1 [35]. During bending, the distance between two neighboring
adatoms 𝑃 and 𝑄 changes to 𝑟𝑃𝑄 = 𝑑 + 𝑒.

Fig. 3. Deformation of the adatom-microresonator system: (a) equilibrium state,
(b) after distributing the oxygen charge

The vdW interaction energy between adatoms 𝑃 and𝑄 can be expressed using
the deformed distance 𝑟𝑃𝑄 in Eq. (12). The adsorption density 𝜂 determines the
spacing 𝑑 between adjacent adatoms, following the relation 𝑑2 = 1/𝜂. The modified
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vdW interaction energy per unit area for the adatom-microresonator system is
defined as [22]:

𝑢𝐵𝐶int =

(
2𝑢𝐵𝐶𝑃1 + 𝑢𝐵𝐶𝑃𝑄

)
. (14)

The potential energy of interaction between the adatoms and the microresonator
system, denoted as𝑈𝑃𝑎, corresponds to the total interaction energy𝑈int, reflecting
the physical coupling at the nanoscale𝑈int [19]:

(𝑈int)𝐵𝐶 = 𝑏

𝐿∫
0

𝑢𝐵𝐶int d𝑥. (15)

Based on the Taylor series expansion, the interaction energy can be effectively
approximated by retaining the first three terms of the expansion around the reference
configuration [22]. Accordingly, Eq. (14) is reformulated as follows:

(𝑈int)𝐵𝐶 = 𝑏

𝐿∫
0

(
𝑢𝐵𝐶0 + 𝜑𝐵𝐶 K + 1

2
𝜙𝐵𝐶 K2

)
d𝑥. (16)

Here K is related to the transverse deflection 𝑤 by K = 𝜕2𝑤/𝜕𝑥2 [51]. The
terms: 𝑢𝐵𝐶 , 𝜑𝐵𝐶 , and 𝜙𝐵𝐶 are computed using the Buckingham-Coulomb inter-
action 𝑢𝐵𝐶 , where 𝜑𝐵𝐶 = 𝜕𝑢𝐵𝐶int /𝜕K

��
K=0, and 𝜙𝐵𝐶 = 𝜕2𝑢𝐵𝐶int /𝜕K2��

K=0 [35]. This
Buckingham-Coulomb potential is particularly relevant for ionic or partially ionic
systems, like adatom-functionalized microresonators involving charged adsorbed
species.

3. Integrated framework for dynamic response

This section presents a mathematical model based on the NSGT to analyze the
bending behavior of a simply supported microresonator. By incorporating EBM
and RBM, the model enables an evaluation of the system’s nonlocal resonance
frequencies.

3.1. Nonlocal strain gradient-enhanced elastic behavior

In the NSGT, both nonlocal softening and strain gradient stiffening effects are
incorporated simultaneously. The total stress tensor is obtained by combining the
classical and higher-order stress components as [26]:

𝑡 = 𝝈 − ∇ · 𝝈 (1) , (17)

where 𝜎 and 𝜎 (1) represent the classical and higher-order stress tensors. By in-
troducing linear differential operators, the constitutive relation for the axial stress
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distribution can be expressed in the simplified form [7]:

𝑡𝑥𝑥 − (𝑒𝑎)2 𝜕
2𝑡𝑥𝑥

𝜕𝑥2 = 𝐸𝜀𝑥𝑥 − 𝐸𝑙2
𝜕2𝜀𝑥𝑥

𝜕𝑥2 . (18)

Finally, applying NSGT to the FGPS microbeam cross-section leads to the govern-
ing bending relation [31]:(

1 − (𝑒𝑎)2 𝜕
2

𝜕𝑥2

)
𝑀 = −𝐸𝐼∗

(
1 − 𝑙2 𝜕

2

𝜕𝑥2

)
𝜕2𝑤(𝑥, 𝑡)
𝜕𝑥2 , (19)

where 𝑀 denotes the moment resultant of the total stress, and the effective bending
stiffness of the adatom-microresonator is represented as 𝐸𝐼∗ [35]. The terms 𝑙
and 𝑒𝑎 represent the nonlocal and strain gradient length scale parameters, respec-
tively [31].

3.2. Fundamental equations governing dynamic vibration

This section enhances the fundamental dynamic equation by integrating axial
effects into the Lagrangian formulation of an FGPS microresonator featuring a
hollow core, while also considering the influence of adsorption phenomena. The
interaction between adatoms and the microstructure is incorporated to evaluate its
effect on the system’s stability and vibrational behavior. As a result, the system’s
total potential energy [37] is formulated as:

Π = 𝑈𝑏 +𝑈int , (20)

where the total elastic strain energy of the bending behavior of an FGPS microres-
onator is represented by [37]:

𝑈𝑏 =
1
2
𝐸𝐼

𝐿∫
0

𝜅2 d𝑥. (21)

The kinetic energy expression for the hollow FGPS microresonator is formulated
as [22, 35]:

𝑇 =
1
2

𝐿∫
0

(
𝜌𝐴eq + 𝜂𝑏𝑚𝑂−

) (𝜕𝑤(𝑥, 𝑡)
𝜕𝑡

)2
d𝑥 + 1

2

𝐿∫
0

𝜌𝐼eq

(
𝜕2𝑤(𝑥, 𝑡)
𝜕𝑥𝜕𝑡

)2

d𝑥. (22)

The parameter 𝜂 = 1/𝑑2
𝑂−−𝑂− represents the distribution density, 𝑑 denotes the

distance between two adatoms, and 𝑚𝑂− the mass of adatoms, respectively. The
surface potential energy [52] is given:

𝑈𝑠 =

𝐿∫
0

𝑝(𝑥)𝑤d𝑥. (23)
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In this context, 𝑝(𝑥) = 𝐻𝐾 represents the transverse load induced by the residual
surface stress 𝜏0 in the deformed microbeam, where 𝐻 = 2𝜏0𝑏 [52]. By applying
the Hamilton’s principle, function 𝐿 = 𝑇 − (Π −𝑈𝑠), with the Lagrangian function
defined as 𝛿

∫
𝐿d𝑡 = 0, the governing moment equation for the EBM is obtained.

𝜕2𝑀

𝜕𝑥2 −
(
𝜌𝐴eq + 𝜂𝑏𝑚𝑂−

) 𝜕2𝑤(𝑥, 𝑡)
𝜕𝑡2

− 𝜂𝑏𝜙𝐵𝐶 𝜕
4𝑤

𝜕𝑥4

= −𝐻𝐾 −𝑄(𝑥, 𝑡) − 𝐹𝑇
𝜕2𝑤

𝜕𝑥2 , (24)

𝐹𝑇 = −
∫
𝐴

𝐸 (𝑧, 𝑇)𝛼(𝑧, 𝑇)Δ𝑇 (𝑧)d𝐴, (25)

where, 𝐹𝑇 represents the nonlinear thermal load [47] and 𝑄 is the transverse
load [22]. According to Eq. (19) and based on the NSGT, the nonlocal bending
moment equation of EBM can be expressed as [7]:

𝑀 = (𝑒𝑎)2 𝜕
2𝑀

𝜕𝑥2 − 𝐸𝐼∗
(
1 − 𝑙2 𝜕

2

𝜕𝑥2

)
𝜕2𝑤(𝑥, 𝑡)
𝜕𝑥2 . (26)

Substituting Eq. (19) into Eq. (26) produces the nonlocal formulation for the
bending moment 𝑀 in an adatom-microresonator featuring a hollow microcore:

𝑀 = −𝐸𝐼∗
(
1 − 𝑙2 𝜕

2

𝜕𝑥2

)
𝜕2𝑤(𝑥, 𝑡)
𝜕𝑥2 + (𝑒𝑎)2

[ (
𝜌𝐴eq + 𝜂𝑏𝑚𝑂−

) 𝜕2𝑤(𝑥, 𝑡)
𝜕𝑡2

+ 𝜂𝑏𝜙𝐵𝐶 𝜕
4𝑤(𝑥, 𝑡)
𝜕𝑥4 − 2𝜏0𝑏

𝜕2𝑤(𝑥, 𝑡)
𝜕𝑥2 −𝑄(𝑥, 𝑡) − 𝐹𝑇

𝜕2𝑤(𝑥, 𝑡)
𝜕𝑥2

]
. (27)

The EBM governing equation in small-scale under oxygen charge distribution and
nonlinear thermal load is given by the following equation:

𝐸𝐼∗
(
1 − 𝑙2 𝜕

2

𝜕𝑥2

)
𝜕4𝑤(𝑥, 𝑡)
𝜕𝑥4 +

(
1 − (𝑒𝑎)2 𝜕

2

𝜕𝑥2

) [ (
𝜌𝐴eq + 𝜂𝑏𝑚𝑂−

) 𝜕2𝑤(𝑥, 𝑡)
𝜕𝑡2

+ 𝜂𝑏𝜙𝐵𝐶 𝜕
4𝑤(𝑥, 𝑡)
𝜕𝑥4 − (2𝜏0𝑏 + 𝐹𝑇 )

𝜕2𝑤(𝑥, 𝑡)
𝜕𝑥2 −𝑄(𝑥, 𝑡)

]
= 0 (28)

To obtain the RBM equation, the effects of rotary inertia are incorporated in the
EBM equation via the introduction of a term containing the second derivative of
the displacement with respect to 𝑥:

𝜕2𝑀

𝜕𝑥2 −
(
𝜌𝐴eq + 𝜂𝑏𝑚𝑂−

) 𝜕2𝑤(𝑥, 𝑡)
𝜕𝑡2

− 𝜂𝑏𝜙𝐵𝐶 𝜕
4𝑤

𝜕𝑥4 − 𝜌𝐼eq
𝜕4𝑤(𝑥, 𝑡)
𝜕𝑥2𝜕𝑡2

= −𝐻𝐾 −𝑄(𝑥, 𝑡) − 𝐹𝑇
𝜕2𝑤

𝜕𝑥2 . (29)
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The additional term (𝜌𝐼eq𝜕
4𝑤(𝑥, 𝑡)/𝜕𝑥2𝜕𝑡2) accounts for the rotatory inertia im-

pact. The RBM governing equations, incorporating nonlocal effect, nonlinear ther-
mal load, and distributed oxygen charge, are formulated as follows:

𝐸𝐼∗
(
1 − 𝑙2 𝜕

2

𝜕𝑥2

)
𝜕4𝑤(𝑥, 𝑡)
𝜕𝑥4 +

(
1 − (𝑒𝑎)2 𝜕

2

𝜕𝑥2

) [ (
𝜌𝐴eq + 𝜂𝑏𝑚𝑂−

) 𝜕2𝑤(𝑥, 𝑡)
𝜕𝑡2

+ 𝜂𝑏𝜙𝐵𝐶 𝜕
4𝑤(𝑥, 𝑡)
𝜕𝑥4 − (2𝜏0𝑏 + 𝐹𝑇 )

𝜕2𝑤(𝑥, 𝑡)
𝜕𝑥2

+ 𝜌𝐼eq
𝜕4𝑤(𝑥, 𝑡)
𝜕𝑥2𝜕𝑡2

−𝑄(𝑥, 𝑡)
]
= 0. (30)

Eqs. (28) and (29) provide the EBM and RBM nonlocal vibration equations,
respectively. It is worth noting that the effect of the transverse load Q was not
considered in the dynamic vibration model proposed by Bourouina et al. [11].

4. Modeling nonlocal dynamic vibration modeling

This section examines the nonlocal frequency influenced by adsorption. In the
context of small deformations, simply-supported microbeams are commonly em-
ployed in the design of microresonators. The nonlocal dynamic equation, initially
formulated for a single FGPS microbeam containing a hollow core, is developed to
assess the dynamic response of a double FGPS microresonator. Resonance frequen-
cies are determined using two complementary approaches: the analytical NTM and
the numerical DQM approach.

4.1. Nonlocal coupled motion equations

To evaluate the nonlocal performance resulting from the coupling with the
elastic layer, the vibration behavior of a functional microresonator system is in-
vestigated by the NSGT inside the frameworks of the RBM and the EBM, which
accounts for both spring stiffness effects and bending behavior. The equations of
motion [22] are formulated separately for two configurations:

Single FGPS microresonator {1}

𝐸𝐼∗1

(
1 − 𝑙2 𝜕

2

𝜕𝑥2

)
𝜕4𝑤1(𝑥, 𝑡)

𝜕𝑥4 + 𝑘EM [𝑤1(𝑥, 𝑡) − 𝑤2(𝑥, 𝑡)]

− (𝑒𝑎)2𝑘EM
𝜕2

𝜕𝑥2 [𝑤1(𝑥, 𝑡) − 𝑤2(𝑥, 𝑡)]

+
(
1 − (𝑒𝑎)2 𝜕

2

𝜕𝑥2

) [ (
𝜌𝐴eq1 + 𝜂𝑏𝑚𝑂−

) 𝜕2𝑤1(𝑥, 𝑡)
𝜕𝑡2

+ 𝜂𝑏𝜙𝐵𝐶 𝜕
4𝑤1(𝑥, 𝑡)
𝜕𝑥4

−
(
2𝜏0𝑏 + 𝐹𝑇1

) 𝜕2𝑤1(𝑥, 𝑡)
𝜕𝑥2 + 𝜌𝐼eq1

𝜕4𝑤1(𝑥, 𝑡)
𝜕𝑥2𝜕𝑡2

]
= 0. (31)
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Single FGPS microresonator {2}

𝐸𝐼∗1

(
1 − 𝑙2 𝜕

2

𝜕𝑥2

)
𝜕4𝑤2(𝑥, 𝑡)

𝜕𝑥4 − 𝑘EM [𝑤1(𝑥, 𝑡) − 𝑤2(𝑥, 𝑡)]

+ (𝑒𝑎)2𝑘EM
𝜕2

𝜕𝑥2 [𝑤1(𝑥, 𝑡) − 𝑤2(𝑥, 𝑡)]

+
(
1 − (𝑒𝑎)2 𝜕

2

𝜕𝑥2

) [ (
𝜌𝐴eq1 + 𝜂𝑏𝑚𝑂−

) 𝜕2𝑤2(𝑥, 𝑡)
𝜕𝑡2

+ 𝜂𝑏𝜙𝐵𝐶 𝜕
4𝑤2(𝑥, 𝑡)
𝜕𝑥4

−
(
2𝜏0𝑏 + 𝐹𝑇2

) 𝜕2𝑤2(𝑥, 𝑡)
𝜕𝑥2 + 𝜌𝐼eq2

𝜕4𝑤2(𝑥, 𝑡)
𝜕𝑥2𝜕𝑡2

]
= 0, (32)

where 𝑘EM represents the elastic medium parameter. The equivalent characteristics
of single FGPS microresonator {1} and {2} are identical 𝐸𝐼∗1 = 𝐸𝐼∗2 = 𝐸𝐼∗,
𝜌𝐴eq1 = 𝜌𝐴eq2 = 𝜌𝐴eq, 𝜌𝐼1 = 𝜌𝐼2 = 𝜌𝐼eq [27]. Furthermore, both microbeams are
exposed to an identical thermal load 𝐹𝑇1 = 𝐹𝑇2 = 𝐹𝑇 . The dynamic deflection of
the primary perforated microstructure is expressed as [39]:

𝑤1(𝑥, 𝑡) − 𝑤2(𝑥, 𝑡) = 𝑤(𝑥, 𝑡). (33)

As previously discussed, the RBM equations, Eq. (31) and Eq. (32) can be rewritten
by differentiating with respect to the spatial coordinate 𝑥. Substituting 𝜕2𝑤(𝑥, 𝑡)/𝜕𝑡2
leads to the following time-domain equations of motion for the system based on
RBM and EBM theories:

𝐶𝑅
1
𝜕6𝑤(𝑥, 𝑡)
𝜕𝑥6 + 𝐶𝑅

2
𝜕4𝑤(𝑥, 𝑡)
𝜕𝑥4 + 𝐶𝑅

3
𝜕2𝑤(𝑥, 𝑡)
𝜕𝑥2 − 𝐶𝑅

4
𝜕4𝑤(𝑥, 𝑡)
𝜕𝑥2𝜕𝑡2

+ 𝐶𝑅
5 𝑤(𝑥, 𝑡)

+ 𝜕2𝑤(𝑥, 𝑡)
𝜕𝑡2

+ 𝐶𝑅
6
𝜕4𝑤(𝑥, 𝑡)
𝜕𝑥2𝜕𝑡2

− 𝐶𝑅
7
𝜕6𝑤(𝑥, 𝑡)
𝜕𝑥4𝜕𝑡2

= 0. (34)

Neglecting rotary inertia reduces the equation to the EBM formulation, which
includes nonlocal effects, as presented below:

𝐶𝐸
1
𝜕6𝑤(𝑥, 𝑡)
𝜕𝑥6 + 𝐶𝐸

2
𝜕4𝑤(𝑥, 𝑡)
𝜕𝑥4 + 𝐶𝐸

3
𝜕2𝑤(𝑥, 𝑡)
𝜕𝑥2 − 𝐶𝐸

4
𝜕4𝑤(𝑥, 𝑡)
𝜕𝑥2𝜕𝑡2

+ 𝐶𝐸
5 𝑤(𝑥, 𝑡)

+ 𝜕2𝑤(𝑥, 𝑡)
𝜕𝑡2

= 0. (35)

The first five terms on the left-hand side of Eq. (34) are consistent with those in the
EBM, while the additional terms account for the rotary inertia impact in the RBM.
The terms 𝐶𝑅 and 𝐶𝐸 in Eq. (34) and Eq. (35) correspond to the RBM and EBM,
respectively.
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4.2. NTM solution approach

In this subsection, the NTM is used to solve the governing differential equations
of the system, incorporating the effects of the NSGT under thermal loading. The
double FGPS microresonator is represented as a simply supported structure to
achieve the conditions required by the NTM framework [39]. This method enables
the analytical derivation of nonlocal resonance frequencies. Under the assumption
of small-amplitude vibrations, the transverse displacement is considered to take
the form presented in [7]:

𝑤(𝑥, 𝑡) =
∞∑︁
𝑛=1

𝑤𝑛 sin𝜆𝑛𝑥𝑒𝑖𝜔𝑛𝑡 . (36)

Here, 𝑤 represents the flexural deflection amplitude, 𝜔𝑛 is the natural frequency
(𝑛-th mode pulsation), and 𝜆𝑛 = 𝑛𝜋/𝐿 denotes the wave number. By substituting
Eq. (36) into Eqs. (34) and (35), the nonlocal resonance frequencies of the double
FGPS microresonator are obtained for both the RBM and the EBM as follows:(

𝜔2
𝑛

)
RBM

=

(
𝜔2
𝑛

)
EBM

.𝜓(𝑛), (37)

(
𝜔2
𝑛

)
EBM

=
−𝐶𝐸

1 𝜆
6
𝑛 + 𝐶𝐸

2 𝜆
4
𝑛 − 𝐶𝐸

3 𝜆
2
𝑛 + 𝐶𝐸

5(
1 − 𝐶𝐸

4 𝜆
2
𝑛

) ,

𝜓(𝑛) =
1 + 𝐶𝐸

2 𝜆
4
𝑛(

1 + 𝐶𝐸
4 𝜆

2
𝑛 − 𝐶𝑅

6 𝜆
2
𝑛 − 𝐶𝑅

7 𝜆
4
𝑛

) . (38)

These expressions account for bending deformation induced by adsorption effects,
while also incorporating surface layer stress and nonlinear thermal load.

4.3. Numerical solution approach

To solve the differential equations, the efficient numerical solution method
DQM was used, which is specifically valued for its exactness in handling complex
partial differential equations (PDEs) with minimal computational cost. The method
discretizes the study domain into𝑚 points, approximating function derivatives 𝑓 (𝑥)
as weighted linear sums of function values at all discretized points internal to the
interval [0, 𝐿]. To improve computational efficiency and accuracy, the Gauss-
Lobatto-Chebyshev distribution is employed for discretization as bellow [7, 53]:

𝑥1 = 0, 𝑥𝑚 = 𝐿,

𝑥𝑖 =
𝐿

2

[
1 − cos

(
𝑖 − 1
𝑚 − 1

𝜋

)]
(𝑖 = 2, 3, . . . , 𝑚−1).

(39)
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This numerical method is highly effective in approximating the derivatives of
a displacement function by expressing them as a weighted linear integration of
function values at discrete points within the domain [7]:

𝑑𝑟 𝑓

𝑑𝑥𝑟

����
𝑥=𝑥𝑖

=

𝑚∑︁
𝑗=1

𝐴𝑟(𝑖 𝑗 ) 𝑓 (𝑥 𝑗). (40)

The coefficients 𝐴(𝑟 ) serve as weighting factors, with 𝑚 representing the
total number of grid points and 𝑟 denoting the derivative order. The first-order
derivative expression is numerically approximated as outlined in [53]. For higher-
order derivatives (𝑟 = 2, 3, . . . , 𝑚−1), a repetition relation is employed to compute
the corresponding derivatives efficiently. Fig. 4 illustrates the flowchart outlining
the linear DQM analysis process for the double FGPS microresonator.

Fig. 4. Numerical technique flowchart used to compute the eigenvalues

To simplify, we used the symbols 𝑤𝑖 and 𝑤 𝑗 . The Eqns. (34) and (35) of RBM
and EBM become:

𝑤(𝑥 𝑗 , 𝑡) = 𝑤 𝑗 , 𝑤(𝑥𝑖 , 𝑡) = 𝑤𝑖 , (41)
𝑚∑︁
𝑗=1

(
𝐶𝑅

1 𝐴
(6)
𝑖 𝑗

+ 𝐶𝑅
2 𝐴

(4)
𝑖 𝑗

+ 𝐶𝑅
3 𝐴

(2)
𝑖 𝑗

)
𝑤 𝑗 + 𝐶𝑅

5 𝑤𝑖

+ 𝜔2
𝑛

©­«
𝑁∑︁
𝑗=1

(
𝐶𝑅

4 𝐴
(2)
𝑖 𝑗

− 𝐶𝑅
6 𝐴

(2)
𝑖 𝑗

+ 𝐶𝑅
7 𝐴

(4)
𝑖 𝑗

)
𝑤 𝑗 − 𝑤𝑖

ª®¬ = 0, (42)
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𝑚∑︁
𝑗=1

(
𝐶𝐸

1 𝐴
(6)
𝑖 𝑗

+ 𝐶𝐸
2 𝐴

(4)
𝑖 𝑗

+ 𝐶𝐸
3 𝐴

(2)
𝑖 𝑗

)
𝑤 𝑗 + 𝐶𝐸

5 𝑤𝑖

+𝜔2
𝑛

©­«
𝑁∑︁
𝑗=1
𝐶𝐸

4 𝐴
(2)
𝑖 𝑗
𝑤 𝑗 − 𝑤𝑖

ª®¬ = 0. (43)

The simply supported boundary conditions are used in this work as follows [7]:

𝑥𝑖 ∈ [0, 𝐿]; 𝑤1 = 𝑤𝑚 = 0;
𝑚∑︁
𝑗=1

𝐴
(2)
1 𝑗 𝑤 𝑗 =

𝑚∑︁
𝑗=1

𝐴
(2)
𝑚𝑗
𝑤 𝑗 = 0. (44)

The equations of motion for both the RBM and EBM, using their associated
boundary conditions and utilizing Eq. (43) and the modified weighting coefficient
matrix [53], are represented in matrix form as follows:(

[𝑇] − 𝜔2
𝑛 [𝑀]

)
{𝑤} = 0. (45)

Here, [𝑇] represents the stiffness matrix, [𝑀] stands for the mass matrix, and {𝑤}
corresponds to the deflection vector.

Eqs. (37) and (38) define an eigenvalue problem for both the EBM and RBM,
which is solved numerically.

5. Numerical computation and discussions

First, this work performs a validation study for the proposed method. Then, the
proven approach is applied to analyze the multiphysics parameters and the vibration
response of the double FGPS microresonators under adatom distribution and ther-
mal load. studied system has the materials chosen for the adatom-microresonator
include single-crystal silicon (Si) with a density of 𝜌𝑚 = 2330 kg/m3, Young’s
modulus 𝐸𝑚 = 169 GPa [7], thermal expansion coefficient 𝜆 = 2.6 · 10−6 K−1, and
thermal conductivity 𝜅 = 150 W/mK [54], silicon carbide ceramic (SiC) with a
density of 𝜌𝑐 = 3210 kg/m3, Young’s modulus 𝐸𝑐 = 420 GPa [27], thermal expan-
sion coefficient 𝜆 = 3 ·10−6 K−1 [54], and thermal conductivity 𝜅 = 70 W/mK [54]
for the upper and lower layers. The hollow microcore consists of SiC (100) ceramic,
while the added surface layer is from Si (100). The study focuses on simply sup-
ported double FGPS microresonators. MATLAB software was used for all the
computations in this section.

5.1. Validation

To assess the accuracy of the proposed method, a comparative analysis is per-
formed by referencing both analytical and numerical results from a prior study.
Table 1 presents a comparison between the nonlocal frequencies obtained using
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the Buckingham potential, which evaluates the total interaction energy, and those
derived from the Buckingham-Coulomb potential. To capture the adsorption behav-
ior, the surface elastic constant 𝑆 = −0.76086 eVÅ−2 [51] and the residual surface
stress 𝜏0 = 1.4 N/m [52] are incorporated into the theoretical model. Additionally,
key parameters are considered, 𝑎 = 3.26 Å represents the equilibrium displace-
ment between an adatom and a surface atom, while 𝑐 = 3.43 Å corresponds to
the spacing between two Si atoms [35]. The dimensionless parameter, 𝜃 = 𝜂/𝜂𝑚,
is introduced to characterize the adsorption density of distributed oxygen charge.
Here, 𝜂𝑚 = 1/𝑐2 serves as a reference density, ensuring that the impact of adatom
distribution on the microbeam’s response is appropriately captured [22].

Table 1. A comparison between the nonlocal frequencies [GHz] computed via the Buckingham
and the Buckingham-Coulomb potentials versus the 𝐿/ℎ ratio and power law index 𝑝, using

the analytical and numerical methods

𝐿/ℎ
ratio

Power law
index 𝑝 NTM/DQM

Nonlocal frequency
𝜔𝑎
𝐵𝑢𝑘

𝜔𝑎
𝐵𝐶

EBM
[7]

RBM
[7]

EBM
[Present]

RBM
[Present]

05

0
NTM 17.465721 17.354475 17.276887 17.276849
DQM 17.465706 17.354451 17.276622 17.276592

0.5
NTM 14.447622 14.433799 14.206845 14.206791
DQM 14.447610 14.433764 14.206476 14.206644

01
NTM 12.711938 12.591444 12.331443 12.331388
DQM 12.711582 12.591417 12.331419 12.331359

10

0
NTM 15.364265 15.360812 15.157786 15.157739
DQM 15.364223 15.360684 15.157637 15.157591

0.5
NTM 12.583297 12.525945 12.340188 12.340136
DQM 12.583171 12.525823 12.340131 12.340107

01
NTM 10.978116 10.961978 10.437718 10.437645
DQM 10.978005 10.961730 10.437576 10.437467

To gain deeper insight into the impact of the adsorption technique on the
nonlocal frequencies of the adatom-microresonator, it is necessary to define a
parameter that quantifies the corresponding frequency shift:

Δ𝜔𝑎 =
𝜔𝑎

𝑁
− 𝜔0

𝑁

𝜔0
𝑁

. (46)

The parameter Δ𝜔𝑎, referred to as the frequency shift ratio, serves as a critical
metric for assessing variations in the dynamic performance due to the presence
of adatoms. The parameter 𝜔0 denotes the nonlocal frequencies associated with
a hollow microbeam in the absence of adsorbed atoms [35]. The Buckingham
parameters [41], which are used in the computations, are shown in Table 2.
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Table 2. Buckingham potential parameters used in vdW energy computations

Buckingham parameters
Pair

O2−–O2− Si4+–O2−

A (eV) 1844.7458 13 702.905
𝜀 (Å) 0.343645 0.193817

𝐶 (eV.Å6) 192.58 54.681

The influence of adsorption density on the vibration behavior of the system is
presented in Fig. 5 and its corresponding impact on the nonlocal frequency shift,
using two distinct values for each parameter: the filling ratio 𝛼 and number 𝑁 .

(a) (b)

Fig. 5. Validation comparison of the studied model for the current and previous works [22] at
Δ𝑇 = 0 K when: 𝐿/ℎ = 15 (a); 𝐿/ℎ = 150 (b)

Based on the EBM, a comparison is made between the numerical results
obtained in the current study and those reported by [22] for validation of the
studied model. The analysis is conducted for length-to-thickness ratios of 𝐿/ℎ = 15
and 𝐿/ℎ = 150, without thermal loading. The findings indicate that the decrease
in frequency shift with increasing relative adsorption density 𝜃 is attributed to
the increase in 𝐿/ℎ ratio. Furthermore, the results exhibit excellent agreement
with those reported by [51], thereby validating the accuracy and reliability of the
proposed formulation and computational approach.

5.2. Parametric studies

Following the validation of the proposed formulation and numerical results,
this subsection presents a series of parametric studies to examine the impact of
key geometric parameters on the thermally induced performance of double FGPS
microresonator. Utilizing both Euler and Rayleigh beam models, the impacts of
the number of holes 𝑁 , power-law index 𝑝, and porosity volume fraction 𝜁 on
the nonlocal frequency shift Δ𝜔𝑁 are analyzed for a double FGPS microresonator
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subjected to nonlinear thermal loading with evenly distributed:

Δ𝜔𝑁 =
(𝜔𝐿 − 𝜔𝑁 )

𝜔𝐿

. (47)

The nonlocal parameter 𝜇 (𝜇 = 𝑒𝑎/𝐿) plays an important role in nonlocal elasticity
theory, as it incorporates an intrinsic material length scale and allows the model
to account for small-scale effects that become significant at micro- and nanoscale
dimensions [55]. Here, 𝜔𝐿 refers to the local frequency corresponding to the
case where the nonlocal parameter 𝜇 is zero, while 𝜔𝑁 denotes the nonlocal
frequency associated with a nonzero nonlocal parameter 𝜇. The hole size ratio 𝛽
(defined as 𝛽 = 1 − 𝛼) is a geometric parameter that quantifies the fraction of
solid material replaced by holes within the microbeam [50]. A value of 𝛽 = 0
corresponds to a fully solid microbeam, whereas 𝛽 = 1 represents a completely
hollow configuration [20]. Fig. 6 illustrates frequency shift behavior, obtained
using RBM and EBM models, as a function of hole size ratio 𝛽 (Fig. 6a and 6b)
for three different values of both temperature change Δ𝑇 , power-law index 𝑝, and
nonlocal parameter 𝜇 under nonlinear temperature load at coupling spring constant
𝑘EM = 0 N/m for the single FGPS microresonator and at 𝑘EM = 10𝑒4 N/m for the
double FGPS microresonators.

(a) (b)

Fig. 6. Nonlocal frequency shift versus hole size ratio 𝛽: 𝑘EM = 0 (a), 𝑘EM = 10𝑒4 N/m (b) for
different values of power-law index 𝑝, nonlocal scale parameter 𝜇, and temperature change Δ𝑇

A significant decrease in natural frequency change is detected upon incorporat-
ing the nonlocal parameter 𝜇 into the analysis for both the EBM and RBM, with a
focus on the important influence of nonlocal elasticity in accurately characterizing
the dynamic response of the functional system. Notably, the RBM nonlocal-induced
frequency variation remains lower than the EBM frequency shift through the ex-
amined interval of hole size ratio 𝛽.

Fig. 7 shows that the computed frequency shift declines as the power-law index
𝑝 rises in both models.
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(a) (b)

Fig. 7. Nonlocal frequency shift versus power-law index 𝑝: 𝑘EM = 0 (a), 𝑘EM = 20𝑒4 N/m (b) for
different values of filling ratio 𝛼, nonlocal scale parameter 𝜇, and temperature Δ𝑇

Where, reflects a decrease in stiffness and dynamic behavior due to the varying
distribution of FGM properties [19]. However, the rate of frequency shift reduction
differs noticeably between the two models, particularly at higher values of the
spring parameter 𝑘EM. Notably, the EBM exhibits greater sensitivity to temperature
change Δ𝑇 compared to the Rayleigh beam model. Both beam models show a clear
variation in frequency as the number of holes 𝑁 increases (Table 3).

Table 3. A comparison between the nonlocal frequencies [GHz] computed without and with
applying the nonlinear thermal load using the analytical and numerical methods

𝑁 𝜇 NTM/DQM

Double FGPS microbeams
Δ𝑇 ≠ 0 K [Present]

Double FGPS microbeams
Δ𝑇 = 0 K [22]

Perfect (𝜁 = 0) Even (𝜁 = 0.5) Perfect (𝜁 = 0) Even (𝜁 = 0.5)
EBM RBM EBM RBM EBM EBM

1

0.1
NTM 13.81985 13.81984 13.40145 13.40145 14.43774 13.48622
DQM 13.81980 13.81972 13.40142 13.40142 14.43772 13.48621

0.2
NTM 13.76827 13.76825 13.40051 13.40050 14.41576 13.45520
DQM 13.76822 13.76813 13.40051 13.40015 14.41562 13.45507

2

0.1
NTM 13.64149 13.64138 12.43137 12.43127 13.75886 12.48343
DQM 13.64143 13.64133 12.43132 12.43122 13.75866 12.48328

0.2
NTM 13.60262 13.60261 12.40585 12.40563 13.73522 12.44886
DQM 13.60261 13.60248 12.40583 12.40524 13.73521 12.44884

Fig. 8 demonstrates the combined influence of perforation geometry parame-
ters, elastic medium coupling 𝑘EM, and nonlinear thermal loading on the vibration
of double FGPS microresonators. Where, represents the variation of nonlocal
frequency 𝜔𝑁 as a function of the filling ratio 𝛼 and the number of holes 𝑁
under two different elastic medium stiffness conditions 𝑘EM = 0 (Fig. 8a), and
𝑘EM = 10𝑒4 N/m (Fig. 8b), for two temperature change values Δ𝑇 = 30 K and
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Δ𝑇 = 50 K. Both the EBM and the RBM are compared to focus on the influence of
rotary inertia and thermal effects on the dynamic response. In Fig. 8 (a and b), the
upper surface corresponds to the EBM, and the lower surface represents the RBM.

(a) (b)

Fig. 8. Nonlocal frequency [Hz] versus filling ratio 𝛼 and holes number 𝑁 at different values of
temperature change Δ𝑇 for EBM upper surface and RBM lower surface: 𝑘EM = 0 (a),

𝑘EM = 10𝑒4 N/m (b)

In both cases, increasing the filling ratio 𝛼 results in a noticeable increase in
the nonlocal frequency 𝜔𝑁 , especially at the lowest hole numbers 𝑁 . This trend
is consistent with the results in Refs [19, 49]. The inclusion of the elastic medium
stiffness 𝑘EM noticeably elevates the frequency values, indicating that the coupling
stiffness acts as an additional constraint that enhances the equivalent stiffness of
the system [11].

Regarding the temperature change Δ𝑇 , an increase from 30 to 50 K amplifies
the frequency softening effect, particularly for the RBM. This can be attributed
to the thermally induced softening of material properties, where thermal stresses
reduce the effective stiffness of the microresonator. The difference between the two
beam models becomes more pronounced under higher thermal loads.

5.3. Nonlinear effects of temperature change

The vibration performance of a double FGPS microresonator with distributed
oxygen charge on its surface was analyzed and subjected to nonlinear thermal
load. To examine the influence of nonlinear thermal load on the system’s dynamic
response, the computations of frequency shift were carried out using a ratio as
follows:

Δ𝜔𝑇 =
(𝜔𝑇 − 𝜔0)

𝜔𝑇

, (48)

where 𝜔𝑇 represents the nonlocal frequency of the system under nonlinear thermal
load, 𝜔0 represents the nonlocal frequency without the nonlinear thermal load
effect. The results in Fig. 9 show that the dimensionless frequency shift as a function
of the temperature change Δ𝑇 decreases noticeably as the porosity volume fraction
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𝜁 increases, with the reduction becoming particularly pronounced at higher values
of the porosity volume fraction 𝜁 [22]. At low porosity (𝑝 = 0.2) without elastic
coupling, the system shows larger frequency shifts and clear differences between
the Euler and Rayleigh beam models [10]. In contrast, at high porosity (𝑝 = 0.8)
with strong elastic medium coupling, the total frequency shift is reduced, and the
differences between models narrow, indicating that coupling stiffness suppresses
dynamic sensitivity [7]. On the other hand, the frequency shift shows a distinctive
non-monotonic trend; it initially decreases slightly asΔ𝑇 increases and then sharply
rises beyond a certain thermal threshold.

(a) (b)

Fig. 9. Nonlocal frequency shift versus the temperature change Δ𝑇 for three values of 𝜁 with:
𝑝 = 0.2, 𝑘EM = 0 (a); 𝑝 = 0.8, 𝑘EM = 15𝑒4 N/m (b)

Table 4 presents the computed values of the nonlocal frequency 𝜔𝑇 for a
double FGPS microresonator operating under a nonlinear thermal environment.
The frequencies are calculated for temperature changes Δ𝑇 = 0, 30, and 60 K, with
nonlocal parameters 𝜇 = 0.2, 0.4 and 0.6, and power-law indices 𝑝 = 0.3 and 0.7.

Table 4. Nonlocal frequency [GHz] computed by the analytical and numerical methods for different
values of the temperature change

𝜇 𝑝 NTM/DQM
Δ𝑇 = 0 [K] Δ𝑇 = 30 [K] Δ𝑇 = 60 [K]

EBM RBM EBM RBM EBM RBM

0.2

0.3
NTM 17.41448 17.41448 17.38852 17.38852 17.40034 17.35236
DQM 17.41446 17.41445 17.38839 17.38838 17.40019 17.35232

0.7
NTM 16.19144 16.19143 16.16597 16.16597 16.14236 16.10782
DQM 16.19142 16.19131 16.16582 16.16582 16.14221 16.10767

0.4

0.3
NTM 17.22195 17.22195 17.20918 17.20917 17.19664 17.13026
DQM 17.22192 17.22172 17.20913 17.20914 17.19648 17.13024

0.7
NTM 15.93498 15.93498 15.91311 15.91311 15.88870 15.86056
DQM 15.93491 15.93482 15.91310 15.91310 15.88856 15.86041
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The results indicate that the frequency 𝜔𝑇 decreases as the power-law index
𝑝, nonlocal parameter 𝜇, and temperature change Δ𝑇 increase, demonstrating an
inverse relationship with these parameters [56].

Fig. 10 presents the nonlocal frequency𝜔𝑇 concerning the nonlocal parameter
𝜇 and the distributed oxygen charge density Θ, under two thermal change values
(Δ𝑇 = 30 K) and (Δ𝑇 = 50 K) for both EBM and RBM beam models, where
the upper surface corresponds to the EBM, while the lower surface represents
the RBM. The results show that increasing the nonlocal parameter 𝜇 leads to
a consistent reduction in the nonlocal frequency for both models, reflecting the
softening effect due to small-scale phenomena. This decrease is more significant in
the RBM due to the inclusion of rotary inertia, which further enhances structural
flexibility [56].

(a) (b)

Fig. 10. Nonlocal frequency [Hz] versus nonlocal parameter 𝜇 and adsorption density Θ at two
values of temperature change Δ𝑇 for EBM upper surface and RBM lower surface: 𝑘EM = 0 (a),

𝑘EM = 10𝑒4 N/m (b)

Additionally, the distributed oxygen charge density Θ, also contributes to low-
ering the frequency as it adds mass (from 𝜌𝐴eq to 𝜌𝐴eq + 𝜂𝑏𝑚−

𝑂) to the system and
reduces stiffness [7]. The influence of thermal effects becomes more pronounced
at higher temperature changes, as seen for Δ𝑇 = 50 K, where the drop in frequency
is more substantial compared to Δ𝑇 = 30 K.

6. Conclusions

The nonlocal vibration of an adatom-functionalized resonator incorporating a
hollow microcore was examined under the influence of a nonlinear thermal field and
the distributed oxygen charge on the effective surface of the system. The analysis
was carried out within the framework of the NSGT, and frequency shifts were
determined for both the EBM and RBM by integrating vdW interactions using
the Buckingham-Coulomb potential formulation. Key conclusions derived through
both the NTS and DQM are outlined below:
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• The developed models successfully capture the microresonator’s total bend-
ing behavior, indicating that adsorbed atoms significantly decrease the dy-
namic frequency due to their added mass and interaction energy.

• The RBM consistently predicts lower frequency values than the EBM coun-
terpart, primarily because of rotary inertia effects.

• The resonance behavior of the double FGPS microresonator is notably im-
pacted by variations in thermal gradients, suggesting the importance of
thermal field control in system design.

• Small-scale phenomena, emphasized by the nonlocal parameter 𝜇 and elastic
medium constant 𝑘EM, were found to increase the mechanical compliance of
the system, especially when a hollow core is incorporated, thereby boosting
the flexibility of the structure.

• Tailoring the porosity profile across the microbeam layers contributes to a
decrease in the system’s equivalent mass, enhancing the dynamic respon-
siveness and improving the total efficiency of the microresonator.

The presented approach offers a comprehensive multiphysical modeling strat-
egy for adatom-interfaced microresonator systems. The findings advance the un-
derstanding of microscale interaction mechanisms and provide useful guidance for
designing responsive, high-performance devices suited for thermal sensing and
precision microengineering applications.
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