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This study revisits the canonical problem of the structural response of a cylindrical
shell under hydrostatic pressure using physics-informed neural networks. Particular at-
tention is given to the strong formulation of the governing differential equation, which
poses significant challenges due to the need for accurate evaluation of higher-order
derivatives. To enforce boundary conditions, a modified loss function with embed-
ded hard constraints is proposed. The model hyperparameters are identified through a
series of numerical experiments. The results indicate that physics-informed neural net-
works may exhibit inherent limitations that hinder their ability to accurately capture all
features of the exact solution. To address these limitations, a hybrid approach integrat-
ing physics-based modeling and statistical learning theory via ensemble techniques is
proposed. The ensemble framework demonstrates improved generalization and relia-
bility, suggesting its potential to enhance the performance of physics-informed neural
networks in solving differential equations.

Nomenclature

PINN physics-informed neural network
DE differential equation
ELM extreme learning machine
BC boundary conditions
HC hard constrains
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NN neural network
𝑥, 𝑧 rectangular coordinates
𝑤, 𝑤 deflection in the z-direction and its approximation
ℎ length of a shell
𝑡 thickness of a shell
𝑟 radius of a shell
𝐸 modulus of elasticity
𝜈 Poisson’s ratio
𝐷 flexural rigidity of a shell
𝑍 load on a shell parallel to the z-axis
𝛽 shell parameter
𝛾 weight per unit volume of the liquid
L loss function
𝜃 neural network parameters
Ω domain
𝜕Ω domain boundary
F discrepancy function
ℓ ansatz

1. Introduction

In recent years, deep learning in the form of neural networks has been used
in many areas of physics [1] and engineering [2, 3], including electromagnetism
[4, 5], mechanics of solids [6, 7], fluid dynamics [8, 9], aerodynamics [10, 11],
and materials science [12, 13]. Deep neural networks are usually employed as the
dominant approach for data-driven problems to learn the nonlinear mapping from
input to output. The success of deep learning can be attributed to a combination
of new theoretical approaches and advances in hardware, such as general-purpose
graphics processing units [14]. Usually, it requires a substantial amount of data to
train a neural model for a complex problem, which leads to the need to generate
and store huge datasets in order to achieve a reliable input-output mapping.

Alternatively, we can regard neural networks as DE solvers. In this context,
neural networks with a sufficient number of neurons have traditionally been used.
According to the universal approximation theorem [15], they can model any con-
tinuous function with arbitrary precision, thereby providing solutions to a broad
class of mathematical and physical problems.

Rather than relying on the brute-force approximation of differential equations
using generated arrays of data, it is possible to solve them by minimizing a loss
function derived from the DE in the form of, e.g., the mean squared residuals. These
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physics-informed neural networks [16–18] are mesh-free by design and, in general,
do not need large training datasets. The core idea is to incorporate physical informa-
tion into the model. They virtually fall into the category of weakly-supervised deep
learning. Fig. 1 highlights the key distinctions between neural modeling approaches
with and without access to ground-truth data. A brief historical overview of the
development of deep neural network methodologies for solving differential equa-
tions can be found in [19]. Alternative numerical modeling methods include the
Finite Element Method [20], Finite Volume Method, and Finite Difference Method
[21], which are traditionally applied to solve numerical problems governed by dif-
ferential equations. In physics-informed neural models, we exploit their property
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Fig. 1. Training scenarios for a neural network.

as universal approximators to solve DEs [22], but instead of evaluating the loss
between the predicted and ground truth solutions, we incorporate the differential
equation into the loss function. Basically, the loss function can be associated with
initial and boundary conditions via soft or hard constraints [23]. Of particular sig-
nificance is the fact that PINNs are actively used for solving forward and inverse
problems [17]: for forward problems, governing DEs and boundary conditions are
well-known; for inverse problems, DEs are known, whereas corresponding bound-
ary conditions might be fully or partially unknown. Automatic differentiation [24]
is employed to find the derivative of a variable of interest (as the network output)
with respect to the network input.

The application of PINNs to problems of continuum mechanics has been ex-
tensively discussed. For example, the study [25] focuses on modeling of turbulent
flows, demonstrating improved predictive accuracy and generalization compared to
conventional data-driven approaches. In particular, two robust turbulence models
based on a feedforward fully connected NN for large eddy simulation have been
developed to capture nonlinear flow regimes. In [26], a data-driven deep learning
framework is proposed for solving linear elasticity problems, enabling mesh-free
approximation of displacement fields. The results demonstrate that the approach
can accurately reproduce reference solutions, although limitations may include sen-
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sitivity to the training strategy and difficulties in capturing complex solution fea-
tures. In [27], a physics-informed deep learning approach is developed for modeling
of non-associative Drucker–Prager elastoplastic behavior. It integrates constitutive
equations with a multi-objective loss function, combining physical constraints with
data-driven learning and allowing for accurate prediction of elastoplastic responses.
The work [28] presents a data-driven, physics-constrained deep learning framework
for elastoplastic problems. The method accurately predicts stress–strain responses
and captures plastic deformation behavior. A shared characteristic of the last three
studies is the application of transfer learning and the use of multi-objective loss
functions, which may introduce sensitivity to the balancing of loss terms.

In this study, we focus on the classical problem of a cylindrical shell loaded
symmetrically with respect to its axis (Fig. 2). The theoretical foundation for the
application of PINNs to shell structures is detailed in [29]. In the context of related
work, the authors mention Extreme Learning Machines as an alternative neural
modeling approach, which can be coupled with PINN-type formulations to improve
computational efficiency. ELMs are characterized by a single hidden layer with
randomly assigned weights that remain fixed during training, while only the output
layer is optimized. This leads to significantly reduced training time; however, such
approaches may suffer from reduced accuracy, thereby limiting their applicability
in purely physics-driven settings. The PINN model used by the authors in [29]
is a feedforward neural network that operates in a non-Euclidean domain, with
the governing equations of the linear Naghdi shell model embedded into the loss
function. The authors concluded that PINNs are capable of accurately identifying
the solution field in the benchmark problems when the governing equations are
formulated in their weak form. However, they may fail when the equations are
expressed in their strong form.

Nonetheless, this paper explicitly targets the strong formulation of the govern-
ing DE, rather than relying on weak (variational) forms that are more commonly
adopted in contemporary computational frameworks. This focus is nontrivial, as
such an approach requires an accurate representation of higher-order derivatives.
The study, therefore, addresses a known limitation of PINNs, that is, their ten-
dency to inadequately resolve localized features. By framing limitations within
the given context, the work contributes to a more rigorous understanding of the
approximation capabilities of PINNs. The study advances a hybrid approach that
bridges physics-based modeling with statistical learning theory by leveraging en-
semble techniques, which enables improved generalization and reliability. Finally,
the work aims to establish a framework for addressing problems involving complex
load patterns such as fluid-structure interaction [30], shells with initial imperfec-
tions [31], seismic loading, blast pressure effects, and other dynamic conditions.

The paper is structured as follows: in Section 2, we briefly introduce the
mathematical representation of the benchmark problem. Section 3 addresses key
aspects of PINNs relevant to the problem (loss functions, boundary conditions,



Physics-Informed Deep Learning for Modeling of Cylindrical Shells 5

2r

h

z

x

Fig. 2. Cylindrical shell under hydrostatic pressure.

automatic differentiation, architecture). Section 4 details the training process of the
PINNs, aimed at solving the governing equation. Finally, in Section 5, we present
and analyze the results, followed by a concluding summary.

2. Cylindrical Shell Loaded Symmetrically

Symmetrical deformation of a circular cylindrical shell 𝑤 (Fig. 2) under the
load 𝑍 , assuming constant shell thickness 𝑡, is governed by the following equa-
tion [32]:

𝐷
𝑑4𝑤

𝑑𝑥4 + 𝐸𝑡

𝑟2 𝑤 = 𝑍, (1)

where 𝐷 =
𝐸𝑡3

12(1 − 𝜈2)
.

Assuming that 𝛽4 =
3(1 − 𝜈2)
(𝑟𝑡)2 and 𝑍 = −𝛾(ℎ − 𝑥), we can simplify Eq. (1):

𝑑4𝑤

𝑑𝑥4 + 4𝛽4𝑤 = −𝛾(ℎ − 𝑥)
𝐷

. (2)

The general solution to this equation is of the following form:

𝑤 = 𝑒𝛽𝑥 (𝐶1𝑐𝑜𝑠𝛽𝑥 + 𝐶2𝑠𝑖𝑛𝛽𝑥) + 𝑒−𝛽𝑥 (𝐶3𝑐𝑜𝑠𝛽𝑥 + 𝐶4𝑠𝑖𝑛𝛽𝑥) −
𝛾(ℎ − 𝑥)𝑟2

𝐸𝑡
, (3)

where 𝐶1, ..., 𝐶4 are the constants of integration. In fact, 𝑡 is small compared to 𝑟

and ℎ, so we can consider the shell to be infinitely long, which gives us𝐶1 = 𝐶2 = 0.
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The boundary conditions for the lower edge of the shell built into a rigid foundation
are:

𝑤𝐵𝐶 = 𝑤𝑥=0 = 0,(
𝑑𝑤

𝑑𝑥

)
𝑥=0

= 0.
(4)

Then, 𝐶3 and 𝐶4 can be expressed as follows:

𝐶3 =
𝛾𝑟2ℎ

𝐸𝑡
, 𝐶4 =

𝛾𝑟2

𝐸𝑡
(ℎ − 1

𝛽
). (5)

Finally, taking into account Eq. (5), we obtain:

𝑤 = −𝛾𝑟2

𝐸𝑡
(ℎ − 𝑥 − 𝑒−𝛽𝑥 (ℎ 𝑐𝑜𝑠 𝛽𝑥 + (ℎ − 1

𝛽
) 𝑠𝑖𝑛 𝛽𝑥)). (6)

For the sake of simplicity, we treat this problem as 1D with a single input
parameter 𝑥, which is the coordinate along the 𝑥 axis (see Fig. 2). In our numerical
experiments, we assume that 𝑟 = 5.215 m, ℎ = 11.92 m, 𝑡 = 4 · 10−3 m, 𝜈 =

0.3, 𝐸 = 2 · 1011 Pa, 𝛾 = 9810
N
m3 . Eq. (6) serves as the ground truth for the deep

models considered in this study. We use this closed-form solution to evaluate the
performance of the PINNs.

3. Model architecture

In physics-informed deep learning, a deep neural network is employed to
approximate a solution of a differential equation via automatic differentiation ca-
pabilities of such frameworks as Tensorflow or Pytorch [33]. Deflection 𝑤̂ can be
approximated in the following way:

𝑤̂(𝑥) = NN(𝑥; 𝜽), (7)

where NN(𝑥; 𝜽) is the deep neural network with adjusted parameters.
To embed governing physical laws into the neural network training procedure,

we need to modify the network loss function so that it reflects the principles of
complex physical phenomena. The loss function of the PINN might include soft or
hard constraints in order to satisfy boundary conditions of the problem (4).

The PINN loss function with soft constraints may be defined as follows:

L = L𝐵𝐶 + 𝜆L𝐷𝐸 ,

L𝐵𝐶 = F (𝑤̂(𝒙), 𝑤𝐵𝐶 (𝒙)), 𝒙 ∈ 𝜕Ω,

L𝐷𝐸 = F
(
𝑑4𝑤̂(𝒙)
𝑑𝑥4 + 4𝛽4𝑤̂(𝒙) + 𝛾(ℎ − 𝒙)

𝐷
, 0

)
, 𝒙 ∈ Ω,

(8)
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where 𝒙 is a set of points in the domain Ω with the boundary 𝜕Ω, 𝜆 is the fixed
penalty coefficient of the constraint (a weighting factor), and F measures the
discrepancy between its vector arguments.

The best form of the function F is defined by the cross-validation procedure.
The penalty coefficient 𝜆 is defined experimentally as well. Fig. 3 illustrates a
common issue with soft constraints: one loss (in this case,L𝐵𝐶) often dominates the
others, requiring careful adjustment of 𝜆. Furthermore, a large penalty coefficient
may result in an ill-conditioned optimization problem, which fails to converge. To
mitigate the stated issue, the boundary conditions may be imposed through the loss
function by applying hard constraints [34]. Let us write the solution in Ω as

𝑤̂𝐻𝐶 (𝑥) = 𝑔(𝑥) + ℓ(𝑥)NN(𝑥; 𝜽), (9)

where 𝑔(𝑥) satisfies some initial values, and ℓ satisfies the following conditions:

ℓ(𝑥) = 0, 𝑥 ∈ 𝜕Ω,

ℓ(𝑥) > 0, 𝑥 ∈ Ω − 𝜕Ω.
(10)
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Fig. 3. Soft constraints—example of BC and DE losses.

For simple geometries, the function ℓ can be chosen analytically. For Ω =

[0, ℎ], 𝜕Ω = {0, ℎ}, we can choose ℓ(𝑥) = (𝑥 − 0) (ℎ− 𝑥). Considering Eq. (9, 10),
we express the loss function with hard constraints as follows:

L𝐻𝐶 = F (𝑤̂𝐻𝐶 (𝒙), 0), 𝒙 ∈ Ω. (11)

We will use this option further in our analysis.
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Fig. 4 depicts the schematic representation of the PINN, namely a fully con-
nected feedforward network for one-dimensional Eq. (2), where the input 𝑥 repre-
sents the spatial coordinate, and the output 𝑤̂ represents the approximated solution.
The deep neural network NN , which comprises 𝑘 hidden layers, each consist-
ing of 𝑛 neurons with nonlinear activation functions 𝑎 (the activation function of
the output layer is always linear), is an approximator that estimates the solution
𝑤̂(𝑥) of Eq. (2). We use PyTorch’s torch.autograd.grad() function for automatic
differentiation.
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Fig. 4. Schematic of a PINN solving Eq. (2).

The near-optimal hyperparameters of the PINN are selected using the holdout
method, which effectively performs an ablation-like analysis by comparing con-
figurations with added or removed components. Table 1 lists the hyperparameters,
combinations of which are considered in this article.

Table 1. Hyperparameters of PINN
Layers Neurons Epochs Activation function Loss function F
4, 8, 16 8, 16, 32 6000 ReLU, SELU L1, MSE, Huber

4. PINN training

In this study, we employ the PyTorch machine learning framework. The neural
networks are trained using the Adam optimization algorithm, with a variable learn-
ing rate dynamically adjusted by the ReduceLROnPlateau scheduler to enhance
convergence. For all experiments, we use a batch size of 512. The training data
are obtained by randomly sampling 2000 points from the one-dimensional domain
Ω = [0, ℎ] along the x-axis. Network weights are initialized using the Kaiming
uniform initialization method to promote convergence and mitigate vanishing or
exploding gradient issues. As shown in Table 1, each PINN is trained for a total of
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6000 epochs. The training process is accelerated using an Nvidia Tesla P100 GPU
to enhance computational efficiency.

The network architectures of the three top-performing PINNs, optimized using
Huber, MSE, and L1 loss functions, are feedforward with a single input and a
single output. The number of layers, neurons per layer, and activation functions for
each model are summarized in Table 2. Fig. 5 depicts the training loss curves for
these PINNs, showing their progressive decrease over iterations, which indicates
convergence of the models toward a solution.

Table 2. Hyperparameters for the best-performing PINNs
# Layers Neurons in each layer Activation Loss F Value
1 16 32 ReLU Huber 0.001006
2 8 8 ReLU MSE 0.516541
3 16 32 ReLU L1 0.089040
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Fig. 5. Training losses for the three best-performing PINNs with different loss functions.

5. Results

In total, we trained 54 models. Fig. 6 illustrates the solutions to the benchmark
problem formulated in strong form, obtained using the three top-performing PINNs
(Table 2), in comparison with the exact solution given by Eq. (6). None of the
models was able to capture the features of the exact solution in the vicinity of
the point of maximum deflection, demonstrating inherent limitations despite the
relatively complex structure of each neural network. Moreover, PINN2 (with MSE
loss function) introduced notable noise into the part of the solution, whereas the
neural network models trained with the Huber and L1 loss functions exhibited a
systematic overestimation of the maximum deflection.
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A possible solution to the problem may lie in a change of the form of the
governing equations, imposing additional constraints on the loss function, or uti-
lizing more sophisticated deep learning architectures. We propose to use one of
the ensemble methods [35] in order to filter out the erroneous components of the
solution. Since we have already trained multiple models (18 ∗ 3) in the process of
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Fig. 6. Solutions obtained by the top-performing PINNs.

hyperparameter optimization, we can reuse these. One of the simplest ensemble
methods is ensemble averaging, where several, less satisfactory networks are com-
bined to produce an improved output. A supplementary advantage of this approach
is the reduction of variance at no cost. Additionally, we propose the use of the
median function instead of simple averaging, as it provides increased robustness to
outliers. Fig. 7 shows the general computational process involving a median-based
ensemble model.
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Fig. 7. Computational process with a median-based ensemble model.

Fig. 8 illustrates the solutions obtained by applying a median-based ensemble
model. All ensemble models demonstrate a significant performance improvement
compared to the top-performing PINNs with corresponding loss functions. The
use of an ensemble modeling approach improved the estimation of the maximum
deflection and suppressed spurious oscillations.
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6. Conclusions

In this study, we employed the physics-informed neural network architecture
with hard constraints and set up a sequence of numerical experiments to solve
the benchmark problem governed by the fourth-order differential equation (1).
Numerical experiments were designed to find near-optimal hyperparameters of the
PINN.

Although PINNs with hard constraints, as considered in this study, tend to con-
verge faster and yield more accurate predictions than those with soft constraints,
they are inherently limited by the requirement to construct an explicit ansatz [36] for
embedding boundary conditions. This requirement reduces the architectural flex-
ibility of hard-constrained PINNs and may introduce additional challenges when
extending the framework to higher-dimensional or more geometrically complex do-
mains. In this context, one possible approach is the use of geometry-aware methods
based on R-functions [37].

Despite the theoretical universal approximation capability of neural networks,
the conducted numerical experiments revealed that none of the trained models
fully captured all salient features of the exact solution to the benchmark problem,
which supports the hypothesis that PINNs may exhibit significant limitations when
governing equations are presented in their strong form, especially in the presence
of higher-order derivatives.

To address this issue, an ensemble-based strategy was investigated. The re-
sults show that even a simple aggregation technique, such as median filtering,
yields a noticeable improvement in predictive accuracy and robustness compared
to individual models. This suggests that ensemble learning provides an effective
pathway for mitigating model deficiencies and enhancing generalization, despite
the increased model complexity it entails.
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These findings motivate further research on advanced ensemble techniques
and geometry-aware methods aimed at improving the robustness and accuracy of
PINNs.
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