
 

1. Introduction 

Heat transfer (HT) is a crucial and extensively used discipline 

within engineering. Additionally, a lot of research has been done 

on increasing the rate of HT, which is important for many appli-

cations, including storing radioactive nuclear waste, cooling 

electronic components, catalysts, heat exchangers, and more. 

Enhancing the rate of HT can be achieved by using several liq-

uid types, particularly nanoliquid and hybrid nanoliquid, which 

are created by combining one or more types of highly thermally 

conductive nanoparticles. The function of liquids in the process 

of HT has been discussed in several significant scientific publi-

cations. Recently, Chamkha and Pop [1] examined the HT char-

acteristics of a laminar boundary layer flow of a viscous liquid 

past a vertical plate. Kattimani et al. [2] used a Levenberg-Mar-

quardt artificial neural network (ANN) to investigate HT behav-

iour at the stagnation-point motion of a fluid past an off-centred 

disk. Kumar et al. [3] elucidated the HT characteristics of hybrid  
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Abstract 

The present study investigates the influence of a non-uniform heat sink/source on the unsteady flow of Boger liquid via  
a slowly rotating stretching disk subjected to suction and convective boundary conditions. This study is significant because 
it helps optimise cooling and heating processes in chemical, pharmaceutical and energy systems. The research also highlights 
methods for managing heat and mass transport in porous and industrial materials. Overall, it helps to improve performance, 
stability and energy efficiency in engineering and applied science. Dimensionless ordinary differential equations are obtained 
by transforming the governing partial differential equations using similarity variables. The resultant non-dimensional ordi-
nary differential equations are solved numerically utilising the finite difference method. Furthermore, the fluid flow, mass 
and heat transfer and are evaluated using an artificial neural network approach. Additionally, the response surface method-
ology is used to assess the heat transmission rate statistically. The influence of different parameters on the concentration, 
velocity and thermal profiles is exemplified graphically. Increasing the suction parameter, relaxation time ratio and magnetic 
parameter reduces the velocity profile. The thermal profile enhances as the space and temperature-dependent heat sink/source 
parameters increase. 
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Nomenclature 

A ‒ constant, A = −𝑤0/2√
𝜈𝑓𝛺0

1−𝛼𝑡
 

A*, B*‒ space and temperature-dependent heat source/sink parameters 

B0 ‒ magnetic field, √
kgΩ

s
m−1 

Bi ‒ Biot number, Bi =  
ℎ𝑓

𝑘𝑓
√
𝜈𝑓(1−𝛼𝑡)

𝛺0
 

c ‒ stretching rate, s–1  

C ‒ concentration 

Cp ‒ specific heat, J kg–1 K–1  

DB ‒ diffusion coefficient, m2 s–1  

E ‒ dimensionless activation energy, 𝐸 = 𝐸𝑎/𝐾𝑇∞ 

Ea ‒ activation energy, kg m2 s–2  

(F, G, H) ‒ velocity profiles 

hf ‒ heat transfer coefficient, W m–2K–1  

kf ‒ thermal conductivity, W m–1 K–1  

𝑘𝑟
2  ‒ reaction rate, s–1  

K ‒ Boltzmann constant, kg m2 s–2 K–1  

M ‒ magnetic parameter, 𝑀 = 𝜎𝑓𝐵0
2/𝜌𝑓𝛺0 

p ‒ pressure, kg m–1 s–2  

P ‒ dimensionless pressure 

Pr ‒ Prandtl number, Pr = (𝜇𝐶𝑝)𝑓/𝑘𝑓 

𝑞′′′ ‒ non-uniform heat source/sink coefficient, W m–3  

r, z ‒ coordinates, m 

Re ‒ Reynolds number,  

Sc ‒ Schmidt number, Sc = 𝜈𝑓/𝐷𝐵 , 

t ‒ time, s 

T ‒ temperature, K 

T ‒ ambient temperature, K 

Tw ‒ surface temperature, K 

(u, v, w) ‒ velocity components, m s–1  

w0 ‒ suction velocity, m s–1  

Greek symbols 

𝛼 ‒ angular velocity, s–1 

α* ‒ dimensionless quantity, α∗ = 𝛼/𝛺0 

β1 ‒ solvent fraction parameter 

β2 ‒ ratio of relaxation time 

𝛿 ‒ temperature-difference parameter, 𝛿 = (𝑇𝑤 − 𝑇∞)/𝑇∞ 

𝛾1 ‒ stretching ratio parameter, 𝛾1 = 𝑐/𝛺0 

𝜃(𝜂)‒ thermal profile 

𝜇f ‒ dynamic viscosity, kg m–1 s–1  

𝜈f ‒ kinematic viscosity, m2 s–1  

𝜌f ‒ density, kg m–3  

𝜎f ‒ electrical conductivity, Ω–1 m–1  

σ* ‒ chemical reaction rate parameter, σ∗ = 𝑘𝑟
2(1 − 𝛼𝑡)/𝛺0 

(𝜂)‒ concentration profile 

𝛺0 ‒ positive constant, s–1  

 

Subscripts and Superscripts 

 ‒ ambient 

f ‒ fluid 

w ‒ wall 

 

Abbreviations and Acronyms 

AE ‒ activation energy 

ANN ‒ artificial neural network 

C-BC ‒ convective boundary condition 

DE ‒ differential equation 

FDM ‒ finite difference method 

HT ‒ heat transfer 

MF ‒ magnetic field 

MHD ‒ magnetohydrodynamics 

N-HSS ‒ non-uniform heat source/sink 

ODE ‒ ordinary differential equation 

PDE ‒ partial differential equation 

RSM ‒ response surface methodology 

nanoliquid motion through a stretchy cylinder. Hussain et al. [4] 

studied HT variations of the Casson ternary nanoliquid motion 

using ANN. Eegunjobi et al. [5] investigated HT features of an 

electrically conducting liquid flow via an expanding surface. 

Boger liquids are the elastic liquids with a constant viscosity 

irrespective of shear rate, which allows them to differentiate be-

tween elastic and viscous effects in viscoelastic flows. Their 

flexibility enables progress in materials science, agriculture, gas 

and oil. These liquids are also very important for consumer prod-

ucts like cosmetics and food, where controlling viscosity is es-

sential. These liquids are created by mixing a small quantity of 

polymer with a high-viscosity Newtonian liquid. This makes 

a substance that has properties of both a liquid and a solid. In 

order to overcome the shear thinning caused by the polymer ad-

ditions, highly viscous solvents are used to form Boger liquids. 

When exploring elastic characteristics without the restriction of 

shear thinning, these fluids are essential. Norouzi et al. [6] elu-

cidated the pressure drop of a Boger liquid motion at the inertia 

regime. Banakar et al. [7] examined the motion of Boger liquid 

over a rotating rough disk with a solid-liquid interfacial layer 

impact. Veeranna et al. [8] deliberated the Boger micropolar liq-

uid flow across a semi-circular body. The experimental compar-

ison of the interfacial wave behaviour of the Boger liquid stream 

in microchannels was explained by Hue et al. [9]. 

Under the influence of an external magnetic field (MF), in-

vestigators have conducted both experimental and theoretical 

studies on the thermomagnetic circulation of magnetic liquids 

that contain various geometries. Understanding the connection 

between an MF and the characteristics of a liquid flow has been 

a major focus in the study of electrically conducting fluid motion 

for many years. Further, magnetohydrodynamics (MHD) delib-

erates the behaviour of electrically conductive liquids in the 

presence of MFs. When subjected to an external MF, it exhibits 

distinctive behaviours such as magneto-viscous, magneto-opti-

cal and magneto-thermal impacts. Srihari et al. [10] scrutinised 

the Casson liquid flow in a vertical microchannel with the MF 

effect. Krishna et al. [11] deliberated the motion of a second-

grade liquid with the effect of MF past a permeable surface. 

Preethi et al. [12] inspected the outcome of MF and thermal ra-

diation on the flow of nanoliquid via an extended sheet. Takhar 

et al. [13] addressed the unsteady HT in the presence of MF on 

a semi-infinite plate. Takhar et al. [14] studied the HT behaviour 

on the unsteady MHD liquid motion influenced by MF over  

a stretchy surface. Jagadha et al. [15] exemplified the impact of 

MF on the MHD Casson liquid flow along an extending surface. 
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Non-uniform heat source/sinks (N-HSSs) are unevenly dis-

tributed, with changing amounts added or removed from a liquid 

across a specific area. Since these situations can change the flow 

properties of the liquid system and HT, they are important to 

many industrial applications. Temperature control is essential in 

the manufacture of chemicals and polymers since configurations 

can significantly impact the convective HT rates. Non-uniform 

heat sources placed into fluid flow can cause deviations in the 

flow’s pressure, thermal and velocity profiles. Kumar et al. [16] 

elucidated the N-HSS influence on the time-varying nanoliquid 

motion past a permeable slider. Banakar et al. [17] inspected the 

outcome of N-HSS impacts on the bioconvective liquid flow be-

tween two parallel disks. Thumma et al. [18] investigated the 

influence of N-HSS on the Maxwell nanoliquid flow over 

a stretchy sheet. Banakar et al. [19] examined the impact of  

N-HSS on the tetra hybrid nanliquid motion past a rotating 

rough disk with the Levenberg-Marquardt ANN. Algehyne  

et al. [20] discovered the HT features of the MHD flow of mi-

cropolar liquid with the influence of N-HSS across a stretchable 

surface.  

In 1889, Svante Arrhenius developed the idea of activation 

energy (AE), referring to the smallest energy required for poten-

tial reactants in a chemical system to undergo a reaction. A re-

action takes place when atoms move rapidly due to this AE. This 

concept is vital in chemistry and is prevalent in many chemically 

reactive systems, such as oil reservoirs, food processing, geo-

thermal systems and chemical engineering. Mass transfer is in-

evitable in the mixture whenever a concentration difference ex-

ists between two species during a chemical reaction. As a result, 

the concentration will naturally move from the species with 

a greater concentration to one with a lesser concentration. Sala-

huddin et al. [21] exemplified the AE consequence on the Cas-

son liquid flow past an exponential surface. Hayat et al. [22] de-

liberated the significance of AE on third-grade hydromagnetic 

nanofluid flow past an elongating sheet. Asjad et al. [23] probed 

the Williamson liquid motion under the effect of AE and bio-

convection. Samantha and Mondal [24] inspected the conse-

quence of AE on the nanoliquid flow via a stretching disk. 

Srilatha et al. [25] delved into the effect of AE on the chemically 

reactive liquid motion past a stretching disk. 

Defining convective boundary conditions (C-BCs) is im-

portant for understanding how heat moves between a fluid and 

a solid surface. This is especially relevant in studies of cooling 

systems and heat exchangers, where temperature differences are 

significant near the solid boundaries. These types of boundary 

conditions are commonly applied in nuclear power plants, gas 

turbines and thermal energy storage. C-BCs are typically used 

to analyse the temperature in order to produce a linear heat ex-

change for some algebraic values. Akbar et al. [26] deliberated 

the MHD liquid flow with the radiation influence via an elon-

gating sheet using C-BC. By employing C-BC, Malik et al. [27] 

exemplified the outcome of C-BC on the Sisko liquid motion 

over an elongating surface. Shaw et al. [28] assessed the effects 

of C-BC and thermal convection on the Casson nanoliquid over 

a horizontal plate. The C-BC outcome on the Maxwell nano- 

liquid flow via a stretchy surface was addressed by Wang  

et al. [29]. The incompressible flow of nanoliquid in the occur-

rence of C-BC and variable thermal conductivity impacts across 

a surface was examined by Abbas and Khan [30]. 

Examining decelerating spinning disks is necessary for un-

derstanding a range of industrial applications where liquid mix-

ing is essential, such as lubrication systems and stirred tanks. 

These disks are also used in brakes, flywheels and gas turbines, 

all of which are often employed in sectors such as analytical 

chemistry. A slow-rotating disk generally refers to a circular ob-

ject that spins at a minimal rate of angular velocity. The interac-

tion between the disk’s rotation and the viscous fluid can create 

intricate flow patterns, influencing efficiency and performance. 

Rafiq et al. [31] probed the HT modelling with variable fluid 

characteristics on the unsteady revolving fluid motion across 

a rotating decelerated porous disk. They measured the degrada-

tion rate of the decelerated disk’s angular velocity. Using a de-

celerating rotating disk, Ahmed et al. [32] assessed the thermal 

energy transfer in thin-film Buongiorno nanofluid flow with 

thermophoresis and Brownian motion. Ejaz and Mustafa [33] 

scrutinised the unsteady flow and compared different viscosity 

models across a slow-revolving disk with various physical prop-

erties. Lin et al. [34] observed the flow of nanoliquid via a spin-

ning disk with surface temperature. Ali et al. [35] scrutinised the 

flow of the Sutterby fluid past a revolving disk with convection. 

To the best of the author's knowledge, there has been no prior 

research on the unsteady Boger liquid motion past an expanda-

ble slowly rotating disk under the impact of N-HSS, AE and  

C-BC. This gap in previous studies forms the core research gap. 

In view of this, the current work scrutinised the consequences of 

AE and suction on the time-dependent motion of the Boger liq-

uid over a slowly rotating stretched disk in the presence of  

N-HSS, chemical reactions, C-BCs and MF. The technical uses 

of slow-rotating disks involve flow in centrifugal filtering pro-

cesses, food and chemical processing sectors, rotating machin-

ery, and constructing multi-pore distributors. The combination 

of slow-rotating stretching disks with the AE impact provides  

a successful structure for examining the behaviour of reacting 

fluids under simultaneous mechanical and thermal influences. 

Further, analysing MF effects has substantial implications for 

chemistry, physics and engineering. The interface of electrically 

conductive fluids with MFs affects various industrial apparatus, 

such as bearings, pumps, MHD generators and boundary layer 

control systems. Similarity variables are used to convert the gov-

erning partial differential equations (PDEs) into dimensionless 

ordinary differential equations (ODEs). Additionally, the finite 

difference method (FDM) technique is utilised to numerically 

solve the derived ODEs, and the ANN approach is used to eval-

uate the fluid's mass, heat and flow transport profiles. Addition-

ally, the response surface methodology (RSM) is utilised to ad-

dress the HT rate of the liquid flow statically. Visual represen-

tations of the impact of various non-dimensional parameters on 

the concentration, temperature and velocity profiles are pro-

vided. 

2. Mathematical formulation 

Consider the unsteady flow of Boger fluid via a stretchy disk 

that rotates slowly, subjected to an MF B(t). Let the velocity 
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components be (u, v, w), and t denotes time, while p is the pres-

sure. Figure 1 illustrates the flow geometry of the current model.  

 

 

 

 

 

 

 

 

 

 

 

 

 

The current modelling is predicated on the following as-

sumptions:  

 The main reason for the stream's instability is anticipated 

to be the disk’s angular velocity. 

 The disk’s slowness is attributable to its angular velocity, 

which exhibits an opposite relationship with time. 

 The effect induced by MF, 𝐵(𝑡) =
𝐵0

√1−𝛼𝑡
, is perpendicular 

to the surface of the disk and influences the fluid motion 

throughout the field. 

 To analyse heat transmission behaviour, both C-BCs and 

N-HSS are considered. 

 The consequences of AE and chemical reactions on the 

transfer of mass are taken into account. 

Considering the assumptions above, the governing equations 

of the current model are expressed below (see [36−41]). Equa-

tions (1)–(6) represent the continuity, conservation of momen-

tum, energy and concentration for the present flow problem. 

 
𝜕

𝜕𝑟
(𝑢𝑟) +

𝜕

𝜕𝑧
(𝑤𝑟) = 0, (1) 

 𝑢
𝜕𝑢

𝜕𝑟
+

𝜕𝑝

𝜕𝑟

1

𝜌𝑓
+

𝜕𝑢

𝜕𝑡
−

𝑣2

𝑟
+ 𝑤

𝜕𝑢

𝜕𝑧
= 𝜈𝑓 (

1+𝛽1

1+𝛽2
) [

𝜕2𝑢

𝜕𝑟2
+

𝜕2𝑢

𝜕𝑧2
+

𝜕

𝜕𝑟
(
𝑢

𝑟
)] −

𝜎𝑓𝑢𝐵(𝑡)
2

𝜌𝑓
, (2) 

 
𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑟
+

𝑢𝑣

𝑟
+ 𝑤

𝜕𝑣

𝜕𝑧
= 𝜈𝑓 (

1+𝛽1

1+𝛽2
) [

𝜕2𝑣

𝜕𝑟2
+

𝜕

𝜕𝑟
(
𝑣

𝑟
) +

𝜕2𝑣

𝜕𝑧2
] −

𝜎𝑓𝑣𝐵(𝑡)
2

𝜌𝑓
, (3) 

 𝑢
𝜕𝑤

𝜕𝑟
+

𝜕𝑤

𝜕𝑡
+ 𝑤

𝜕𝑤

𝜕𝑧
= −

𝜕𝑝

𝜕𝑧

1

𝜌𝑓
+ 𝜈𝑓 (

1+𝛽1

1+𝛽2
) [

𝜕2𝑤

𝜕𝑧2
+

𝜕2𝑤

𝜕𝑟2
 +   𝑟−1

𝜕𝑤

𝜕𝑟
], (4) 

 
𝜕𝑇

𝜕𝑡
+ 𝑢

𝜕𝑇

𝜕𝑟
+ 𝑤

𝜕𝑇

𝜕𝑧
=

𝑘𝑓

(𝜌𝐶𝑝)𝑓

[𝑟−1
𝜕𝑇

𝜕𝑟
+

𝜕2𝑇

𝜕𝑧2
+

𝜕2𝑇

𝜕𝑟2
] +

𝑞′′′

(𝜌𝐶𝑝)𝑓

, (5) 

 𝑤
𝜕𝐶

𝜕𝑧
+ 𝑢

𝜕𝐶

𝜕𝑟
+

𝜕𝐶

𝜕𝑡
= 𝐷𝐵 [

𝜕2𝐶

𝜕𝑟2
+

𝜕2𝐶

𝜕𝑧2
+

1

𝑟

𝜕𝐶

𝜕𝑟
] − 𝑘𝑟

2 (
𝑇

𝑇∞
)
𝑛

𝑒𝑥𝑝 (
−𝐸𝑎

𝐾𝑇
) (𝐶 − 𝐶∞). (6)  

 

Equation (1) is the continuity equation, where u, v  and w 

denote the velocity components, while r and z represent the co-

ordinates. Equations (2)−(4) explain the momentum transport in 

the radial, tangential and axial directions. The time derivative 

terms refer to the presence of unsteady flow behaviour, and the 

convective terms are the consequences of transporting momen-

tum because of fluid motion. Equation (2) represents the radial 

momentum equation. The term ∂𝑢 ∂𝑡⁄  denotes the unsteady ra-

dial velocity, while 𝑢 ∂𝑢 ∂𝑟⁄  and 𝑤 ∂𝑢 ∂𝑧⁄  represent convective 

acceleration. The term 1/ρf‧ ∂𝑝 ∂𝑟⁄  corresponds to the pressure 

force, and −𝑣2 𝑟⁄  represents the centrifugal effect due to the 

tangential velocity v. The terms containing vf describe viscous 

diffusion. Equation (3) is the tangential momentum equation. 

The term ∂𝑣 ∂𝑡⁄  represents the unsteady tangential velocity, 

while 𝑢 ∂𝑣 ∂𝑟⁄  and 𝑤 ∂𝑣 ∂𝑧⁄  denote convection. The term uv/r 

represents the curvature effect. The viscous terms describe mo-

mentum diffusion, and the magnetic term represents resistive 

force. Equation (4) represents the axial momentum equation. 

The term ∂𝑤 ∂𝑡⁄  denotes unsteady axial velocity, while 

𝑢 ∂𝑤 ∂𝑟⁄  and 𝑤 ∂𝑤 ∂𝑧⁄  represent convection. The term 

1/ρf‧ ∂𝑝 ∂𝑧⁄  represents pressure force. The viscous terms de-

scribe momentum diffusion. Equation (5) represents the energy 

equation. The term ∂𝑇 ∂𝑡⁄  denotes unsteady temperature, while 

𝑢 ∂𝑇 ∂𝑟⁄  and 𝑤 ∂𝑇 ∂𝑧⁄  represent heat convection. The diffu- 

 

sion terms describe heat conduction, and q/(ρCp)f  represents  

a non-uniform heat source/sink term. Equation (6) represents the 

concentration equation. The term ∂𝐶 ∂𝑡⁄  denotes unsteady con-

centration, while 𝑢 ∂𝐶 ∂𝑟⁄  and 𝑤 ∂𝐶 ∂𝑧⁄  represent species con-

vection. The diffusion terms describe molecular diffusion, and 

the last term represents the chemical reaction with activation en-

ergy. 

The related boundary conditions are depicted as follows (see 

[42]): 

 at z = 0 

 𝑣 =
𝑟𝛺0

(1−𝛼𝑡)
,          𝑢 =

𝑟𝑐

(1−𝛼𝑡)
,         𝑤 = 𝑤0,  

 −𝑘𝑓
𝜕𝑇

𝜕𝑧
= (𝑇𝑤 − 𝑇)ℎ𝑓 ,         𝐶 = 𝐶𝑤, (7a) 

 at 𝑧 →  

 𝑢 → 0,          𝑝 → 0,          𝑣 → 0,  

 𝑇 → 𝑇∞,         𝐶 → 𝐶∞. (7b) 

Here, w0 is the suction velocity and  𝑟𝛺0 (1 − 𝛼𝑡)⁄  angular 

velocity with angular velocity variation α, and hf is the HT coef-

ficient. 

The N-HSS q is given as follows: 

 𝑞′′′ =
𝑘𝑓𝛺0

𝜈𝑓(1−𝛼𝑡)
[(𝑇 − 𝑇∞)B

∗ + A∗(𝑇𝑤 − 𝑇∞)𝐹′(𝜂)]. (8) 

 

Fig. 1. Flow geometry. 
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The suitable similarity variables are introduced as follows: 

 

𝑢 = 𝐹(𝜂)
𝑟𝛺0

(1−𝛼𝑡)
,         𝑣 = 𝐺(𝜂)

𝑟𝛺0

(1−𝛼𝑡)
,

𝑤 = −2√
𝜈𝑓𝛺0

(1−𝛼𝑡)
𝐻(𝜂),       𝑝 = 𝑃(𝜂) (

−𝜌𝑓𝜈𝑓𝛺0

(1−𝛼𝑡)
) ,

𝑇 = 𝑇∞ + (𝑇𝑤 − 𝑇∞)𝜃(𝜂),        𝜂 = 𝑧√
𝛺0

𝜈𝑓(1−𝛼𝑡)
,

𝐶 = 𝐶∞ + (𝐶𝑤 − 𝐶∞)𝜙(𝜂). }
  
 

  
 

 (9) 

Utilising Eqs. (9), the governing Eqs. (1)−(6) are reduced 

and obtained as follows: 

 𝐻′ − 𝐹 = 0, (10) 

 (
1+𝛽1

1+𝛽2
)𝐹′′ + 2𝐻𝐹′ −𝑀𝐹 − 𝐹2 + 𝐺2 − α∗ [

𝜂

2
𝐹′ + 𝐹] = 0,  

(11) 

 (
1+𝛽1

1+𝛽2
)𝐺′′ − α∗ [𝐺 +

𝜂

2
𝐺′] + 2𝐻𝐺′ − 2𝐹𝐺 −𝑀𝐺 = 0, (12) 

 2 (
1+𝛽1

1+𝛽2
)𝐹′ + 4𝐹𝐻 − 𝑃′ − α∗[𝐻 + 𝜂𝐻′] = 0, (13) 

 
1

Pr
𝜃′′ + 2𝐻𝜃′ −

1

2
α∗𝜂𝜃′ +

1

Pr
[A∗𝐹′ + B∗𝜃] = 0, (14) 

 
1

Sc
𝜙′′ −

1

2
α∗𝜂𝜙′ + 2𝐻𝜙′ − σ∗(1 + δ𝜃)𝑛 𝑒𝑥𝑝 [−

𝐸

(1+𝛿𝜃)
] 𝜙 = 0.  

(15) 

The following are the modified boundary conditions: 

 at 𝜂 = 0 

 𝐹(𝜂) = 𝛾1,       𝐻(𝜂) = A,       𝐺(𝜂) = 1,  

 𝜃′(𝜂) = −Bi(1 − 𝜃(𝜂)),         𝜙(𝜂) = 1,  

(16) 

 as 𝜂 → ∞ 

 𝐹(𝜂) = 0,       𝐺(𝜂) = 0,        𝑃(𝜂) = 0,  

 𝜃(𝜂) = 0,         𝜙(𝜂) = 0,  

𝑤here:  

 𝑀 =
𝜎𝑓𝐵0

2

𝜌𝑓𝛺0
,        Bi =

ℎ𝑓

𝑘𝑓
√
𝜈𝑓(1−𝛼𝑡)

𝛺0
,         Pr =

(𝜇𝐶𝑝)𝑓

𝑘𝑓
,  

 α∗ =
𝛼

𝛺0
,        Sc =

𝜈𝑓

𝐷𝐵
,         E =

𝐸𝑎

𝐾𝑇∞
,         𝛾1 =

𝑐

𝛺0
,    

 𝛿 =
𝑇𝑤−𝑇∞

𝑇∞
,        σ∗ =

𝑘𝑟
2(1−𝛼𝑡)

𝛺0
,         A =

−𝑤0

2√
𝜈𝑓𝛺0

1−𝛼𝑡

.  

where M is the magnetic parameter, Bi is the Biot number, Pr is 

the Prandtl number, α* is the dimensionless quantity, Sc is the 

Schmidt number, E is the dimensionless activation energy, γ1 is 

the stretching ratio parameter, δ is the temperature difference 

parameter, σ* is the chemical reaction rate parameter, and A is 

a constant. Also, F(η), G(η), and H(η), denote the dimensionless 

velocity profiles, while θ(η) and (η) represent the dimension-

less temperature and concentration profiles, respectively. 

The engineering coefficients are given as (see [43]): 

 
Cf

Re1/2
= √(𝐺′(0))

2
+ (𝐹′(0))

2
,  

 
Nu

Re1/2
= −𝜃′(0), (17) 

 
Sh

Re1/2
= −𝜒′(0).  

3. Methodology 

FDM delineates the stability differential equations (DEs) perti-

nent to the discussed problem in connection with the finite ele-

ment method that simulates the physical system. To accomplish 

this approximation, the derivatives contained in the DEs are sub-

stituted with approximations of the derivatives expressed in the 

DEs. The representation generated is a set of simultaneous alge-

braic equations. Because it directly relates to DE, FDM is a type 

of derivative solver. FDM can be utilised to numerically solve 

the system of Eqs. (10−15) and Eq. (16) for different values of 

the constraints. To accomplish it, consider the derivatives of  

, H, θ, F and G with respect to η, and imagine the solutions of 

, H, θ, G, P and F are χi, hi, Θi, τi, pi and ςi, respectively, and at 

the points (ηi), with i = 0, …, n  

 𝐺′ ≃
𝜏𝑖+1−𝜏𝑖−1

2𝛥
,           𝐹′ ≃

𝜍𝑖+1−𝜍𝑖−1

2𝛥
,         𝜃′ ≃

𝛩𝑖+1−𝛩𝑖−1

2𝛥
  

 𝐻′ ≃
ℎ𝑖+1−ℎ𝑖−1

2𝛥
,             𝜙′ ≃

𝜒𝑖+1−𝜒𝑖−1

2𝛥
.  

 𝐺′′ ≃
𝜏𝑖−1−2𝜏𝑖+𝜏𝑖+1

𝛥2
,            𝐹′′ ≃

𝜍𝑖−1−2𝜍𝑖+𝜍𝑖+1

𝛥2
,  

 𝜃′′ ≃
𝛩𝑖−1−2𝛩𝑖+𝛩𝑖+1

𝛥2
,           𝐻′′ ≃

ℎ𝑖−1+ℎ𝑖+1−2ℎ𝑖

𝛥2
,  

 𝜙′′ ≃
𝜒𝑖−1−2𝜒𝑖+𝜒𝑖+1

𝛥2
,            𝑃′ ≃

𝑝𝑖+1−𝑝𝑖−1

2𝛥
.  

Using the terms mentioned here in place of the simplified 

equations and boundary conditions, one can obtain: 

 
−ℎ𝑖−1+ℎ𝑖+1

2𝛥
− 𝜍𝑖 = 0, (18) 

 
𝜍𝑖−1−2𝜍𝑖+𝜍𝑖+1

𝛥2
(
1+𝛽1

1+𝛽2
) − (𝜍𝑖)

2 + (𝜏𝑖)
2 −𝑀𝜍𝑖 + 2ℎ𝑖

𝜍𝑖+1−𝜍𝑖−1

2𝛥
− [𝜍𝑖 + (

𝑖𝛥

2
)
𝜍𝑖+1−𝜍𝑖−1

2𝛥
]α∗ = 0, (19) 

 
𝜏𝑖+1+𝜏𝑖−1−2𝜏𝑖

𝛥2
(
1+𝛽1

1+𝛽2
) + 2ℎ𝑖

𝜏𝑖+1−𝜏𝑖−1

2𝛥
−𝑀𝜏𝑖 − 𝛼

∗ [𝜏𝑖 + (
𝑖𝛥

2
)
𝜏𝑖+1−𝜏𝑖−1

2𝛥
] − 2𝜍𝑖𝜏𝑖 = 0, (20) 

 2 (
1+𝛽1

1+𝛽2
)
𝜍𝑖+1−𝜍𝑖−1

2𝛥
+ 4𝜍𝑖ℎ𝑖 −

𝑝𝑖+1−𝑝𝑖−1

2𝛥
− α∗ [ℎ𝑖 + 𝑖𝛥

ℎ𝑖+1−ℎ𝑖−1

2𝛥
] = 0, (21) 

 (
1

Pr
)
𝛩𝑖+1+𝛩𝑖−1−2𝛩𝑖

𝛥2
+ 2ℎ𝑖 (

−𝛩𝑖−1+𝛩𝑖+1

2𝛥
) −

1

2
α∗𝑖𝛥

𝛩𝑖+1−𝛩𝑖−1

2𝛥
+

1

Pr
[A∗  

𝜍𝑖+1−𝜍𝑖−1

2𝛥
+ B∗𝛩𝑖] = 0, (22) 
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 (
1

Sc
)
𝜒𝑖−1−2𝜒𝑖+𝜒𝑖+1

𝛥2
+ 2ℎ𝑖

𝜒𝑖+1−𝜒𝑖−1

2𝛥
−

1

2
α∗𝑖𝛥 (

−𝜒𝑖−1+𝜒𝑖+1

2𝛥
) − 𝜎∗(1 + 𝛿𝛩𝑖)

𝑛 𝑒𝑥𝑝 [−
E

(1+𝛿𝛩𝑖)
] 𝜒𝑖 = 0. (23) 

The following are the simplified boundary conditions: 

 𝜍0 = 𝛾1,   𝜏0 = 1,   ℎ0 = A,   𝜒0 = 1,   
𝛩1−𝛩−1

2𝛥
= −Bi(1 − 𝛩0),  

 𝛩𝑛 = 0,    𝜍𝑛 = 0,    𝜏𝑛 = 0,    𝑝𝑛 = 0,    𝜒𝑛 = 0. (24) 

The FDM reduces the potential energy function by simulat-

ing the solution to the controlling DEs. These equations give the 

requirements for carrying out the operation. To minimise the po-

tential energy functional, the FDM gives a reasonably close an-

swer. Table 1 presents the assessment of –θ(0), –G(0) and F(0) 

results with an established study for a reduced case. Figure 2 

depicts the flow chart of the numerical procedure. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4. Artificial neural networks 

ANNs are an essential instrument for modelling and predicting 

complex systems. ANNs are particularly beneficial in this sce-

nario since they can identify the essential patterns and relation-

ships within the data, allowing more precise predictions of fluid 

dynamics and thermal behaviour. By being trained on a set of 

data, the network could uncover the complex connections be-

tween the output variables and the input parameters. ANNs are 

capable of handling large datasets and identifying complex pat-

terns that traditional mathematical modelling approaches would 

overlook. ANNs are also proficient in processing massive 

amounts of data. The ANN structure for the profiles −θ(0), 

−G(0) and F(0) are seen in the figures. The correctness of the 

supplied data is ensured through comparison analysis. 

ANNs can be expressed mathematically as: 

 𝐴 = ∑ 𝑄𝑖𝜉𝑖 + 𝐶0
𝑁
𝑗=0 . (25) 

Here, N is the number of inputs, ξi is the input value, and C0 

and Qi represent the bias and weight. 

The regression (R2) and mean square error (MSE) equations 

are quantified as follows: 

 𝑅2 = 1 − (
∑ (−𝛿𝐴𝑁𝑁(𝑖)+𝛿𝑁𝑈𝑀(𝑖))

2𝑗
𝑖=1

∑ (𝛿𝑁𝑈𝑀(𝑖))
2𝑗

𝑖=1

), (26) 

 𝑀𝑆𝐸 =
1

𝑗
∑ (−𝛿𝐴𝑁𝑁(𝑖) + 𝛿𝑁𝑈𝑀(𝑖))
𝑗
𝑖=1 . (27) 

5. Response surface methodology 

RSM is a statistical method that predicts and maximises the con-

nections between different input components and outcome fea-

tures. The effect of the Biot number, A* and B* on the Nusselt 

number is examined using RSM for thermal transfer analysis. 

To evaluate the correctness of the research, analysis of variance 

(ANOVA) employs statistical measures, including p-values,  

F-values, error rates and lack-of-fit tests. If the F-value is greater 

than 1 and the p-value is less than 0.05, the accuracy is con-

firmed at the 95% confidence level. This study confirms that the 

regression model accurately predicts the Nusselt number by ac-

counting for all relevant inputs. The model’s correctness is con-

firmed by residual and distribution analyses, as well as the cor-

relation between adjusted and predicted values. This method is 

effective at evaluating massive non-linear interactions, and of-

fers significant techniques for maximising or limiting responses. 

The response is modelled using the necessary parameters using 

the traditional multivariate design, which is explained below: 

 Nu =  ϒ1 + ϒ2𝐴 + ϒ3𝐵 + ϒ4𝐶 + ϒ5𝐴‧𝐴 + ϒ6𝐵‧𝐵 +  

 +ϒ7𝐶‧𝐶 + ϒ8𝐴‧𝐵 + ϒ9𝐴‧𝐶 + ϒ10 𝐵‧𝐶 (28) 

Here, ϒi (i = 1, 2, …, 10) signifies the factors of the quadratic 

model resulting from RSM, which is used to assess the parame-

ters and their interactive effects on HT.  

The provided regression model contains interaction, linear 

and quadratic effects. The central composite design experi-

mental framework includes centralised runs as well as axial and 

factorial runs. To match the square-shaped region of interest, the 

axis extends about one unit from the centre. Table 2 provides 

specifics about the effective factor range for imitating Nu. Fur-

thermore, the regression model that corresponds to the important 

factorial parameters is expressed in actual units as: 

 

 

 

 

 

 

 

Table 1. The assessment of −𝜃′(0), −𝐺′(0) and 𝐹′(0)  results with an 

established study, for some reduced cases.  

 Turkyilmazoglu [44] Present results 

−θ’(0) 0.93387794 0.93388563 

−G’(0) 0.61592201 0.61591889 

   F’(0) 0.51023262 0.51024235 

 

 

Fig. 2. Flowchart of the numerical procedure. 

Table 2. Factors coded values and their range. 

Parameter Range 
Level 

-1 0 1 

A* -0.1 to 0.2 -0.1 0.05 0.2 

B* -0.1 to 0.2 -0.1 0.05 0.2 

Bi 0.35 to 10 0.35 5.175 10 
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 Nu = 0.1527 − 0.117‧B∗ + 0.352‧A∗ + 0.82‧A∗‧A∗ +  

 + 0.1478‧Bi − 0.26‧B∗‧B∗ − 0.00955‧Bi‧Bi +  

 + 0.3030‧A∗‧Bi + 0.768‧A∗‧B∗ − 0.0430‧B∗‧Bi. (29) 

5.1. Model validation  

The reliability and robustness of the model are evaluated using 

statistical techniques such as lack-of-fit tests and ANOVA. To 

assess the model’s ability to capture changes in the response var-

iable, specific indicators are needed. To guarantee exceptional 

precision in the results, a 5% significance level or 95% confi-

dence level is frequently utilised. Together with a model that 

links the response to the factors and the Nusselt number, the 

ANOVA results display the p-values for each of the three com-

ponents. At the 95% level of significance, a parameter is consid-

ered statistically significant if its p-value is less than 0.05. Ex-

cept for A*‧A*, B*‧B*, A*‧B* and A*‧Bi, all terms have p-values 

below 0.05, so the insignificant term has been eliminated. As  

a result, the updated model is shown as follows: 

 Nu = 0.1527 + 0.352‧A∗ + 0.1478‧Bi +  

 − 0.00955‧Bi‧Bi + 0.3030‧A∗‧Bi. (30) 

The modified values of R² (97.17%) and estimated values of 

R² (98.51%) were found, along with a synopsis of the scrutiny. 

ANOVA was used to assess the model's dependability, and Ta-

ble 3 provides specifics of the findings. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6. Results and discussion 

This research analyses the motion of Boger liquid around 

a slowly revolving stretching disk with the effect of an MF. The 

consequence of N-HSS, C-BCs and AE on the motion of the liq-

uid is also considered. The governing PDEs are converted to 

ODEs with the aid of similarity variables. The resulting ODEs 

are solved by using the FDM scheme. Additionally, ANN is 

used to examine the mass, heat and liquid flow transport prop-

erties, and the obtained ANN graphs for F(η), 𝜃(𝜂) and (𝜂) are 

depicted with the appropriate results. Additionally, the Nusselt 

number was evaluated for different parameters using RSM. The 

graphical representation reveals many dimensionless factors in-

fluencing the different profiles. 

The consequences of β1 on F(η) and G(η) are exposed in  

Fig. 3 and Fig. 4. An increased solvent fraction signifies an im-

provement in G(η) and F(η) for growing values corresponding 

to a greater solvent ratio relative to the fluid particles. The aug-

mented solvent volume leads to a drop in the liquid’s flow re-

sistance and viscosity. Reduced fluid flow friction within the 

system results in lower viscosity and higher velocities. The re-

duced viscosity enhances the liquid’s response to flow-driving 

forces, facilitating the deformation and movement of fluid layers 

with greater ease. Consequently, as the fluid undergoes  

a reduction in resistance and internal friction, both velocity com-

ponents augment, which is due to the reduction in friction and 

resistance. The effect is most evident in Boger fluids, which ex-

hibit a constant viscosity irrespective of the shear rate. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figures 5 and 6 illustrate the outcome of M on F(η) and G(η). 

It is observed that both velocity profiles drop significantly as the 

MF strength increases. The M is related to the Lorentz force. 

Table 3. Factor-coded values and their range.  

Source DF Adj SS Adj MS F-value P-value 

B* 1 0.02406 0.024058 6.41 0.030 

Square 3 0.23158 0.077194 20.57 0.000 

A* 1 0.93709 0.937089 249.71 0.000 

Model 9 2.48152 0.275724 73.47 0.000 

Bi 1 0.89384 0.893843 238.19 0.000 

Linear 3 1.85499 0.618330 164.77 0.000 

B*‧B* 1 0.00009 0.000091 0.02 0.879 

Bi‧Bi 1 0.13601 0.136006 36.24 0.000 

A*‧A* 1 0.00094 0.000936 0.25 0.628 

2-way interaction 3 0.39495 0.131649 35.08 0.000 

A*‧B* 1 0.00239 0.002391 0.64 0.443 

B*‧Bi 1 0.00775 0.007754 2.07 0.181 

A*‧Bi 1 0.38480 0.384800 102.54 0.000 

Error 10 0.03753 0.003753 - - 

Pure error 5 0.00000 0.000000 - - 

Lack-of-fit 5 0.03753 0.007505 - - 

Total 19 2.51904 - - - 

 

 

Fig. 3. The effect of β1 on F(η). 

 

Fig. 4. The effect of β1 on G(η). 
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Physically, increasing the M value lowers the velocity by in-

creasing the Lorentz force, causing the liquid’s motion to slow. 

The resistive force in speed and amplitude causes the fluid’s ve-

locity to decrease. MF effectively limits the flow because it op-

poses the flow’s driving forces, which lowers F(η) and G(η). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The impact of β2 on F(η) and G(η) is revealed in Fig. 7 and 

Fig. 8, respectively. G(η) and F(η) drop for increased values of 

β2. An increase in β2 indicates an extended liquid relaxation du-

ration compared to the flow’s time scale. The liquid’s slow re-

action to distortion, attributable to its extended relaxation pe-

riod, clearly demonstrates its viscoelastic characteristics. Con-

sequently, the fluid exhibits greater resistance to distortion and 

motion. However, its ability to adapt to variations in dynamic 

flow is limited. In both velocity profiles, the liquid is less sus-

ceptible to shear forces due to the resistance. By prolonging the 

relaxation time, the fluid’s velocity components are effectively 

reduced, leading to decreased flow rates. As the liquid's viscoe-

lastic resistance rises, both velocity profiles decrease.  

Figures 9 and 10 demonstrate the impact of A on F(η) and 

G(η). The intensification in the values of A causes reductions of 

both G(η) and F(η). When they get close to the surface, the ve-

locities drastically decrease. An increase in A implies stronger 

fluid withdrawal from the flow region. This retards the momen-

tum of the fluid and makes the velocity boundary layer thinner, 

which results in a decreased value of F(η) and G(η). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5. The effect of M on F(η). 

 

Fig. 6. The effect of M on G(η). 

 

Fig. 7. The effect of β2 on F(η). 

 

Fig. 8. The effect of β2 on G(η). 

 

Fig. 9. The effect of A on F(η). 
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Figures 11 and 12 demonstrate the significance of A* and B* 

for θ(η), respectively. θ(η) is growing due to the elevated values 

of N-HSS parameters (A*, B*).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The positive values of A* and B* can be read physically as 

heat sources that function as heat producers, resulting in the re-

lease of heat energy into the stream and an increase in θ(η). The 

negative values of B* and A* indicate the heat sink, which func-

tions as a heat absorber, with energy being absorbed for these 

negative values. Figure 13 demonstrates the effect of Bi on θ(η). 

The thermal profile advances with the increase in Bi values. The 

relationship between temperature and temperature boundary 

layer thickness correlates strongly with Bi. The heat transport 

coefficient is crucial for Bi, its value escalates with a rise in the 

heat transmission coefficient. Consequently, elevated heat trans-

port coefficient values lead to the enhanced temperature and 

boundary layer thickness. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 14 demonstrates the significance of σ* for (η). The 

increasing σ* values decrease the concentration profile. As the 

chemical reaction rises, it quickly increases the concentration of 

reactants near the reacting surface. As those reactant particles 

get depleted, the difference in concentration that pushes them to 

move from one place to another becomes smaller. Since this 

concentration difference drives mass transfer, its reduction 

slows down the overall transport of material. Overall, stronger 

reactions exhaust the reactants too fast, leaving less to be carried 

forward, which ultimately weakens mass transfer. The effect of 

E on the (η) is exhibited in Fig. 15.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 11 The effect of A* on θ(η). 

 

Fig. 12. The effect of B* on θ(η). 

 

Fig. 13. The effect of Bi on θ(η). 

 

Fig. 14. The effect of σ* on (η). 

 

Fig. 10. The effect of A on G(η). 
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The mass transfer is advanced by the increase in E. A low 

AE has been shown to decrease the reaction rate, which in turn 

causes chemical reaction mechanisms to decay. The improved 

Arrhenius process declines with increasing E. Thus, this accel-

erates the generative chemical process, raising the nanoparticle 

concentration. Figure 16 represents the effect of Sc on (η). The 

increased value of Sc declines the (η) profile. A higher Sc 

means that the fluid’s momentum spreads much faster than its 

mass does. When the mass diffusivity becomes low, the species 

cannot disperse easily through the liquid. As a result, the con-

centration gradient remains steep near the surface, and the over-

all concentration level decreases throughout the boundary layer. 

Therefore, an increase in Sc causes a noticeable drop in (η).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figures 17, 18, and 19 show the impact of β2, γ1 and M on 

the isotherms. A larger β2 and γ1 value often causes more af-

fected bending of the isotherms, which modifies the stream pat-

tern of the disk. This effect may enhance or impair the liquid's 

mixing and transport properties, depending on the application. 

Additionally, complex flow behaviours that are essential for op-

timising processes like magnetic resonance imaging and mag-

netic drug targeting may arise from the interaction of the MF 

parameter. The increased effective diffusivity lessens changes in 

the concentration gradient. The increased depletion of reactants 

as Sc increases, owing to reduced mass diffusivity, results in 

a fall in (η). Tables 4 and 5 depict values of Cf  and Nu for 

various values of different parameters. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 15. The effect of E on (η). 

 

Fig. 16. The effect of Sc on (η). 

 

Fig. 17. The effect of β2 on isotherms. 

 

Fig. 18. The effect of γ1 on isotherms. 

 

Fig. 19. The effect of M on isotherms. 
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ANNs are an extremely flexible modelling tool that can be 

used to solve a wide range of classification or prediction issues. 

They can comprehend the accurate relationship between output 

and data. Within an ANN architecture, output and input neurons 

are connected by various layers of neurons, including hidden 

layers. Initial training and evaluation of ANNs are based on em-

pirical data to control the optimal topology and weights. ANNs 

use the back-propagation approach to adjust their weights during 

training to decrease the differences between predicted and actual 

outcomes. The input, output and hidden layers of neurons com-

prise ANNs. The data is divided as 80% goes into the training 

database, 10% into the validation database, and 10% into the 

testing database. 

Figure 20 depicts the ANN design, consisting of an input, 

hidden, and output layer.  

Figures 21(a), 22(a) and 23(a) show MSE for F(η), θ(η) and 

(η) profiles in the rotating disk configuration, accounting for 

the testing, validation and training phases. The best efficiency is 

obtained with MSE values of 1.0118E-14, 1.4356E-10 and 

3.0595E-11 for 133, 833 and 908 epochs, respectively. Since 

MSE calculates the difference between the ideal outcomes and 

the intended solutions, the lowest MSE values indicate precise 

and effective outcomes.  

Figures 21(b), 22(b) and 23(b) show the training state for 

F(η), θ(η) and (η). As seen in Figs. 21(b), 22(b) and 23(b), the 

gradient parameter is 9.8743E-08 for 133 epochs, 9.9822E-08 

for 833 epochs and 9.9726E-08 for 908 epochs of F(η), θ(η) and 

(η) profiles, correspondingly. The Mu parameter of ANN is 

1E-14 for 133 epochs, 1E-08 for 833 epochs and 1E-09 for  

908 epochs of F(η), θ(η) and (η) profiles. The validation checks 

are zero for all profiles. The results of the procedure demon-

strated that the built ANN actively converged and was accurate. 

The histograms of error for the F(η), θ(η) and (η) profiles 

are shown in Figs. 21(c), 22(c), and 23(c). The zero error line 

for F(η), θ(η) and (η) is indicated by a coloured line. It is seen 

that the zero-error line is approximately at 5.3E-09 for F(η), 

3.52E-07 for θ(η) and 4.8E-07 for (η). 

Figures 21(d), 22(d) and 23(d) present extensive information 

on regression cases for all three of the suggested model’s situa-

tions. By demonstrating the linearity between the intended and 

actual outputs, the graphs reveal the relationship between all da-

tasets, including training, validation and testing data. A regres-

sion value of R = 1 signifies an optimal fit, and the regression 

diagrams illustrate the degree of correspondence between the 

data and the curve or line for the F(η), θ(η) and (η) profiles, as 

represented in the related figures. 

The fit curve for F(η), θ(η) and (η) is illustrated in  

Figs. 21(e), 22(e) and 23(e). Errors identified by analysing the 

difference between the ANN's predicted and actual outcomes are 

shown in Figs. 21(f), 22(f) and 23(f). The accuracy of the ANN 

model’s implementation is reflected in the absolute error.  

Figs. 24(a), 24(b) and 24(c) illustrate the comparison be-

tween ANN values and FDM results for F(η), θ(η), and (η). 

The comparison shows a strong correlation between the values 

derived from the ANN method and those from the FDM results.  

The regression plots for Nu are detailed in Fig. 25. The de-

tailed analysis of the surface plots and contours is visualised in 

Fig. 26. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 4. Values of Cf for several values of different parameters.  

𝜷𝟏 𝜷𝟐 𝑴 𝛂∗ 𝐀 𝛄𝟏 Cf 

0.1 

0.1 0.1 0.1 0.2 0.1 

1.042287 

0.2 0.990247 

0.3 0.944963 

0.1 

0.2 

0.1 0.1 0.2 0.1 

1.097463 

0.4 1.20364 

0.6 1.305283 

0.2 0.3 

0.1 

0.1 0.2 0.1 

1.092923 

0.2 1.133078 

0.3 1.17445 

0.2 0.2 0.2 

0.1 

0.3 0.1 

1.184868 

0.2 1.214202 

0.3 1.243693 

0.1 0.1 0.1 0.1 

0.1 

0.2 

1.053558 

0.2 1.151923 

0.3 1.262031 

0.1 0.1 0.1 0.2 0.4 

0.1 1.331356 

0.2 1.412899 

0.3 1.508619 

 

Table 5. Values of Nu for several values of different parameters.  

M 𝜶∗ 𝐀∗ 𝐁∗ 𝐁𝐢 𝐍𝐮 

0.1 

0.1 0.1 0.1 1 

0.744257 

0.743091 

0.742016 
0.2 

0.3 

0.1 

0.1 

0.2 0.2 1 

0.745093 

0.738799 

0.731253 

0.2 

0.3 

0.1 0.2 

0.1 

0.3 1 

0.740948 

0.739542 

0.738136 

0.2 

0.3 

0.3 0.1 0.3 

0.1 

1 

0.739161 

0.741271 

0.743311 

0.2 

0.3 

0.1 0.1 0.1 0.1 0.1 

0.096555 

0.186934 

0.271711 

 

 

Fig. 20. ANN design. 
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Fig. 21. Visual representation of ANN outcome of (a) performance, (b) training, (c) histogram of error,  

(d) regression analysis, (e) fit curve and (f) absolute error for F(η). 

 

Fig. 22. Visual representation of ANN outcome of (a) performance, (b) training, (c) histogram of error,  

(d) regression analysis, (e) fit curve and (f) absolute error for θ(η). 
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Fig. 23. Visual representation of ANN outcome of (a) performance, (b) training, (c) histogram of error,  

(d) regression analysis, (e) fit curve and (f) absolute error for (η). 

 

Fig. 24. Comparison of ANN results and FDM outcomes for (a) F(η), (b) θ(η) and (c) (η). 

 

Fig. 25. Regression plots for Nu. 



Abhilasha S.K., Parhi M., Gill H.S., Patil N., Umeshaiah M. 
 

82 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

7. Conclusions 

The current analysis examines the effects of AE, chemical reac-

tions and MF on the time-dependent flow of a Boger liquid over 

a slowly rotating stretching disk. The analysis also accounts for 

the impact of suction, C-BCs and N-HSS on the liquid stream to 

assess the thermal behaviour. It is anticipated that the primary 

source of the flow's instability would be the disk's angular ve-

 

 

 

Fig. 26. Contour and surface plots for Nu 
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locity. The decreased speed of a disk is explained by the fact that 

its angular velocity is inversely proportional to time. The gov-

erning PDEs are transformed into dimensionless ODEs by using 

similarity variables. The reduced ODEs are solved using the 

FDM technique. ANN is used in the study to assess the mass 

transport, heat transport and fluid flow characteristics. Addition-

ally, RSM is employed to evaluate the HT rate of the fluid flow. 

Graphical representations show how diverse variables affect the 

velocity, concentration, and temperature profiles. The following 

are the main findings of the investigation: 

 F(η) and G(η) decline as the β2 rises. Reduced flow rates 

are the outcome of increasing the relaxation time, excel-

lently reducing the velocity components of the fluid. 

 As the magnetic parameter values increase, F(η) and G(η) 

decline. The resistive force causes the liquid velocity com-

ponents to decrease in magnitude. 

 An increase in β1 enhances F(η) and G(η).  The  fluid’s  in- 

creased reactivity to the flow’s driving forces makes the 

lower viscosity easier for fluid layers to move and deform. 

 θ(η) intensifies as the A* and B* rise. The positive values of 

A* and B* could be interpreted physically as heat sources 

that generate heat, leading to the emission of thermal en-

ergy into the flow and an elevation in θ(η). 

 As the values of Bi increase, θ(η) rises. The heat transport 

coefficient is essential to Bi, since its value increases with 

an elevation in the heat transportation efficiency. 

 The increase in values of σ* reduces the concentration pro-

file. Intense chemical reactions have detrimental physical 

effects that diminish the reactant species, resulting in 

a mass transfer drop. 

 The (η) upsurges as the values of E increase. Reduced AE 

has been shown to diminish the reaction rate, leading to 

chemical reaction degradation. 

 The graphical representation illustrates the comparison be-

tween ANN values and FDM outputs. The comparison re-

veals that the results derived from the FDM and ANN ap-

proaches are in close agreement, with no significant differ-

ence between them. 

 The optimisation of heat transmission is significantly influ-

enced by factors such as the Biot number, space and tem-

perature-dependent heat source/sink parameters. 

 The current analysis with a confidence level of 95% iden-

tifies important influential components, revealing an en-

hanced technique for improving heat transmission. 
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