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Abstract

This paper aims to clarify the conditions required to derive, within the framework of Finite Time Thermodynamics, the effi-
ciency of “endoreversible cycles” (Eq. (1) of this paper). It is shown that the steady-state enthalpy and entropy balances of the
working fluid at maximum power, the finite time thermodynamics optimum, lead to this efficiency. This result is obtained
without introducing the “finite time” of the cycle, the most usual approach. To compute this efficiency for real systems, the
heat source and sink temperatures must be clearly defined. In complex systems such as nuclear reactors, several choices of the
upper temperature are possible. For a rational choice — using the steam generator as the heat source — these temperatures are
relatively low, and the finite time thermodynamics optimum corresponds to unrealistic operating conditions, slightly underes-
timating actual efficiencies. Conversely, higher upper temperature values yield more realistic conditions but overestimate ef-
ficiency. The finite time thermodynamics limits are revealed by computing all thermodynamic cycle parameters and introduc-
ing irreversibilities in the working fluid. The cycle specific net work (MJ/kg) appears to be a more relevant optimisation crite-
rion for real systems. This supports the idea that acceptable predictions from finite time thermodynamics efficiency result from
compensating errors: low maximum temperatures balanced by the ideal cycle assumption. A general efficiency equation better
illustrates why actual efficiency remains below Carnot’s, clarifying optimisation issues in energy conversion systems and the
trade-off between reducing irreversibilities and maximising average heat source temperature.
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1. Introduction

Tq
. . . . - 7= 1- /—, @)
The origin of this work lies in recognition of extensive literature ‘ Tu

on "Finite Time Thermodynamics" (FTT) and "Endoreversibil-
ity", with the proposal of a straightforward equation, Eq. (1)
hereafter, aimed to provide a more realistic estimation of the ef-
ficiency of energy conversion systems, particularly in compari-
son with the Carnot efficiency. This equation is:

with T, being said to be the heat source temperature and Tq the
heat sink temperature (both in Kelvin).

The main objective of this paper is to better understand the
conditions and assumptions necessary to obtain this elegant
equation.
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Nomenclature

h - specific enthalpy, J/kg

ha — heat sink heat transfer coefficient, W/K

h,, — heat source heat transfer coefficient, W/K

m — cycle mass flowrate, kg/s

P —cycle power output, W

Pi — pressures of the Carnot cycle, i = 1to 4, Pa

Q4 — heat transfer with the surroundings for the heat sink, W
0, — heat transfer with the surroundings for the heat source, W
r —specific ideal gas constant, J/(kg-K)

s - specific entropy, J/(kg-K)

Ta — heat sink temperature, K

Ti — temperatures of the Carnot cycle,i=1to 4, K

Tu — heat source temperature, K

This equation is by some authors referred to as the Chamba-
dal-Novikov-Curzon-Ahlborn efficiency to pay tribute to some
of the pioneering authors. These pioneering authors, [1—3] and
even [4], in establishing this equation, were mainly interested in
energy conversion of nuclear power plants. Thus Ty is said to be
the nuclear fuel cladding temperature by Yvon [1] or just the
nuclear fuel temperature, Novikov [3]. Chambadal [2] mentions
the nuclear primary circuit coolant temperatures. Curzon and
Ahlborn [4] apply Eg. (1) to real systems by considering the
mean temperature of the primary coolant. This approach appears
to be the most rational within the framework of FTT with a well-
defined heat exchanger for the cycle heat source (thus, the steam
generator in nuclear reactors having two separate circuits for
power conversion and reactor core cooling). This approach will
therefore be adopted as the reference case in the present study.

In most papers, T, is simply the heat source temperature. For
a real and complex system, like nuclear power plants, it is not a
definition precise enough, which could be a problem for
a proper use of Eq. (1), see Section 2.2.

Tq poses much fewer definition issues. For a common steam
cycle, it must be the condenser secondary side temperature,
a temperature that usually varies very little. Here, we are close
to having an infinite thermal capacity at constant temperature.

In some of these pioneering works, the derivation of Eq. (1)
is obtained with the introduction of a cycle geometric mean tem-
perature:

Feidt [5], in his history of efficiency at maximum power, ex-
plains that such derivation was already achieved in a 19" century
thermodynamic book. We will explain in Section 2.1 how to ob-
tain this mean temperature.

Since these early publications, numerous FTT studies have
been published, see for example [6—10]. FTT has evolved into
a well-established branch of thermodynamics, with its inclusion
in the French "Technique de l'ingénieur” [11], dedicated text-
books [12,13], and even its selection as a topic for the entrance
examination of French elite engineering schools in 2023 [14].

Some of these works propose new discussions of the FTT
approach. Others attempt to extend the use of FTT, for example,
with the consideration of other energy conversion phenomena,

Wi,-— work exchanged with the surroundings in the (i, j) process, W

Greek symbols

y —ratio of specific heats at constant pressure and at constant vol
ume

n —thermodynamic cycle efficiency

nt — finite time thermodynamic optimum efficiency

Subscripts and Superscripts
d —heat sink parameters
u - heat source parameters

Abbreviations and Acronyms
FTT  —finite time thermodynamics
PWR — pressurised water-cooled reactor

like thermoelectricity, Ouerdane et al. [6], or with the introduc-
tion of irreversibilities, Wu and Kiang [7] or Feidt and Cos-
tea [8]. Le et al. [9] or Kaushik et al. [12] have shown that
Eqg. (1) could be useful for other cycles than the Carnot cycle
originally considered. In this paper, only Carnot-like cycles will
be examined.

It is worth noting from this abundant scientific literature that
many of these studies share a common limitation: the absence of
a clear definition of the thermodynamic system under consider-
ation, which could explain difficulties encountered in properly
defining T..

Our purpose is to revisit these analyses, to better understand
the real interest of Eq. (1) and not at all to propose new optimi-
sations of real system energy conversion cycles. Thus, in Sec-
tion 2.1, we present a derivation of this equation without intro-
ducing a cycle time. In the following Section 2.2, some Eq. (1)
numerical results will be compared to real cycle efficiencies.

In Section 2.3, we will examine further all the implications
of the maximum power output by determining all the cycle var-
iables in very simple cases (use of an ideal gas as the cycle work-
ing fluid).

In section 3, we will see that for a “Carnot cycle”, with in-
ternal irreversibilities, here non-isentropic compression and ex-
pansion (of course with irreversibilities, strictly speaking, it is
no longer a Carnot cycle), we obtain a different result in terms
of compromise between the maximum efficiency and maximum
power output of the cycle.

Finally in Section 4, we will propose an “academic exten-
sion” of the Carnot efficiency to real cycles. The equation ob-
tained is not of interest to calculate the efficiency of real sys-
tems, but it reveals the underlying causes, in fact well known, to
be well below the Carnot efficiency.

It is important to note that this work is essentially academic
in nature as it involves discussing a theory, the FTT, that is itself
also essentially academic. The ambition of this paper is also ped-
agogical: to better understand the FTT theoretical background.

2. “"Endoreversible” Carnot cycle calculation

Our objective is to revisit the derivation of Eq. (1) by a thermo-
dynamic approach based on well-defined thermodynamic sys-
tems and without the introduction of a cycle “finite time” (for
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example, cycle time introduced in [4]). Being in steady-state, we
thought there is no real need to introduce such a time.

The cycle calculated is a Carnot cycle (Fig. 1) with two heat
exchangers for the heat source at T, and the heat sink at Tq.

350
Heat source at T,

300 2 ﬂ Q'u 3
250

200

150

Temperature (°C)

100

50 {1 4

2900 3100 3300 3500 3700 3900
Entropy (J/kg/K)

Fig. 1. The FTT Carnot cycle with its two heat exchangers.

The thermodynamic system considered is the working fluid
having a mass flow rate 1 and describing the cycle formed by
the four successive states 1 to 4 (Fig. 1), so it does not include
the “materials” constituting the two heat exchangers. The cycle
is characterised by four enthalpies (h; to hs) and four entropies
(51 t0 S4).

As it is a Carnot cycle, we have:

e S, =51 and s4 = s3 (isentropic process), and
e T3 =T,and T; = T4 (isothermal heat addition and isother-
mal heat rejection).
To introduce the two heat exchangers, two heat transfer co-

efficients, h, and A4, must be introduced to calculate the heat
transfers, so the following simple equations are used:

— for the heat source

Qu

hu(Tu - TZ):

— for the heat sink

Qa = ha(Ty —Ty).

These heat transfer coefficients are assumed constant in the
FTT approach, and in fact, they are the product of the actual heat
transfer coefficient (in W/(m?K)) by the heat exchanger surface.

As a consequence, T is the real low temperature seen by the
working fluid of the cycle, and T- is the real high temperature of
the cycle. To achieve such constant temperatures, with heat ad-
dition (or heat rejection), is only possible during a phase transi-
tion of the working fluid or by combining heat addition (or re-
jection) with the expansion (or compression) of a gas as the
working fluid. For this simple thermodynamic cycle, the effi-
ciency is, of course, given by the Carnot equation:

The FTT purpose is to go further by expressing the efficiency
with T, and Tg, thus two temperatures not directly experienced
by the thermodynamic system, but which may be of interest for

the process evaluation. Usually, a thermodynamic analysis must
use system temperatures, for example, the “exchanged entropy”
RIT must be calculated with “the temperature of the part of the
system receiving it (the Gibbs formulation). Therefore, in prin-
ciple, using Ty and Tq would imply that the two heat exchangers
(i.e., the materials responsible for heat conduction) are included
in the thermodynamic system. Such a system will be considered
in Section 4.

Tu and Ty are also assumed constant; it is often said that the
two heat reservoirs are of infinite thermal capacity.

For a nuclear reactor like a PWR (pressurized water-cooled
reactor), the very simple equation giving Q,, raises some ques-
tions, see Section 2.2. A rational assumption seems to take T, as
the primary coolant temperature, with several dozens of tons per
second of water flow in the primary circuit, almost constant wa-
ter temperatures in this circuit are obtained. In other real sys-
tems, such as coal power plants, much larger variations in the
heat source primary side temperature are observed, several hun-
dred degrees of Celsius, making the use of this hypothesis even
more questionable.

2.1. Efficiency at the maximum power output

With the mass flow rate m of the working fluid used in this cy-
cle, the system of ten equations to solve is made of the four en-
ergy balances:
m(h, — hy) = Wy,
m(hy — hy) = Wys + hy (T, = T,),
m(hy — h3) = W34,
m(hy —hy) = W41 + ild(Td =Ty,
W, ; being the work exchanged with the surroundings by

the (i—j) process of the cycle.
In addition, we have the four entropy balances:

52 = 51,
. hy(Ty—T2)
m(s; — ;) = ;722,
S4 = S3,
. ha(Tg=Ty)
m(s; —s,) = %,
and finally:
T3 = Tz,
T4 = Tl'

For a working fluid with h = h(P, T) and s = s(P, T), and
having chosen Ty, Ty, k, and Ay, we have these 10 equations to
determine 13 unknowns:

— the four pressures and the four temperatures,
— the four works exchanged with the surroundings, Wi]-,
— and the cycle mass flowrate.

It is worth recalling that we are in steady-state, so all these

unknowns are constant.
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In the FTT approach, Ty — T, will be varied in order to find
the maximum cycle power output. We will see just after that it
is enough to fix T, — T2 to calculate the cycle efficiency and the
cycle power output (specificity of the Carnot cycle). But to de-
termine the 13 unknowns, two additional cycle parameters have
to be fixed; we will see that there is an interest to determine all
the cycle parameters, see Section 2.3.

The cycle power output P (a positive value is considered
here) is given by the cycle energy balance (by summing up the
4 enthalpy equations):

P=|W12+W23+W34+ W41|=Qu +de

withx=T, - T,andy=T, — T;.
We have:

P = hx+ hyy.

And the cycle entropy balance (by summing up the 4 en-
tropy equations) gives:

oy (Ty=T5)
+
T; T,

ha(Ta=T1) _ hux hay  _

Ty—x Tag—y -

It could be noted that these last two equations represent the
global cycle energy and entropy balance. Therefore, it could be
argued that the initial system of 13 equations was indeed not
useful. In fact, this system is necessary for the complete deter-
mination of the cycle variables, see Section 2.3.

One can calculate:

Td/:Lux

R

It is now possible to calculate the power output and the cy-
cle efficiency as a function of x only:

S _ Tq

P =i (1 gt ) @
_P _4_ Ta

n=i-=1 Tou—x (g thg) g 3)

This Eqg. (3) is a continuously decreasing hyperbola as
a function of x. For non-negative values of x, the maximum ef-
ficiency is obtained for x = 0, this is the Carnot efficiency of
a cycle producing no work, no heat being transferred to the cycle
(because x = 0). We determine Xmax, giving the maximum power,

so the FTT optimum is found by solving Z—i =0:

_ Tuhg _ |Ta
Xmax = 5 4, (1 N )
T
N(Xmax) = 1 - ’T_z =71,

The attractiveness of this equation lies in a very simple ex-
pression depending only on T, and Tq and not on h, and a4, mak-
ing it independent of the two heat exchanger characteristics. It
is worth noting that in the previous calculations, no assumptions
have been made regarding the Carnot cycle's working fluid.

And finally,

At this stage of our demonstration, one can already observe
that if A, and h, are of the same order of magnitude, an appar-
ently reasonable assumption for nuclear PWR but which could
be discussed (see Section 2.2), and for typical T, and T4 PWR
temperatures, roughly 600 K and 300 K, one obtains Xmax of
about 90 K and ymax of about 60 K. These values are quite high
compared to those of PWR systems, which usually operate with
lower temperature differences, about 30 K for x. It is worth re-
calling that our choice of T, means that we have considered the
PWR steam generator as the cycle heat source heat exchanger,
thus T, is the primary coolant mean temperature. As already
mentioned, a well identified heat exchanger seems the most suit-
able choice in the frame of FTT.

Returning to the works of the FTT pioneering authors, one
of the main difference of some of these works, compared to the
previous derivation, is the assumption of a low temperature of
the Carnot cycle (T1) equal to the heat sink temperature (Tq).
This implies very large h, values, so a value much larger than
the h,, value. This could be named the ”Chambadal-Novikov hy-
pothesis” [2,3]. This assumption is almost opposite to our refer-
ence PWR case, where h, and h, are similar, however it is
a justifiable assumption (see Section 2.2 below), which gives:

T
xmax=Tu—T2=Tu(1— /T—d )

So, T, at maximum power output is:
T, = JT,;T, .

And finally,

—q__Ta _ q1_ |Ta_
n=lmER ! \/:u‘”t'

Another way to determine the maximum power output is to
calculate P as a function of 7 instead of x. From Eqg. (3),

— hy (T _ Td)
hy+hy u 1-7n '

x =
Introducing this value into Eq. (2) gives:

5 — e (0 Ta
P = (Tu 1_,;) - (4)

We see that P is proportional to i, h,/ (h, + hy), which is the
overall heat transfer coefficient of the heat source and heat sink
“heat exchangers” in series. This overall heat transfer coefficient
has a clear meaning for efficiencies close to zero, where we

have:
> huhd _
P - i +i1d (Tu Td)’]

U

We confirm that P (Eq. (4)) is equal to zero for the maximum
efficiency (which is a “Carnot efficiency”):

— Taq
7’]C =1- E
The determination of the maximum power output by
d—P—O ives:
dn_ 9 )
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T

1-m?=-2

a
T,
leading to 7, of Eq. (1).

We can easily calculate the maximum power output:

= b (7 T

The typical variation of P (and Q,,) as a function of 7 (Eq. (4))
is shown in Fig. 2.

Pmax

Power output ====- Heat Source
3000 ~— 15000
— e s
§ 2500 [T 12500 =
3 2000 "> increasing x 10000 8
El RSN B 3
© 1500 LM 2500 @
9] ©
g 1000 5000 T
o
500 2500
0 0
0 0,1 02 03 04 0,5

Efficiency

Fig. 2. Power output and cycle heat source as a function of efficiency
for x=T, — T, variation.

We will see (in Section 3) that such a variation is not ob-
served in a real system. In fact, the previous equations cannot
well explain the “trade-off” to be made between efficiency and
power output.

2.2. Discussion of the applicability of Eq. (1)

Like Curzon and Ahlborn in [4], we try to see whether Eq. (1)
offers good approximations of real system efficiency. For nu-
clear power plants, assuming Q,, = h,,(T,, — T), the issue is not
only whether T, remains constant, but also the system's ability
to handle the large variation of Q,,. This large variation of Q,
behind the FTT approach (see Fig. 2) seems difficult to achieve
by the same system. In a PWR reactor, the core's thermal design
imposes specific core material temperatures, and therefore, the
core power is fixed (by heat conduction within the core materi-
als). The following simple equations can roughly describe the
series of heat transfers between the core materials and the ther-
modynamic cycle:

Qu = h’(Tfuel - T,) = h”(T’ - Tz)-

So,

. RR

Qu = R (Tfuel - Tz)’
Trel being representative of the fuel temperature (it could be the
mean temperature of the UO; pellets), T' is the mean primary
circuit temperature, and &', "’ are the equivalent heat transfer
coefficients of the core and steam generator, respectively. They
are roughly constant for a given core and steam generator size.
Both are a combination of conduction and convection heat trans-
fers, but conduction is the dominant phenomenon.

When we assume T,, = T’ (said in the introduction to be a ra-
tional assumption), it can be seen that the variation in Q,, cannot
be obtained by varying Tre; this variation requires changing the
number of nuclear fuel elements (each fuel element producing
a constant power). In this case, the FTT approach is justified by
the constant value of A’ (which corresponds to &, here).

On the other hand, if we choose the fuel temperature for T,
we have:

= M
LRI

And to be consistent with the FTT approach (constant A,
value), we cannot vary the heat source power by changing the
number of nuclear fuel elements. Thus, it is the T’ variation that
will cause the variation in Q,,. The large variation of the latter

will lead to unusual values of the primary coolant temperature,
with:

h,Tfuel"'h”TZ

r_
T = RIR!

In this case, we can consider that the variations of Q,, occur
without change in the “heat source system".

Our reference utilisation of Eq. (1) will consider the reactor
primary coolant temperatures as the heat source temperature T,.
We have already noted that this temperature has small variations
(lower than 40°C for a PWR). For the condenser secondary side
(to determine Tg), temperature variations are even smaller (about
10°C). In both cases, the arithmetic mean of these temperatures
will be used in Eq. (1).

2.2.1. Case of a 900 MWe PWR

The primary coolant mean temperature is about 304°C [15]. For
the condenser secondary side (considering a sea site with direct
cooling), the mean temperature is about 20°C. The “gross effi-
ciency”, so the ratio of the gross electrical generation over the
heat transferred by the steam generators, is about 34% (see [15]
or the IAEA Database on Nuclear Power Reactors). Taking into
account the generator efficiency, the real thermodynamic cycle
efficiency is about 35%.

By using Eq. (1), we obtain approximately 29%, which
slightly underestimates the actual value. Of course, with these
temperatures (T, and Tg), the Carnot efficiency is equal to 49%,
so a far too optimistic value. But the correct use of the Carnot
efficiency requires the use of working fluid temperatures (so T,
and T»), thus the steam generator secondary side temperature
(typically about 273°C) and the condensing temperature on the
condenser’s primary side (about 33°C) result in a Carnot effi-
ciency of 44 %. With this latest result, it could be argued that the
FTT efficiency provides a better approximation of the real effi-
ciency.

Using these PWR data, we have also estimated the two FTT
“heat transfer coefficients”. We have: h, =90 MW/K (with
a heat source of 2800 MW for a temperature difference of
304°C—273°C), and h, = 140 MW/K (with a heat sink of
1820 MW for a temperature difference of 33°C—20°C). We re-
call that these latter values are calculated for a primary coolant
heat source temperature, this heat source being about 2800 MW.
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These data are used in the following numerical applications, pre-
sented in Section 2.2.3.

2.2.2. Case of a French sodium cooled reactor

For this type of reactor, the mean sodium temperature of the
steam generator primary side is about 420°C. For a heat sink
with direct condenser cooling, the temperature to be considered
is again 20°C. The thermodynamic efficiency of this cycle is
about 42%, while 35% is obtained by Eq. (1).

As in the previous PWR case, the FTT efficiency tends to
give a lower value (around 20%) than the actual one. However,
in both cases, we can agree that it provides a conservative esti-
mate of the plant's efficiency.

2.2.3. Numerical applications for various heat source choices

We propose numerical applications of Eq. (2) and Eq. (3) with
h, and h, values estimated in Section 2.2.1. As expected with
this heat transfer coefficients choice, for typical reactor power
outputs (about 1000 MW) the T,—T> value is about 30 K (black
dot in Fig. 3) with a much higher efficiency and a much lower
power output compared to the FTT optimum, which is obtained
for a T,—T- value of about 100 K (Fig. 3). For this low T, tem-
perature (about 200°C) an acceptable efficiency (0.29) is ob-
tained because this low temperature is used in an ideal thermo-
dynamic cycle: the Carnot cycle.

----- Efficiency

Efficiency

Power output (MW)

0 50 100 150
X= Tu - TZ (K)

Fig. 3. Cycle power output and efficiency as a function of x =T, — T,
(here: T, =577 K, h, = 90 MWI/K, Ty =293 K and A, = 140 MW/K).

The FTT optimum power is about 2600 MW. For realistic
use of this optimum, it would be necessary to reduce h,, and h,
by a factor of three to align with the typical core power. This
would mean reducing the heat exchange surfaces of the steam
generator and condenser. We are not aware of any commercial
nuclear reactor operating under these conditions (i.e. smaller
heat exchangers with larger temperature differences).

To be truly comprehensive on the FTT approach, we exam-
ine other justifiable choices of the nuclear reactor heat source
temperature Ty, in fact to be closer to the nuclear fuel tempera-
tures, see the beginning of Section 2.2. Two T, choices are pro-
posed: the fuel cladding temperature (in contact with the pri-
mary coolant with a temperature close to the saturation temper-
ature of the primary circuit) and the mean fuel pellet temperature
(temperature values from reference [15]). The new h,, values are

calculated like in Section 2.2.1, of course, the T, increase leads
to a h,, decrease.

In both cases, the variation of T (or x), thus of Q,,, results in
a change in the primary coolant temperature (see comments at
the beginning of Section 2.2). The FTT optimum of these differ-
ent assumptions are presented in Table 1.

Table 1. FTT optimal values under different heat source hypotheses,
defined by (Ty, hy).

Heat source PWR Fuel Mean Coal
reference cladding fuel pellet plant
T, (°C) 304 345 715 1000
f (MW/K) 90 39 6.3 4
x(°C) 101 151 431 644
P (MW) 2611 1828 1235 1340
Efficiency 0.29 0.31 0.455 0.52
T2(°C) 203 194 284 356
JTaT, (°C) 138 153 265 338

It can be observed that, as T, increases, x and the power out-
puts move towards more realistic values. On the contrary, as ex-
pected with this increase, Eq. (1) now overestimates the actual
efficiency. With the h, decrease, the use of the “Chambadal-
Novikov hypothesis” is more and more justified, thus the
”Chambadal-Novikov temperature” (/T4 T,, ) becomes an inter-
esting approximation.

To discuss further this issue, a coal-fired power plant is ex-
amined. Here, we have a “simpler” heat source at much higher
temperatures. We observe a temperature decrease from 1700°C
to 300°C for the coal combustion products to produce subcritical
steam at approximately 500°C and 100 to 150 bar [16]. Due to
the poor heat transfer with the combustion products, the ,, value
is low. To be consistent with previous calculations, we will con-
tinue to determine T, with a mean temperature and A,, like in
Section 2.2.1 (for a boiler secondary side temperature of 310°C).
The FTT optimum values (Table 1) are perfectly consistent with
the previous PWR “mean fuel pellet” case. We have a reasona-
ble FTT value for T, (steam boiler being at saturation tempera-
tures between 310°C and 340°C), a good “Chambadal-Novikov
temperature” but an efficiency that is much too high (the actual
cycle efficiency being about 35%). This latter result is in disa-
greement with [4]. We believe that Curzon and Ahlborn did not
use the correct heat source temperature T, for their coal power
plant case, as it appears that Eq. (1) was applied using the steam
temperature at the boiler outlet.

To conclude this section, it is worth noting again the rele-
vance of the temperatures obtained when the “Chambadal-
Novikov” hypothesis can be made (thus when A, >> h,,). This
also concerns the maximum power output equation:

= (T -Ta)"

2.3. Complete determination of the cycle variables

Pmax

To go further and gain a better understanding of the practical
implications of the previous calculations, we propose to calcu-
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late all the cycle variables, in particular the cycle mass flowrate.
To achieve this, it is necessary to choose two additional cycle
parameters (see the description of the system of 10 equations
and 13 unknowns in Section 2.1).

To simplify significantly the computations, the working
fluid is assumed now to be an ideal gas with an entropy variation
for an (a-b) process given by:

Sp—Sg =T (ln (;—:)’%1 —In (i—:)),

where r being the specific ideal gas constant (in J/kg/K), and
v is the ratio of specific heats at constant pressure and at constant
volume.

Of course, such a working fluid is far from the steam/water
used in PWR or conventional power plants cycles, but our ob-
jective here is only to explore all the possible implications of the
FTT analysis, not to get new insights in the optimisation of these
energy conversion systems.

For the two additional cycle parameters required, we propose
to set the maximum and minimum pressures of the cycle, so
P2 and P4, the two remaining cycle pressures are then:

v
P=p ()7

v
Py=p ()

From Section 2.1 computations, we know that the cycle en-
tropy balance can be used to determine T, as a function of To.
With:

in(s; = 5;) = T2
we have:
hyx
= m
So,

hyux
_ P2\, ¥ haTq ))
r(Tu x)(ln(P4)+y—1ln(thu—x(hu+hd)

As seen in Fig. 4, for our “reference PWR case” (with the
parameters from Fig. 3), the cycle mass flowrate is almost pro-
portional to x. Therefore, a significantly higher mass flow rate
would be required at the point of maximum power output
(16 200 kg/s in this case) compared to the high-efficiency range.

Even with a reduction by a factor of three in the heat transfer
coefficients (see Section 2.2.3), a very high flow rate is still ob-
tained. These high flowrates are, of course, also a consequence
of the choice of a simple air Carnot cycle. Additionally, such
variations in flow rate seem difficult to achieve without changes
in the heat transfer coefficients (assumed constant in the FTT
approach) and in the pressure losses within the heat exchangers,
which are also neglected in the FTT approach. For higher T, as-
sumptions, lower mass flow rates are observed at the FTT opti-
mum, decreasing by a factor of three for the 'mean fuel pellet’
case.

Now a very important cycle parameter can be computed, the
cycle specific net work P/ m (in J/kg), which is equal to:

m=

====-mass flowrate

Power output

2000

1500

Power output (MWV)
Mass flowrate (kg/s)

1000

500

0 50 100 150
x=T,-T, (K)

Fig. 4. Variations of the power output and of the mass flowrate
(reference PWR case, air working fluid, P, = 200 bar and P, = 1 bar).

P _ _ _ Tdfld
= =) (1 Tuhd—x(hu+fld)) X

P Tgqh
% (1“ &) +75m (ruhd—f(hiwd)))'

In fact, high specific net works mean lower cycle mass flow
rates for the same power output. For our “reference PWR case”,
the specific net work is maximum when x is close to zero, thus
when the efficiency is maximum, see Fig. 5. This could justify
that PWR systems operate well below the FTT optimum of this
reference case.

reference = = = Mean fuel pellet

Power output (MW)

0,00 0,05 0,10 0,15 0,20 0,25 0,30

Specific net-work (MJ/kg)

Fig. 5. Power output as a function of the specific net work
for x =T, — T, variation.

For our “reference PWR case”, the specific net work is max-
imised when x is close to zero (both the power output and the
cycle mass flowrate tend to zero), which corresponds to the max-
imum efficiency, see Fig. 5. For higher T, assumptions, we have
a different behaviour with a well identified maximum value of
the specific net work, this value appearing much closer to the
FTT optimum power.

To better understand these differences, we attempt to com-
pute the maximum value of the specific net work. This can be
achieved by making use of the Chambadal-Novikov hypothe-

sis” (hg >> hy), which gives:
) () + 50 (E))

The zero of the derivative of this function leads to:

Ta
Ty—

%=r(Tu—x)(1—
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T:fx +In (Tzfx) =1- YT_lln (i_i)

Introducing the Lambert W function gives:

e _y (el-%‘lln(?—j) )

Ty—x

So,
TyW-Tg
= o
Using the previously mentioned air characteristics, we have:
T
x=T,— o_j'

We can see that for high T, cases, positive x values are ob-
tained at the specific net work maximum, which explains the
dashed curve in Fig. 5.

Finally, regardless of the assumption made for T, these re-
sults confirm that real systems operate close to the maximum of
the specific net work, which is an effective way to limit the size
of components for a given power output.

To conclude this section, in which we have seen that differ-
ent values of T, can be assumed for a complex system like
a PWR, we can state the following:

— for “low Ty and high h,” values, our reference case (the
most rational choice for a PWR with a well-identified heat
source exchanger), the operating conditions at the FTT op-
timum are not realistic, while the FTT efficiency provides
a conservative estimation of the real efficiency,

— for “high T, and low h,,” values, the operating conditions
at the FTT optimum are more realistic, but the FTT effi-
ciency overestimates the real efficiency like the efficiency
given by the Carnot equation.

It is worth noting that this conservative FTT efficiency for
the “low T,” case is obtained with low maximum cycle temper-
atures (much lower than the actual ones) balanced by an ideal
thermodynamic cycle, the Carnot cycle, without any losses. All
these results clearly question and challenge the universal valid-
ity of Eq. (1).

3. More realistic relationship between power
output and efficiency

We believe that one of the drawbacks of the previous approach
is that it does not adequately illustrate the trade-off between
maximum power output and maximum efficiency. To address
this better, cycle irreversibilities must be introduced. Therefore,
we now assume that the compression process (1-2) and the ex-
pansion process (3—4) are not isentropic. The cycle is no more
an endoreversible cycle.

This was the objective of reference [7] or [8] with the intro-
duction of a constant ratio:

S3—S2

R, = <1.

S4—S1

Here (s, —s1) — (s3 —s,) is the increase of entropy
(strictly positive) resulting from the irreversible compression
(1-2) and from the irreversible expansion (3—4).

The update of the calculations from Section 2.1 is straight-
forward, involving an update of the global entropy balance:

by (Ty—T3) - R ha(Tq—T1)

T, S Ty
So:
_ T ghyx
y= x(hy+Rshq)~RshaTy
Thus:
5 — ___ Taha
P = hyx (1 TyRshg—x(hy+Rshq) )’
and
Tg4h
77 — 1 d’'td

" TuRshq—x(hy+Rshq)’

This latter equation gives:

h T
x = —4_ (RT, - 12),
hy+Rshg 1-n

and

huhd

P = - :
hy+Rshg

n(RT, — ).

The derivation of the previous equation gives the efficiency
at the maximum power output:

Tq
RsTy’

n=1- ()

This efficiency is lower than the efficiency given by Eq. (1)
and remains independent of A, and h,. Increasing irreversibili-
ties, thus decreasing Rs, reduces efficiency, which becomes zero
for:

—Ta
Rs =25
The relationship between power output and efficiency ob-
tained is shown in Fig. 6.

- = =Rs=09

Reversible

2000

1500

Power output (MW)

1000

500

0 0,1 0,2 0,3 0.4 0,5
Efficiency

Fig. 6. Power output as a function of cycle efficiency,
with and without irreversibilities (reference PWR case).

The curve is very similar to the reversible case, with maxi-
mum efficiency occurring at zero power output. We believe it
still does not properly represent the power — efficiency relation-
ship.
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Our viewpoint is that Rs being constant, the entropy produc-
tion by irreversibilities does not depend of the pressure ratio of
the (1-2) compression and the (3—4) expansion, making this
analysis of the “irreversible Carnot cycle” irrelevant. So, in ac-
cordance with Feidt and Costea [8], we propose assuming that
these irreversibilities will generate an entropy increase equal to:

m(s; —s1) = a(T, —Ty)
and
m(sy —s3) = a(T; —Ty).

To simplify the calculations, « is assumed to be a constant
positive value, identical for the compression and expansion. The
cycle entropy balance is now:
hay
Ta-y

hyx

+ +2a(T,—x— Ty +y)=0.

Ty—x

This is a second-order equation with respect to y, so a more
complicated equation than the cycle entropy equation of Sec-
tion 2.1. Solving it gives:

with,

Ryx+(Ty—x)[20(Ty—x)—hq |
20(Ty—x) '

B =

Finally, we have:

P=hux+hd<Td+§<B— /BM% )) (6a)

and

. =1+%<Td+%<8— p2 + Hdk )) (6b)

The variations of power output and efficiency as a function
of x (Fig. 7) show that this time, we have two distinct maximum
values of interest: one for efficiency and one for power output.

— Power output = = = Efficiency

2500

Efficiency

2000

1500

1000

Power output (MW)

500

x=T,-T,(K)

2

Fig. 7: Power output and efficiency as a function of x =T, — T,
(reference PWR case and o = 1000 W/(K m?)).

The value of « used (1000 W/(K m?)) is somewhat arbitrary,
although it could give entropic losses of the correct order of

magnitude (about 0.5 MW/K for PWR conditions).

For very low X, the thermodynamic cycle is not feasible, at
higher x values, very low power outputs are achieved, and the
heat generated by irreversible compression and expansion is re-
moved by the heat sink. The maximum efficiency is now ob-
tained for non-zero values of x. For our reference case, these x
values (about 30 K, Fig. 7) are close to those of real systems
(thanks to the choice of &). The x value at the FTT optimum is
still very high (~100 K) and is accompanied by a significant re-
duction in efficiency, compared to the maximum value.

For higher T, cases, the optimum efficiency and power out-
put are obtained at large x values (310 K and 450 K).

The power output as a function of 7 (Fig. 8) now differs a lot
from the variations obtained without irreversibilities (Fig. 2) or
with a questionable introduction of irreversibilities (Fig. 6).

The marker (black dot) in Fig. 8 indicates the point corre-
sponding to the actual x values of a PWR reactor, 31 K for our
reference case, 442 K for the “mean fuel pellet” case.

reference = = =NMean fuel pellet

2000

1500
increasing x

1 R e e B i, 2 B

Power output (MW)

0,0 0,1 0,2 0,3 0.4

Efficiency

Fig. 8. Power output as a function of efficiency (o= 1000 W/(K m?)).

For the former, this point corresponds to the maximum effi-
ciency, for the latter to the maximum power output. Thus, as
without irreversibilities, the “high T,” case leads to a more real-
istic FTT optimum. From the variation of the cycle specific net
work with respect to efficiency (Fig. 9), it is observed that, in
both cases, the actual PWR temperatures correspond to a point
(black dot) very close to the maximum net work.

reference = = = Mean fuel pellet
0,20

0,15

”
0,10 A
-

« .
- - lincreasing x

Specific net-work (MJ/kg)

0,05

0,0 0,1 0,2 03 0,4
Efficiency

Fig. 9. Cycle net work as a function of efficiency (« = 1000 W/(K m?)).
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For the “high T,” case, higher efficiency can be achieved at
smaller x values, but this would result in unreasonable primary
circuit temperatures at the optimum efficiency (the PWR pri-
mary pressure being 155 bar). It would be interesting to explore
this temperature range with a more realistic thermodynamic cy-
cle.

Finally, as expected, we can observe that with this more re-
alistic approach to accounting for compression and expansion
irreversibilities, the efficiency at the maximum power output is
no longer independent of A, and h4, which is a key characteristic
of the FTT optimum, still obtained with Eq. (5).

4. An equation for the efficiency of energy
conversion cycles

To further support our view on the too restrictive vision of cycle
optimisation issues using the FTT approach, we propose in this
section a more general efficiency equation. This equation will
better illustrate why the actual efficiency is much lower than the
Carnot efficiency and provide another perspective on the system
optimisation issue.

Areal cycle in steady state is a thermodynamic system, made
of working fluids (and eventually of solid media in particular if
heat exchangers are part of the system), exchanging heat and
work with the surroundings, and having a set of internal irre-
versible processes (friction, diffusion, conduction, mixing ...),
producing entropy.

We assume that the exchange of heat with the surroundings
can be described by a series of elementary terms:

<> 6QM. with the heat sources, Ty being here the temperature
of‘the thermodynamic system receiving 6Q,, ,, and

% 00 dj with the heat sinks, Tq; being the temperature of the
thermodynamic system losing &0 dj (cycle heat losses to
the environment can be accounted for in this term).

These lead to the following variation of the system entropy
by heat exchanges:

Z_ Qu.i +y. §Qd-j
i T, : ] T
u.i d.j

The entropy production by irreversibilities inside the cycle
components (turbines, pumps, heat exchangers, ...) will be de-
scribed by k elementary terms:

Zk b_k'

With W, denoting the set of exchange of work with the sur-
roundings, the global energy and entropy balances of the cycle
are:

P=|S,W|=%80,,+3 5Qd_j,

o) o
B+ 3, T4 4 S b = 0.

We introduce the mean entropic temperature T, for the heat
sources and the mean entropic temperature T, for the heat sinks

by:

Zi 5Qul Z 5Qu1
— i

Tu Tul
2j®aj _ v Raj
Ta AT

It is worth noting that cycle heat losses to the environment
will induce an increase of T, signifying a decrease in efficiency,
see Eq. (7) just hereafter.

Thus, the cycle efficiency will be given by:

P Yja; Tq

= 4R g T

+ Zimu.i Ty

1= S o0u: o mulz" G- (7)

In this equation, we have the two well-known reasons which
explain that a real system efficiency is always lower than the
Carnot efficiency:

— The difficulty to maintain constant temperatures for both
the heat source side and the heat sink side, and as close as
possible to the available heat source temperatures and heat
sink temperatures;

— The use of real machines and components with internal ir-
reversibilities.

We must acknowledge that a similar equation has already
been proposed in [7], but for a Carnot cycle only, with irrevers-
ibilities in both the compression and expansion processes, SO
with constant heat source and heat sink temperatures.

We propose to apply Eg. (7) to the "FTT Carnot cycle" cal-
culated in section 2.1. To do that, the thermodynamic system
considered now includes the two theoretical heat exchangers (in
addition of the cycle working fluid). With this new definition of
the thermodynamic system, Ty and T4 are now temperatures seen
by the thermodynamic system. With the variables of Section 2.1,
Eq. (7) gives:

n= 1—-4_

Ta (o .
Ty 0Ou (SL.u + Sl.d)'

s;u and s; 4 being the entropy production by the heat transfer
irreversible processes within the two theoretical heat exchang-
ers. We have:

1) _ hyx?
Q“( T, Tu) T Tu(Ty-x)

1 _ fldyz
Qd( Tq 1) T Ta(Tg-y)

Thus, we have an efficiency depending on x and y (Ty, Ta, f,,
and Ay being fixed variables):

Tq

p= 1T T (

Tu hyx

hyx? hay? )
Ty(Ty—x)  Ta(Tq-y)/’

To eliminate y, we can use again the entropy balance:

hyx | hgy hyx? hgy?

Ty Tq Ty (Ty—2x) Ta(Ta—y)

which can be rewritten to obtain the entropy balance from Sec-
tion 2.1:

hyx hay

Ty—x Tg-y
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thus:
_ Tdhux
y= x(hy+ha)=haTy'
So:
6 = haqy? - _ hyx hyx
) (Ty—x) x(hy+hq)—hqTy.

The efficiency is now:

_ Tq T4 ( hyx? hyx hyx >
n Tu  hux \TaTy—x)  (Tu—2) x(hutha)—haTu.)’

This equation can easily be rewritten as:

Tahq
Tyhg—x(hy+hg)’

n=1-

Thus, Eq. (3) from Section 2.1 is obtained.

Equation (7) can also be used to introduce the irreversibili-
ties in the compression process (1-2) and the expansion process
(3-4), so:

Ta _ Ta(Siy+sia) _ 2a(T2—Ty)
n G Gu

Using previous calculations, one has:

n:l_T_d_T_d( huxz

hay? ) 2a(Ty—x=Tq+y)
Ty hyx \Ty(Ty—x) '

Tq(Ta—y) hyx
With the entropy balance to compute y:

LuX 2V | (T, —x— Ty +y) =0,

Tu—x Tq-y

we will obtain Eq. (6).

It must be acknowledged that the usefulness of Eq. (7) for
computing the system efficiency (as in the previous examples)
is very limited. In fact, its interest is essentially academic, serv-
ing to clarify energy conversion optimisation issues through:

— temperatures as close as possible to the maximum and min-
imum available values,

— limiting the irreversibilities of the system’s components
and machines.

Of course, optimisation means result in an increase of the
system cost. For certain cycles, a compromise has to be made
between these two optimisation paths. For example, in a steam
Rankine cycle, water reheating, which involves mixing of cold
water and steam, allows an increase of the temperature T,;, but
mixing generates irreversibilities. These irreversibilities reduce
the cycle efficiency, but the increase in T, has finally a more
significant contribution.

5. Final comments and conclusions

The finite-time thermodynamics (FTT) approach to endoreversi-
ble cycles enables the formulation of an elegant relationship
known as the FTT efficiency. Derivation of this expression re-
quires consideration of a Carnot cycle. However, given the well-
known limitations of this idealised cycle, the Carnot efficiency
provides only limited insight into the performance of real sys-
tems. Consequently, the same limitation may apply to the FTT

efficiency, which is, in essence, a reformulation of the Carnot
efficiency expressed in different variables.

It is worth recalling that the derivation of this equation pre-
sented in this paper is a quite classical and simple approach in
thermal sciences (enthalpy and entropy balances in steady-state
conditions), in particular without introducing a “finite time” for
the cycle. Indeed, being in steady state, the use of a “finite time”
may appear as a paradox.

The use of the FTT efficiency to estimate the efficiency of
real systems leads to the problem of an unambiguous choice of
the heat source temperature Ty. For a nuclear reactor like a PWR,
it seems logical to choose the primary coolant temperature, thus
the temperature of the steam generator primary side in order to
have a well identified heat exchanger. In this case, we have rel-
atively moderate Ty values, and it is shown that the FTT opti-
mum (the maximum power output which gives the FTT effi-
ciency) gives an acceptable estimation of efficiency (with a
slight underestimation, thus a conservative value). But this opti-
mum corresponds to unrealistic operating conditions (much too
large differences of temperature within the two FTT heat ex-
changers). It is these unrealistic conditions which in fact allow
the acceptable estimation of efficiency by FTT.

On the contrary, when much larger values of Ty can be as-
sumed, for example by choosing a heat source extending to the
nuclear fuel, the FTT optimum was achieved under more realis-
tic operating conditions but with an overestimated efficiency.
The determination of all the cycle parameters, obtained with an
ideal gas, confirms these conclusions. These results clearly chal-
lenge the universality of the FTT efficiency equation.

This discussion about the heat source temperature has high-
lighted the relevance of the results obtained (cycle temperatures
and power output) when the “Chambadal-Novikov” hypothesis
can be made, thus when the heat transfer coefficient at the heat
sink side is much larger than the heat transfer coefficient at the
heat source side. Finally, we recommend to have a well identi-
fied thermodynamic system to minimise ambiguity in the selec-
tion of temperatures.

Since the FTT approach is driven mainly by maximising cy-
cle work output, we have discussed the “trade-off” between the
maximum of efficiency, the maximum of power output and the
maximum of specific net work. We have a better illustration of
this issue with the introduction of irreversibilities within the cy-
cle and not only on the heat source and heat sink sides. Regard-
less of the assumption made for Ty, our calculations tend to show
that PWR reactors are designed in the high specific net work
range.

To further illustrate these cycle optimisation issues, an aca-
demic “generalisation” of the Carnot efficiency is presented.
This generalisation highlights another important compromise:
the trade-off between maximising the heat source temperature
(and minimising the heat sink temperature) and limiting the ir-
reversibilities of the system’s components and machines.

Having considered in this paper only Carnot cycles with con-
stant heat source temperatures, complementary analyses and
computations on the Rankine cycles and on the Brayton cycles
will be proposed in a further paper.
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