
 

1. Introduction  

Hybrid nanofluids are engineered by suspending a combination 

of two or more different nanoparticles within a conventional 

heat transmission medium such as water (H2O), motor oil, or-

ganic solvents or biological fluids. When these nanoparticles are 

uniformly dispersed, the resulting fluid exhibits significantly 

improved thermal conductivity and superior heat transfer fea-

tures. As an innovative class of working liquids, hybrid nanoflu-

ids have shown great promise in various engineering and scien- 
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Abstract 

The current study explores a numerical investigation of steady-state, two-dimensional, incompressible, laminar mixed convec-
tive flow of a chemically reactive hybrid nanofluid composed of Al2O3 – H2O over a vertical non- isothermal/isosolutal wedge 
and cone configurations, taking into account the impact of a heat absorption or generation parameter. Utilising similarity 
transformations, the set of governing equations was reduced to a set of ordinary differential equations. This model incorporates 
the conservation equations for energy, mass and momentum, which are solved numerically by using the BVP-5C method and 
the Runge-Kutta shooting technique in MATLAB. The influences of key factors on the flow fields, as well as on the mass and 
heat transmission rates, are analysed and presented through graphical and tabular formats. The outcome reveals that both 
solutal and thermal Grashof numbers display a comparable influence on the flow behaviour. As these parameters increase, an 
enhancement in the velocity profile is observed, whereas concentration and temperature distributions tend to decline. Addi-
tionally, an increase in the heat generation and thermal radiation parameters results in elevated temperature distributions for 
both wedge and cone geometries. In contrast, the chemical reaction factor contributes to a decrease in concentration distribu-
tion. The influence is more prominent in the wedge configuration than in the cone, where the profile exhibits an increasing 
behaviour, while the cone shows a stronger response in scenarios where the profile decreases. The mass and heat transmission 
rates corresponding to the key parameters are presented in tabulated form. The proposed model has been rigorously verified 
against previously reported data and demonstrates excellent agreement.  

Keywords: Wedge/cone; Thermal/mass Grashof numbers; Heat generation/absorption parameter; Chemical reaction 
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Nomenclature 

a, b ‒ constants 

Bi ‒ Biot number 

C ‒ concentration, kg/m3 

Cf ‒ skin friction coefficient 

Cw ‒ concentration at wall, kg/m3 

C ‒ ambient concentration (kg/m3) 

Dhnf‒ diffusion coefficient, m2/s 

g ‒ acceleration due to gravity, m/s2 

Gc ‒ mass Grashof number 

Gr ‒ thermal Grashof number 

hf ‒ convective heat transfer coefficient, W/(m2 K) 

khnf ‒ thermal conductivity of hybrid nanofluid, W/(m K) 

k* ‒ mean absorption coefficient, m-1 

l ‒ characteristic length of cone/wedge, m 

n ‒ power index 

Nux ‒ Nusselt number 

Pr ‒ Prandtl number 

Q ‒ heat generation/absorption parameter 

qr ‒ heat flux, W/m2 

r ‒ radius of the cone, m 

Rc ‒ chemical reaction parameter 

Rd ‒ thermal radiation 

Rex ‒ local Reynolds number 

s1 ‒ wall temperature parameter 

s2 ‒ wall concentration parameter 

S ‒ suction parameter 

Sc ‒ Schmidt number 

Shx ‒ Sherwood number 

T ‒ temperature, K 

Tw ‒ temperature at wall, K 

T ‒ ambient temperature, K 

u, v ‒ velocity components along the x– and y–axis, m/s 

uw ‒ stretching velocity, m/s 

 

Greek symbols 

𝛼 ‒ half-angle 

βC ‒ solutal expansion coefficient, K-1 

𝛽T ‒ thermal expansion coefficient, K-1 

μhnf ‒ dynamic viscosity of hybrid nanofluid, kg/(m s) 

𝜌hnf ‒ density of hybrid nanofluid, kg/m3 

(𝜌Cp)hnf ‒ heat capacity of hybrid nanofluids, J/(kg K) 

𝜎* ‒ Stefan-Boltzmann constant, W/(m2 K4) 

1, 2 – Cu and Al2O3 nano particles volume fraction 

 

Subscripts and Superscripts 

 ‒ free stream 

f ‒ fluid 

hnf ‒ hybrid nanofluids 

w ‒ at the wall/surface 

 

Abbreviations and Acronyms 

EG ‒ ethylene glycol 

MHD ‒ magnetohydrodynamics 

ODEs ‒ ordinary differential equations  

tific domains, including microfluidic systems, transportation 

technologies, biomedical applications, defence mechanisms, na-

val architecture and acoustic devices. Due to its extensive spec-

trum of applications in engineering and science, the investiga-

tion of fluid flow over different geometrical shapes such as ver-

tical cones and wedges has attracted considerable interest from 

researchers. These flow configurations are crucial in various in-

dustrial and technological operations, including fibre produc-

tion, advanced thermal aerodynamics, cooling of nuclear sys-

tems, surface modification, spray deposition techniques, and 

polymer fabrication. Consequently, a substantial amount of an-

alytical and computational investigations have led to explore the 

flow behaviour of Newtonian as well as non-Newtonian fluids 

across such geometrical domains. 

Dawar et al. [1] analysed the convective transport of Wil-

liamson’s nanoliquid through wedge and cone geometries by 

employing convective boundary conditions. The flow was stud-

ied under varying thermal and solutal conditions that were not 

uniform across the surface. Kumar et al. [2] explored the laminar 

flow of a Newtonian composite nanofluid containing various na-

noparticles embedded in a basic fluid, considering both temper-

ature-dependent and exponentially changing spatial heat gener-

ation over an isothermal wedge. Yahaya et al. [3] examined 

steady-state hybrid nanoliquid flowing over a penetrable, non-

isothermal wedge and cone, incorporating the influence of radi-

ation and convective boundary conditions in their heat transmis-

sion analysis. Sushila et al. [4] analysed the heat transmission 

behaviour of TiO2 – CuO/water hybrid nanoliquid flowing over 

both static and moving wedges, taking into account the effects 

of thermal radiation and magnetic field within a porous medium. 

Mixed convection represents fluid flow in which both forced 

convection, caused by external pressure gradients, and free con-

vection, resulting from buoyancy forces, act simultaneously. 

This type of flow plays a substantial role in an extensive array 

of applications, like low-speed heat exchangers, cooling of elec-

tronic components, crystal formation, underground cable net-

works, chemical manufacturing, lubrication systems, boilers, 

emergency cooling in nuclear reactors, solar thermal systems, 

defrosting mechanisms, atmospheric circulation, vehicle wind-

shield demisters, and ocean currents. Ramzan et al. [5] inspected 

mixed convection flow of a ternary hybrid nanoliquid over 

wedge and cone geometries characterised by non-isothermal and 

non-isosolutal distributions. Reddy et al. [6] investigated mixed 

convective magnetohydrodynamics (MHD) radiative flow of a 

Williamson’s nanoliquid over a wedge, including the influence 

of inner heat generation and binary chemical reactions. The 

mixed convective heat and mass transfer behaviour of a mag-

neto-nanofluid over a moving vertical plate, including thermal 

radiation, was examined by Chandra Reddy et al. [7]. The influ-

ence of time-dependent MHD mixed convection on hybrid 

nanofluid flow past a nonlinearly stretching surface in a porous 

medium was investigated by Mathews and Hymavathi [8]. 

The study of fluid flow involving chemical reactions is vital 

due to its substantial influence on both environmental and indus-

trial operations. Such reactions play a crucial role in a wide-

spread range of applications, such as nuclear reactor systems,  
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atomic energy generation, plastic fabrication, cable insulation 

processes, and many other industrial sectors. Amit and Shalini 

[9] conducted a numerical study on the influence of a nonlinear 

chemically reacting MHD convective flow of Maxwell liquid 

over penetrable surfaces, including a vertical cone/wedge/plate. 

AL Garalleh [10] investigated the mixed convection flow of  

a ternary hybrid nanoliquid composed of TiO2, Al2O3 and SiO2 

over a stretched/shrunk wedge, considering the combined influ-

ences of chemical reaction and activation energy. Arabi  

et al. [11] explored the convection behaviour of a Williamson 

hybrid nanoliquid flowing over wedge and cone geometries 

within a porous surface, considering various nanoparticle shapes 

and the effect of a chemical response. 

The study of temperature distribution influenced by heat 

generation (absorption) in moving fluids plays a crucial role in 

numerous physical contexts, including chemical reaction pro-

cesses and the behaviour of dissociating fluids. Numerous in-

vestigations in the literature focus on heat transmission in the 

laminar flow of viscous liquids. In some works, heat generation 

is modelled either as a constant or as a function of spatial coor-

dinates, while others have incorporated the effects of frictional 

heating and fluid expansion. Vajravelu and Nayfeh [12] investi-

gated MHD convection along cone and wedge surfaces, consid-

ering variable surface temperatures and the presence of inner 

heat absorption/generation. Rekha et al. [13] studied the influ-

ence of a uniform heat sink/source on the flow of an incompress-

ible nanofluid over cone and wedge geometries within a perme-

able medium. The influence of heat generation and thermal ra-

diation under exponentially varying temperature and concentra-

tion conditions was investigated by Chandra Reddy et al. [14]. 

The same authors, in [15], carried out a numerical investigation 

of free convection heat and mass transfer characteristics in  

a heat-producing magneto-nanofluid past a vertically moving 

plate. Mathews and Hymavathi [16] explored the effects of 

a magnetic field, viscous dissipation, thermal radiation and in-

ternal heat generation/absorption on flows involving metallic 

and oxide nanoparticles over a permeable stretching sheet. 

By applying the MATLAB BVP4C boundary-value problem 

solver, Ali et al. [17,18] numerically explored the influence of 

various nanoparticle shape factors, including blade, brick, cylin-

drical, platelet, and spherical forms, on nanofluid flow cha- 

racteristics, considering unsteady SiO2 – H2O motion along  

a stretchable cylinder and steady EG–Cu flow over a fixed 

stretching surface under Joule heating effects. Shahzad  

et al. [19] examined the characteristics of axisymmetric liquid 

film flow and the associated heat transfer over a time-dependent 

radially stretching surface, accounting for the influence of an ap-

plied transverse magnetic field. Zaman et al. [20] explored the 

thermal behaviour of Williamson nanofluids incorporating up-

ward-moving motile thermophilic microorganisms along wedge 

and cone surfaces and further enhanced their study by employ-

ing an artificial neural network to support the numerical find-

ings. Ahmed et al. [21] investigated the effects of thermal radi-

ation on chemically reactive MHD hybrid nanofluid flow over 

elastically deformable wedge, plate, and cone configurations, 

while also accounting for surface tension gradients, Joule heat-

ing, and permeability of the medium. Sadiya et al. [22] analysed 

the simultaneous effects of these parameters on the flow behave-

iour of a ternary nanofluid moving through a porous medium 

over a rotating and stretching surface. Qureshi et al. [23] con-

ducted a machine-learning-based analysis of MHD radiative ter-

nary hybrid nanofluid flow, comprising multi-walled carbon 

nanotubes (MWCNTs) and Au/Ag nanoparticles suspended in 

blood, over a porous stretching sheet. 

A thorough examination of existing literature demonstrates 

that the mixed convection flow of a chemically reactive 

Al2O3 – Cu/H2O hybrid nanofluid over wedge and cone geome-

tries, considering the simultaneous influence of heat generation 

(absorption) and chemical reaction effects, remains uninvesti-

gated. Aiming to address this gap, the present analysis explores 

the governing factors of heat and mass transfer in the flow sys-

tem and builds upon the study of Yahaya et al. [3] by introducing 

heat generation within the boundary layer. The novelty of this 

study lies in its numerical assessment of how thermal and solutal 

Grashof numbers, together with heat generation (absorption) 

and chemical reaction factors, affect the behaviour of the hybrid 

nanoliquid over non-isothermal and non-isosolutal wedge and 

cone surfaces. A comparative evaluation between the two geom-

etries is carried out to highlight the influence of the selected 

physical elements. This problem is tackled using the BVP5C nu-

merical solver. Graphical representations are used to illustrate 

the influence of key variables, and tables are provided to report 

skin friction, mass and heat transmission rates for chosen param-

eter values. The results show strong consistency and offer valu-

able insights into the transport phenomena involved. 

2. Mathematical modelling 

This research presents a numerical exploration of steady-state, 

laminar, 2D incompressible mixed convective flow of a chemi-

cally reactive hybrid nanofluid composed of Al2O3 – Cu/H2O 

over vertical non-isothermal and non-isosolutal cone and wedge 

configurations, accounting for the impact of heat generation or 

absorption. Initially, a nanofluid is prepared by scattering copper 

(Cu) nanoparticles into water (H2O), the basic fluid, with the 

volume fraction represented by 1. This Cu – H2O nanofluid is 

then further modified into a hybrid nanofluid, Al2O3 – Cu/H2O, 

by incorporating aluminium oxide (Al2O3) nanoparticles, known 

for their superior thermal conductivity at a designated volume 

fraction 2. This study assumes that the nanoparticles are uni-

formly shaped and sized and that thermal equilibrium exists be-

tween the basic liquids and the suspended nanoparticles. 

Figure 1 demonstrates the configuration and co-ordinate sys-

tem for the 2D flow scenario, here the x–axis runs along the sur-

face area of the cone or wedge and the y–axis is oriented perpen-

dicular to it. The stretched velocity of the surface is defined as 

uw = vf‧x/l2, and the liquid occupies the area y ≥ 0. The surface 

temperature distribution is modelled as Tw(x) = T + 𝑎𝑥𝑠1 , while 

the nanoparticle concentration at the surface is given by  

Cw(x) = 𝐶∞ + 𝑏𝑥𝑠2 , with the exponents s1 and s2 governing the 

spatial variation of temperature and concentration, respectively. 

A value of s1 = 0 represents a surface with constant temperature 

(isothermal), and s2 = 0 indicates a surface with uniform nano-

particle concentration (isosolutal). The cone or wedge is charac-

terised by a half-angle α, with its radius defined as r = x sinα.  

 



Ramprasad C., Maheswari C., Naga Lakshmi B., Mohan T.M., Ramana R.M.  
 

102 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
The two geometric configurations, cone and wedge, are dis-

tinguished using the following criteria: 

i) for 𝛼 ≠ 0 and 𝑛 = 0, the structure corresponds to a wedge, 

ii) for 𝛼 ≠ 0 and 𝑛 = 1, the configuration represents a cone.  

Taking into account the aforementioned suppositions, the 

equations that govern this flow problem are established as fol-

lows [1,3,5,24]:  

 
𝜕

𝜕𝑥
(𝑟𝑛𝑢) +  

𝜕

𝜕𝑦
(𝑟𝑛𝑣) = 0, (1) 

 𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣  

𝜕𝑢

𝜕𝑦
=

𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓

𝜕2𝑢

𝜕𝑦2 +  

 +𝑔  [𝛽𝑇(𝑇 − 𝑇∞) + 𝛽𝑐(𝐶 − 𝐶∞)]cos 𝛼, (2) 

 𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣  

𝜕𝑇

𝜕𝑦
=

𝑘ℎ𝑛𝑓

(𝜌 𝐶𝑝)
ℎ𝑛𝑓

𝜕2𝑇

𝜕𝑦2 +  

 −
1

(𝜌 𝐶𝑝)
ℎ𝑛𝑓

𝜕𝑞𝑟

𝜕𝑦
+

𝑄∗

(𝜌 𝐶𝑝)
ℎ𝑛𝑓

(𝑇 − 𝑇∞), (3) 

 𝑢
𝜕𝐶

𝜕𝑥
+ 𝑣  

𝜕𝐶

𝜕𝑦
= 𝐷ℎ𝑛𝑓

𝜕2𝐶

𝜕𝑦2 − 𝐾∗(𝐶 − 𝐶∞). (4) 

The corresponding boundary constraints [3,5] are:  

at 𝑦 = 0: 

 𝑢 = 𝑢𝑤 ,   𝑣 = 𝑣𝑤 , −𝑘ℎ𝑛𝑓
𝜕𝑇

𝜕𝑦
= ℎ𝑓(𝑇𝑤 − 𝑇),   𝐶 = 𝐶𝑤, (5a) 

as 𝑦 ⟶ ∞ 

 𝑢 ⟶ 0,        𝑇 ⟶ 𝑇∞,       𝐶 ⟶ 𝐶∞. (5b) 

To simplify the analysis, the following similarity transfor-

mations are introduced [1,3]: 

 𝜂 =  
𝑦

𝑙
 ,         𝑢 = (

𝜈𝑓𝑥

𝑙2 ) 𝑓′(𝜂),  

 𝑣 = − (
𝜈𝑓

𝑙
) (1 + 𝑛)𝑓(𝜂),       𝜃(𝜂) =

𝑇−𝑇∞

𝑇𝑤−𝑇∞
 , (6) 

 𝜙(𝜂) =
𝐶−𝐶∞

𝐶𝑤−𝐶∞
.  

Upon applying the similarity parameters defined by Eq. (6) 

to the governing Eqs. (1) to (4), it is observed that Eq. (1) is 

naturally satisfied, while Eqs. (2)−(4) are simplified to the non-

linear ODEs shown below: 

 𝑅1𝑓′′′ + 𝑅2(1 + 𝑛)𝑓𝑓′′ − 𝑅2𝑓′2 +  

 +𝑅2(Gr𝜃 + Gc𝜙) cos𝛼 = 0, (7) 

 (𝑅4 +
4

3
𝑅𝑑) 𝜃′′ + Pr 𝑄 𝜃 + Pr𝑅3 (1 + 𝑛)𝑓𝜃′ +  

 − 𝑠1Pr𝑅3𝑓′𝜃 = 0, (8) 

 𝜙′′ +
Sc

𝑅5
[(1 + 𝑛)𝑓𝜙′ − 𝑠2𝑓′𝜙 − 𝑅𝑐𝜙] = 0. (9) 

Here:  

 𝑅1 =
𝜇ℎ𝑛𝑓

𝜇𝑓
,  𝑅2 =

𝜌ℎ𝑛𝑓

𝜌𝑓
,  𝑅3 =

(𝜌𝐶𝑝)
ℎ𝑛𝑓

(𝜌𝐶𝑝)
𝑓

,  𝑅4 =
𝑘ℎ𝑛𝑓

𝑘𝑓
, 𝑅5 =

𝐷ℎ𝑛𝑓

𝐷𝑓
.  

The corresponding boundary constraints are transformed to: 

 𝑓′(0) = 𝜙(0) = 1,     𝑓(0) = 𝑆
1

1+𝑛
,     𝜃′(0) = −Bi

(1−𝜃(0))

𝑅4
,  

 𝑓′(∞) = 𝜙(∞) =  𝜃(∞) = 0. (10) 

Dimensionless quantities utilised in the governing equations 

are defined as follows [1,3,5,25]: 

 thermal Grashof number: Gr =
𝑙2𝑔𝛽𝑇(𝑇𝑤−𝑇∞)

𝜈𝑓𝑢𝑤
 , 

 mass Grashof number: Gc =
𝑙2𝑔𝛽𝐶(𝐶𝑤−𝐶∞)

𝜈𝑓𝑢𝑤
 , 

 heat generation/absorption: 𝑆 = −
𝑙𝑣𝑤

𝜈𝑓
 (𝑆 > 0 indicating 

suction and 𝑆 < 0 indicating injection),  

 Biot number: Bi =
ℎ𝑓𝑙

𝑘𝑓
 , 

 Schmidt number: Sc =
𝜈𝑓

𝐷𝑓
, 

 chemical reaction parameter: 𝑅𝑐 =
𝐾∗𝑙2

𝜈𝑓
 . 

As per Rosseland’s [26] diffusion estimate, the radiative heat 

flux qr is formulated in the following manner, as outlined in ref-

erences [27−29]: 

 𝑞𝑟 = −
4

3

𝜎∗

𝑘∗

𝜕𝑇4

𝜕𝑦
.  

The factors k* and 𝜎* designate the mean absorption coeffi-

cient and Stefan–Boltzmann constant respectively. By applying 

a Taylor’s series extension to T4 around the ambient temperature 

T and avoiding higher order terms, the expression streamlines 

to: T4 ≈ 4 T
3T − 3 T

4.  

Physical and thermal characterisations of the basic liquid 

H2O and nanoparticles Al2O3, Cu, along with those of the hybrid 

nanofluid Al2O3 – Cu/H2O, are presented in Tables 1 and 2 given 

below. 

 

 

 

 

 

 

 

 

 

Fig. 1. Flow configuration schematic representation. 

Table 1. Al2O3, Cu and H2O thermo-physical properties [33,34]. 

Properties Cu Al2O3 H2O 

Cp, J/(kg K) 385 765 4179 

𝝆, kg/m3 8933 3970 997.1 

k, W/(m K) 400 40 0.613 

Pr   6.2 
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The key physical quantities appropriate to the current prob-

lem are discussed as follows: 

 𝐶𝑓 =
𝜇ℎ𝑛𝑓

𝜌𝑓𝑢𝑤
2 (

𝜕𝑢

𝜕𝑦
)

𝑦=0
, (11a) 

 Nu𝑥 =
−𝑥

𝑘𝑓(𝑇𝑤−𝑇∞)
[(𝑘ℎ𝑛𝑓

𝜕𝑇

𝜕𝑦
)

𝑦=0
− (𝑞𝑟)𝑦=0], (11b) 

 Sh𝑥 =
−𝑥

𝐷𝐵(𝐶𝑤−𝐶∞)
(

𝜕𝐶

𝜕𝑦
)

𝑦=0
. (11c) 

Substituting the similarity variables defined in Eq. (6) into 

Eq. (11) yields the non-dimensional forms of the physical quan-

tities, as presented below: 

 Re𝑥
1/2

𝐶𝑓 = 𝑅1𝑓′′(0), (12a) 

 Re𝑥
−1/2

Nu𝑥 = − (𝑅4 +
4

3
𝑅𝑑 ) 𝜃′(0), (12b) 

 Re𝑥
−1/2

Sh𝑥 = − ′(0). (12c) 

3. Method of solution 

The system of Eqs. (7) to (9), along with the corresponding 

boundary constraints, is solved numerically by utilising the 

BVP5C solver available in MATLAB. To implement this 

method, all higher-order differential equations (DEs) are first re-

duced to a set of first-order equations. The formulation of the 

problem and procedural flow of the BVP5C technique are illus-

trated in Fig. 2. 

Let:  

 𝑓 = 𝑦1,   
𝑑𝑓

𝑑𝜂
=

𝑑𝑦1

𝑑𝜂
= 𝑦2,   

𝑑2𝑓

𝑑𝜂2 =
𝑑𝑦2

𝑑𝜂
= 𝑦3,   

𝑑3𝑓

𝑑𝜂3 =
𝑑𝑦3

𝑑𝜂
, (13) 

 𝜃 = 𝑦4,     
𝑑𝜃

𝑑𝜂
=

𝑑𝑦4

𝑑𝜂
= 𝑦5,     

𝑑2𝜃

𝑑𝜂2 =
𝑑𝑦5

𝑑𝜂
, (14) 

 𝜙 = 𝑦6,     
𝑑𝜙

𝑑𝜂
=

𝑑𝑦6

𝑑𝜂
= 𝑦7,     

𝑑2𝜙

𝑑𝜂2 =
𝑑𝑦7

𝑑𝜂
. (15) 

Substitution of Eqs. (13)–(15) into Eqs. (7)–(9) yields the 

transformed equations given below: 

 

 𝑅1
𝑑𝑦3

𝑑𝜂
+ 𝑅2(1 + 𝑛)𝑦1𝑦3 − 𝑅2𝑦2

2 +  

 +𝑅2(Gr 𝑦4 + Gc 𝑦6) cos𝛼 = 0, (16) 

 (𝑅4 +
4

3
𝑅𝑑)

𝑑𝑦5

𝑑𝜂
+  

 +Pr(𝑄 𝑦4 + 𝑅3(1 + 𝑛)𝑦1𝑦5 − 𝑠1𝑅3𝑦2𝑦4) = 0, (17) 

 
𝑑𝑦7

𝑑𝜂
+

Sc

𝑅5
[(1 + 𝑛)𝑦1𝑦7 − 𝑠2𝑦2𝑦6 − 𝑅𝑐 𝑦6] = 0, (18) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
along with the boundary constraints:  

 𝑦1(0) =
𝑆

1+𝑛
,    𝑦2(0) = 𝑦6(0) =  1,    

 𝑦5(0) = −
Bi(1−𝑦4(0))

𝑅4
, (19) 

 𝑦2(∞) =  𝑦4(∞) = 𝑦6(∞) = 0, (20) 

 
𝑑𝑦3

𝑑𝜂
=

−𝑅2(1+𝑛)𝑦1𝑦3+𝑅2𝑦2
2−𝑅2(Gr 𝑦4+Gc 𝑦6) cos𝛼

𝑅1
, (21) 

 
𝑑𝑦5

𝑑𝜂
=  

−Pr(𝑄𝑦4+𝑅3(1+𝑛)𝑦1𝑦5−𝑠1𝑅3𝑦2𝑦4)

(𝑅4+
4

3
𝑅𝑑)

, (22) 

 
𝑑𝑦7

𝑑𝜂
= −

Sc

𝑅5
[(1 + 𝑛)𝑦1𝑦7 − 𝑠2𝑦2𝑦6 − 𝑅𝑐 𝑦6]. (23) 

The BVP5C solver generates a solution that is continuous 

and possesses a continuous first-order derivative over the inter-

val [0, ∞]. Equations (19)–(23) are programmed in MATLAB, 

and their solutions are obtained using the BVP5C routine. This 

approach ensures that the convergence criteria are adequately 

met 10−6. 

4. Results and discussion  

This section presents graphical illustrations of the temperature 

θ(η), velocity f (η) and concentration (η) distributions for the 

 

Fig. 2. Iterative BVP5C solution flowchart. 

Table 2. Al2O3 – Cu/H2O hybrid nanoliquid thermo-physical properties 

[1,5,30−32]. 

Properties Al2O3 – Cu/H2O hybrid nanoliquid 

Viscosity 
(𝝁) 

𝜇ℎ𝑛𝑓 =  
𝜇𝑓

(1 − 𝜙1 − 𝜙2)2.5
 

Density (𝝆) 𝜌ℎ𝑛𝑓 = 𝜙2𝜌2 + 𝜙1𝜌1 + (1 − 𝜙1 − 𝜙2)𝜌𝑓 

Heat  
capacity 
(𝝆𝑪𝒑) 

(𝜌𝐶𝑝)
ℎ𝑛𝑓

= 

= 𝜙2(𝜌𝐶𝑝)
2

+ 𝜙1(𝜌𝐶𝑝)
1

+ (1 − 𝜙1 − 𝜙2)(𝜌𝐶𝑝)
𝑓

 

Thermal  
conductiv-
ity (k) 

𝑘ℎ𝑛𝑓

𝑘𝑓

= 

=

𝜙2𝑘2 + 𝜙1𝑘1

𝜙2 + 𝜙1
+ 2𝑘𝑓 + 2(𝜙2𝑘2 + 𝜙1𝑘1) − 2(𝜙2 + 𝜙1)𝑘𝑓

𝜙2𝑘2 + 𝜙1𝑘1

𝜙2 + 𝜙1
+ 2𝑘𝑓 − (𝜙2𝑘2 + 𝜙1𝑘1) + (𝜙2 + 𝜙1)𝑘𝑓

 

Diffusion  
coefficient 
(D)  

𝐷ℎ𝑛𝑓 = (1 − 𝜙1 − 𝜙2)𝐷𝑓 
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hybrid nanofluid Al2O3 – Cu/H2O flowing over a vertical, non-

isothermal and non-isosolutal, penetrable wedge and cone.  

A comparative assessment of the cone and wedge geometries is 

carried out to evaluate how the leading governing factors impact 

the flow, temperature and concentration characteristics. The in-

fluence of various factors, such as thermal Grashof number Gr, 

mass Grashof number Gc, heat absorption or generation param-

eter Q, radiation parameter Rd, Schmidt number Sc, chemical 

reaction parameter Rc, Biot number Bi, and suction para- 

meter S, on these distributions is analysed and discussed. To ex-

plore the physical performance of the structure, the boundary 

value problem stated in Eqs. (16)–(20) is solved utilising 

MATLAB’s BVP5C solver. The results are provided in both 

graphical and tabular representations to provide a comprehen-

sive understanding of the underlying physical mechanism. A de-

tailed investigation has been conducted on the skin friction co-

efficient, Sherwood number and Nusselt number with respect to 

the major influencing parameters. 

The effect of thermal Grashof number, ranging be- 

tween 1 ≤ Gr ≤ 8, on f (η), θ(η) and (η) distributions of  

Al2O3 – Cu/H2O hybrid nanoliquid flowing over a wedge and 

cone is presented in Figs. 3 to 5.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As the values of Gr increase, the velocity distribution rises, 

while the temperature and concentration distributions exhibit 

a decreasing tendency. An increase in Gr reduces the boundary 

layer thickness due to stronger buoyancy forces generated by 

temperature transformations. This enhances the liquid motion 

and raises the velocity distribution. This increased acceleration 

promotes more effective mixing and advection, resulting in  

a dilution phenomenon that reduces solute concentration. As  

a result, the concentration boundary layer becomes thinner, fur-

ther diminishing the concentration distribution. In addition, 

larger temperature gradients produce stronger buoyant forces, 

which enhance convective heat transfer. This intensified con-

vection helps dissipate heat more efficiently, thereby reducing 

the liquid’s temperature. The impact is more pronounced for the 

wedge compared to the cone. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figures 6 to 8 depict the influence of the mass Grashof num-

ber, ranging between 0.1 ≤ Gc ≤ 0.9, on f (η), θ(η) and (η) pro-

files for both wedge and cone configurations. In a manner simi-

lar to Gr, increasing Gc enhances the f (η) profile, whereas θ(η) 

and (η) profiles show a decreasing trend.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5.Thermal Grashof number’s effect on concentration profile. 

 

Fig. 3. Thermal Grashof number’s effect on velocity profile. 

 

Fig. 4. Thermal Grashof number’s effect on temperature profile. 

 

Fig. 6. Mass Grashof number’s effect on velocity profile. 

 

Fig. 7. Mass Grashof number’s effect on temperature profile. 



Mixed convective chemically reacted hybrid nanofluid flowing over a non-isothermal/non-isosolutal …  
 

105 
 

This phenomenon arises because the mass Grashof number 

is directly associated with buoyancy forces; as Gc rises, buoy-

ancy effects become more significant, thereby accelerating the 

fluid flow. It is also witnessed that the impact of Gc is more pro-

nounced for the wedge compared to the cone in all three profiles. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 9 illustrates the variation in the θ(η) profile with cu-

mulative values of the radiation parameter, within the range 

1 ≤ Rd ≤ 2, for both the wedge and cone. It is noted that as Rd 

increases, the temperature distribution in the Al2O3 – Cu/H2O 

hybrid nanofluid rises for both geometries. This occurs because 

a higher Rd indicates greater thermal radiation, which contrib-

utes additional energy to the fluid. Accordingly, more heat is 

absorbed by the hybrid nanofluid particles, leading to a thicker 

thermal boundary layer and an elevated temperature profile.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 10 illustrates the effect of increasing the heat genera-

tion parameter, within the range 1.1 ≤ Q ≤ 1.3, on the θ(η) profile 

for both the wedge and cone geometries. As Q increases, more 

thermal energy is transferred to the hybrid nanofluid, leading to 

a rise in stored internal energy within the liquid particles. This 

results in a thicker boundary layer and a corresponding rise in 

the temperature profile.  

Figure 11 presents the variation of the temperature profile 

θ(η) of the hybrid nanoliquid with respect to changes in the wall 

temperature parameter 1 ≤ s1 ≤ 2, for both wedge and cone ge-

ometries. It is evident that θ(η) reduces with the increasing  

s1 value. This reduction is due to the strong influence of higher 

s1 values on the thermal boundary layer, which becomes thinner, 

resulting in a lower temperature distribution. Among these three 

parameters, their effects on θ(η) are found to be more important 

in the case of the wedge compared to that of the cone. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figures 12 to 14 demonstrate the influence of the chemical 

reaction factor (1 ≤ c ≤ 3), Schmidt number (2 ≤ Sc ≤4), and wall 

concentration parameter (1 ≤ s2 ≤ 3) on the (η) profile for both 

the wedge and cone. The plots reveal a consistent decline in (η) 

with the increasing values of Rc, Sc and s2. This behaviour is 

attributed to the inverse relationship between viscosity and the 

chemical reaction rate; an increase in Rc results in a reduction 

of both viscosity and concentration distribution. Similarly, a rise 

in Sc implies a decrease in the molecular diffusivity of the liq-

uid, which in turn diminishes the concentration levels within the 

boundary layer. Regarding the wall concentration factor, as  

s2 upsurges, the boundary layer becomes thinner, leading to  

a decrease in the concentration profile. In all these three cases, 

the decrease in 𝜙(𝜂) is more pronounced for the cone configu-

ration than for the wedge.  

Figures 15 to 17 present the impact of the suction factor 

within the range 1 ≤ S ≤ 2 on f (η), θ(η) and (η) profiles for 

both cone and wedge. As S increases, all three profiles exhibit 

a downward trend. This behaviour is attributed to the stronger 

suction drawing liquid toward the surface, which modifies the 

boundary layer and reduces the fluid velocity. The inward pull 

of the fluid lessens surface friction, thereby increasing the rate 

of heat transfer and resulting in a decreased θ(η) distribution. 

Suction also eliminates low-energy fluid near the surface, effect-

 

Fig. 10. Heat source factor’s influence on temperature profile. 

 

Fig. 8. Mass Grashof number’s effect on concentration profile. 

 

Fig. 9. Thermal radiation parameter’s influence on temperature profile. 

 

Fig. 11. Wall temperature parameter’s influence on temperature profile. 
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tively drawing the hybrid nanoliquid closer to the wedge or cone 

surfaces. The decline in f (η), θ(η) and (η) is more significant 

in the case of the cone than in the wedge.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 18 illustrates the effect of Biot number, ranging be-

tween 1 ≤ Bi ≤ 2, on the θ(η) profile for both the cone and wedge.  

Bi represents the ratio of convective heat transfer at the surface 

to conductive heat transfer within the surface. An increase in Bi 

indicates stronger convective heat exchange between the cone 

and wedge surface and the neighbouring hybrid nanofluid. As  

a result, θ(η) increases, leading to a thicker thermal boundary 

layer. This influence is more important in the wedge configura-

tion than in the case of the cone. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Tables 3 and 4 demonstrate the effects of Gr, Gc, Rd, Q, Sc 

and Rc on the skin friction coefficient Cf, Nusselt number Nux 

and Sherwood number Shx for the hybrid nanofluid  

Al2O3 – Cu/H2O over both cone and wedge geometries. The 

computations are carried out with fixed values: 1 = 2 = 0.02,  

𝛼 = π/4, s1 = s2 = 1, Sc = 0.2, Rd = Q = Gr = Gc = Rc = S =  

 

Fig. 12. Chemical reaction parameter’s effect on concentration profile. 

 

Fig. 13. Schmidt quantity’s effect on concentration profile. 

 

Fig. 14. Wall concentration parameter’s effect on concentration profile. 

 

Fig. 15. Suction factor’s influence on velocity profile. 

 

Fig. 16. Suction factor’s influence on temperature profile. 

 

Fig. 17. Suction factor’s influence on concentration profile. 

 

Fig. 18. Biot number’s influence on the temperature profile. 
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Bi = 0.5. Note that when evaluating the impact of a specific pa-

rameter, all other parameters are kept constant to isolate its ef-

fect on Cf, Nux and Shx. 

Tables 3 and 4 indicate that an increase in Gr from 0.1 to 0.4 

leads to a slight rise in Cf, Nux and Shx for both cone and wedge 

configurations. For the cone, these values are increased by ap-

proximately 0.4%, 0.003% and 0.03%, respectively, while for 

the wedge, the corresponding increases are about 0.7%, 0.006% 

and 0.04%. When Gc is increased from 0.1 to 1.0, noticeable 

enhancements are observed. For the cone, Cf, Nux and Shx in-

crease by approximately 31%, 0.5% and 8%, respectively, while 

for the wedge, the corresponding increases are about 38%, 0.8% 

and 8%. As Rd increases from 1.0 to 2.5, the cone configuration 

shows increases of approximately 0.8% in Cf, 55% in Nux and 

0.1% in Shx. For the wedge, the corresponding increases are 

about 1.4%, 53% and 0.2%, respectively. As Q increases from 

0.1 to 0.4, both Cf and Shx exhibit slight increases by 0.06% and 

0.01%, respectively, for the cone and by 0.15% and 0.01% for 

the wedge. In contrast, Nux decreases by 0.6% for the cone and 

1% for the wedge. As 0.2 ≤ Sc ≤ 0.5, both Cf and Nux decrease 

by 6% and 0.1% for the cone and by 7% and 0.2% for the wedge, 

respectively. In contrast, Shx shows a substantial increase of 

76% for the cone and 73% for the wedge. Lastly, increasing Rc 

from 0.5 to 0.8 results in slight reductions in Cf and Nux by 0.9% 

and 0.02% for the cone, and by 1.18% and 0.03% for the wedge. 

Meanwhile, Shx increases by 9% for the cone and 10% for the 

wedge.  

To ensure the validity of the present model, Tables 5 and 6, 

along with the bar diagrams shown in Figs. 19 and 20, present 

the computed values of −f  "(0) and −θ (0) for the specific case 

when 1 = 0.00001 and all other parameters 2, Rd, s2, Q, Gr, 

Gc, Sc and Rc are set to zero, with Bi = 106. The outcomes 

demonstrate strong agreement with the existing results reported 

Table 3.Influences of Gr, Gc, Rd, Q, Sc and Rc on Cf and Nux for both the cone and wedge. 

Gr Gc Rd Q Sc Rc 
Cf Nux 

Cone Wedge Cone Wedge 

0.1 
0.2 
0.3 
0.4 

     

−1.411734 
−1.409805 
−1.407876 
−1.405948 

−1.176412 
−1.173662 
−1.170915 
−1.168170 

0.616064 
0.616071 
0.616077 
0.616083 

0.605640 
0.605653 
0.605667 
0.605681 

 

0.1 
0.4 
0.7 
1.0 

    

−1.642275 
−1.460673 
−1.294884 
−1.139337 

−1.420108 
−1.226097 
−1.048459 
−0.881631 

0.614557 
0.615756 
0.616690 
0.617470 

0.603147 
0.605161 
0.606633 
0.607814 

  

1.0 
1.5 
2.0 
2.5 

   

−1.400719 
−1.397266 
−1.393672 
−1.389945 

−1.160468 
−1.155199 
−1.149638 
−1.143819 

0.765981 
0.911128 
1.051824 
1.188288 

0.749786 
0.887971 
1.020541 
1.147751 

   

0.1 
0.2 
0.3 
0.4 

  

−1.405233 
−1.404964 
−1.404675 
−1.404361 

−1.167917 
−1.167401 
−1.166823 
−1.166172 

0.621241 
0.620081 
0.618843 
0.617516 

0.614034 
0.612257 
0.610299 
0.608127 

    

0.2 
0.3 
0.4 
0.5 

 

−1.404021 
−1.441769 
−1.470497 
−1.492936 

−1.165427 
−1.199960 
−1.227122 
−1.249013 

0.616090 
0.615791 
0.615558 
0.615375 

0.605693 
0.605267 
0.604919 
0.604632 

     

0.5 
0.6 
0.7 
0.8 

−1.404021 
−1.408361 
−1.412498 
−1.416448 

−1.165427 
−1.170228 
−1.174799 
−1.179155 

0.616090 
0.616056 
0.616024 
0.615993 

0.605693 
0.605635 
0.605580 
0.605527 

 

Table 4. Influences of Gr, Gc, Rd, Q, Sc and Rc on Shx for both the cone 

and wedge.  

Gr Gc Rd Q Sc Rc 
Shx 

Cone Wedge 

0.1      0.606284 0.571215 

0.2      0.606336 0.571292 

0.3      0.606387 0.571368 

0.4      0.606439 0.571445 

 0.1     0.582707 0.550370 

 0.4     0.601217 0.566799 

 0.7     0.616125 0.580182 

 1.0     0.628864 0.591689 

  1.0    0.606641 0.571756 

  1.5    0.606824 0.572047 

  2.0    0.607042 0.572397 

  2.5    0.607293 0.572802 

   0.1   0.606447 0.571426 

   0.2   0.606456 0.571445 

   0.3   0.606467 0.571467 

   0.4   0.606478 0.571492 

    0.2  0.606491 0.571521 

    0.3  0.773045 0.721728 

    0.4  0.925505 0.858809 

    0.5  1.067523 0.986330 

     0.5 0.606491 0.571521 

     0.6 0.625225 0.590917 

     0.7 0.643397 0.609699 

     0.8 0.661046 0.627916 
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in [3,35,36] for the cone configuration, thereby supporting the 

accuracy of the present formulation.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5. Conclusions  

This work presents a mathematical model for analysing the 

steady, laminar, two-dimensional mixed convective flow  

of a chemically reactive hybrid nanoliquid consisting of  

Al2O3 – Cu/H2O over vertical non-isothermal/non-isosolutal 

wedge and cone surfaces, incorporating the influence of the heat 

generation factor. The nonlinear ODE system is numerically 

solved using MATLAB’s BVP-5C solver. The key findings de-

rived from this analysis are outlined below: 

 As the values of Gr increase, an enhancement in the veloc-

ity profile is observed, whereas both concentration and 

temperature profiles tend to decline. A similar performance 

is noted for Gc as well.  

 Rising values of Rd, Q  and Bi leads to a rise in the temper-

ature distribution of the hybrid nanoliquid for both geome-

tries, whereas an opposite behaviour is noticed with the rise 

in s1.  

 A consistent decline in (η) is observed with increasing 

values of Rc, Sc and s2. With an increase in S, all three pro-

files f (η), θ(η) and (η) show a decreasing trend.  

 An increase in Gr, Gc, Rd and Q leads to a rise in the skin 

friction coefficient, whereas Rc produces a contrasting ef-

fect. The rate of heat transfer, represented by the Nusselt 

number, improves with higher Gr, Gc and Rd but declines 

as Q and Rc increase. Moreover, the Sherwood number is 

observed to increase with growing values of Gr, Gc, Rd, Q 

and Rc for cone and wedge geometries.  
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