
 

1. Introduction  

Artificial intelligence is the domain of emerging computers and 

robots that are capable of behaving in ways that both mimic and 

go beyond human capabilities. Programs having artificial intel-

ligence (AI) capabilities can interpret and analyse data to pro-

vide information or initiate activities automatically without hu-

man intervention. Machine learning is a branch of artificial in-

telligence that employs algorithms to automatically extract 

knowledge and identify trends from data, then use that 

knowledge to make ever-better decisions. Machine learning has 

a broad range of applications, including prognostication, design 

and speech recognition, optimisation and image processing 

[1−3]. A neural network is an artificial intelligence based model  
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Abstract 

The investigation of fluid flow and thermal behaviour near continuous moving surfaces is an active and important area of 
research with direct applications across numerous engineering processes. Physics-informed neural networks gain a significant 
role in fluid dynamics and engineering applications due to their ability to integrate physical laws directly into the learning 
process of neural networks. This work expands the use of physics-informed neural networks to address thermal and momen-
tum boundary layer issues of non-Newtonian fluid. The primary concern is to investigate momentum and thermal boundary 
layer under tangent hyperbolic non-Newtonian fluid flow circumstances. Due to the shear thinning and shear thickening 
behaviour of the non-Newtonian fluid, it has wide application in various domains. The physical constraints of the governing 
equations are solved using physics-informed neural networks. The models are constructed and trained using TensorFlow, and 
the predictions produced by this method are contrasted with those derived using Richardson extrapolation and adaptive mo-
ment estimation optimisation. The adaptive moment estimation optimiser is a well-known gradient-based optimisation tech-
nique that is frequently used in fluid dynamics, particularly when governing equations are solved using machine learning, 
deep learning, or physics-informed neural networks. The impact of various parameters has been analysed and shown graph-
ically. The Lorentz force opposes fluid motion, producing a retarding effect that decreases velocity. The Darcy and Forch-
heimer drag forces increase with decreasing porosity, resulting in substantial momentum suppression and less convective heat 
evacuation, which raises the local temperature.  
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Nomenclature 

a – radius of the cylinder, m 

bi – bias term of network 

B0 – magnetic field strength, Wb/m2 

Cp  – specific heat capacity, J/(kg K) 

Cf – skin friction, Pa 

Da – Darcy parameter 

Ec – Eckert number 

g ‒ gravitational acceleration, m/s2 

Gr – Grashof number  

kf – fluid thermal conductivity, W/(m K) 

K  – permeability, m2 

L2 ‒ error 

Ldata, Lphysics, LBC – data loss, physics loss, boundary condition loss  

M ‒ magnetic parameter 

Nu – Nusselt number 

p ‒ pressure, Pa 

Pr ‒ Prandtl number 

qw – wall heat flux, W/m2 

Q  – heat generation and absorption parameter 

Rd – thermal radiation parameter 

Re – Reynolds number, Re = 𝐷𝑣𝜌 / 

Rf, R, RBC – residuals of momentum equation, energy equation and  

       boundary condition  

t  – time, s 

T – temperature, K  

Tw – surface temperature, K 

T – ambient temperature, K  

u, v ‒ velocity components, m/s 

U – ambient velocity, m/s 

𝑤  ‒ weight of the network 

We ‒ Weissenberg number 

x, y ‒ horizontal and vertical coordinate axes, m   

 

Greek symbols 

𝛼  ‒ thermal diffusivity, m2/s  

𝜖  ‒ required tolerance 

𝜇  ‒ dynamic viscosity, Pa/s 

𝜈  ‒ kinematic viscosity, m2/s  

𝜉, 𝜂‒ dimensionless variables  

ρ – density, kg/m3  

𝜎  ‒ electrical conductivity, S/m 

𝜏𝑤  ‒ wall shear stress, Pa 

𝜃  ‒ dimensionless temperature  

𝜑  ‒ magnetic inclination angle, deg 

 

Abbreviations and Acronyms 

ADAM – adaptive moment estimation  

AI  – artificial intelligence  

FCN  – fully connected network 

ML  – machine learning 

MSE – mean squared error  

ODEs – ordinary differential equations 

PDEs – partial differential equations 

PINN – physics-informed neural network  

that is inspired by the brain's structure and operation. It pos-

sesses enormous applications in many sectors, such as computa-

tional materials and chemical sciences [4,5], pharmaceutical 

sector [6], biomedical sciences [7], climate forecasting [8], ro-

botics [9], and aerospace and mechanical engineering [10,11]. 

The neural network is motivated by the universal approximation 

theorem, which asserts that a feedforward neural network with 

at least one hidden layer may approximate any continuous func-

tion within some level of accuracy, especially for simple func-

tions [12]. A neural network is one of the main supervised ma-

chine learning models, wherein input data is transformed into 

associated outputs. Training is performed using a given dataset 

of input-output pairs to modify the network parameters such that 

the difference between estimated and actual values is mini-

mised. The method of convergence is through the optimisation 

of a loss function, usually quantified by mean squared error 

(MSE). This optimisation process relies on gradient-based algo-

rithms with automatic differentiation for the efficient backprop-

agation of errors and the tuning of the network's performance, 

Baydin et al. [13]. 

Figure 1 shows that the artificial intelligence is a broader 

concept, however, machine learning is a subset of AI. Super-

vised learning may also be used to solve differential equations. 

To solve a differential equation means that one is seeking a map-

ping of input physical variables provided to corresponding un-

known physical values, which are the estimated solution. A neu-

ral network is learned to approximate this solution in a non-lin-

ear way so that it can estimate the solution of the equation at any 

input point. Two major drawbacks are, however, present: first, 

the network has difficulty extrapolating solutions for input var-

iables outside the range of training data. Second, the training 

procedure can converge failing when dealing with a large da-

taset.  

Physics-informed neural network (PINN) is a machine learn-

ing framework that incorporates the laws of physics into the 

training section of a neural network. PINNs are designed by in-

corporating governing physical equations into the loss function 

as constraints, which helps to ensure precise output predictions 

even in areas with limited or no data. This section presents var-

ious strategies to apply PINNs to complex systems and prob-

lems. PINN involves minimising the residual of the governing 

differential equation evaluated at various points within the do-

main. Boundary conditions are incorporated either by announc-

ing soft constraints with corresponding boundary data values in 

the minimisation process or by strictly enforcing the solution 

with hard constraints. To get over this restriction, more physics-

based data are integrated into the classical neural network. In 

simulating physical  and  engineering  problems  represented  by  

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. Flow chart representation of artificial  

intelligence and machine learning. 
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differential equations, these methods are commonly referred to 

as physics-informed neural networks (PINNs). In these meth-

ods, the given set of data points, which are called collocation 

points, is utilised so that the learned solution obeys the govern-

ing differential equations. A new loss function, called physics 

loss, is added to the original loss function of the learning system. 

This second constraint punishes the training process, making the 

solution both partly driven by the initial data and partly by the 

physics underlying it, thus considerably limiting the solution 

space. With partial differential equations, little known data is 

needed. Therefore, PINN methods are regarded as more physics-

informed than data-driven methods. Cuomo et al. [14] investi-

gated the use of PINNs to approximate solutions to initial value 

problems. Bararnia and Esmaeilpour [15] examined thermal 

analysis of boundary layer flow with PINNs. They concluded 

that Pr in a heat equation is a crucial variable whose value sig-

nificantly alters the number of artificial neurons and layers 

needed to produce the intended effects. Due to the fascinating 

phenomena and applications of neural networks and PINNs in 

the fluid mechanics domain, there are many researchers who pay 

attention to scrutinising an approximate solution of a fluid prob-

lem [16−21]. 

Non-Newtonian fluids are important in engineering and 

manufacturing industries because of their special physical prop-

erties, especially their viscosity, which is dependent on applied 

forces. These fluids find their application in manufacturing pro-

tective gear like body armour and safety helmets. Visco-plastic 

fluids possess dual characteristics – behaving like solids when 

subject to high stress and as fluids when subject to moderate 

stress. For instance, they minimise boundary layer thickness of 

airfoils, turbine blades and ship hulls for lower drag force, re-

sulting in considerable savings in fuel consumption and im-

proved efficiency. The first approximation theory was devel-

oped by Prandtl [22], who described a mathematical basis flow 

with a high Reynolds number and derived equations for a two-

dimensional boundary layer. Finding a closed-form solution for 

a governing equation and dealing with boundary layer theory 

has never been a simple task. These governing equations are nu-

merically solved using a variety of techniques, such as the shoot-

ing method, homotopy analysis methodology and finite differ-

ence method. Non-Newtonian fluids play a significant role in 

engineering and manufacturing industries owing to their unique 

physical properties. Numerous items, including safety gear and 

body armour, are manufactured using non-Newtonian fluids. 

Peng et al. [23] have discussed the use of non-Newtonian fluids. 

The topics of [24,25] include fluid flow and heat transfer en-

hancement of non-Newtonian fluid flow problems. Numerous 

research that uses different geometrical structures and computa-

tional methods to examine the non-Newtonian fluid model can 

be identified in [26−30]. Numerical investigation of heat trans-

fer and boundary layer flow of a semi-infinite vertical plate with 

slip condition was made to evaluate rheological characteristics 

of Casson fluid [31]. Ramachandra Prasad et al. [32] examined 

non-Newtonian flow and heat transfer over a partial slip hori-

zontal cylinder using an implicit finite difference method. For 

more interesting and advanced literature, we can view refer-

ences [33−37].  

In the domains of fluid dynamics, PINNs are used to solve 

Navier-Stokes equations, boundary layer flows, and to simulate 

complex phenomena like turbulence and multiphase flows. In 

the field of heat and mass transfer, PINNs are applied to solve 

problems involving conduction, convection, radiation and 

phase-change processes. PINNs are used in aerodynamics to 

forecast lift, drag, and pressure distributions with lower compu-

ting costs in airfoil and wing simulations. In order to build struc-

tures that maximise aerodynamic performance while minimising 

resistance, they are frequently employed in shape optimisation 

jobs. In aerodynamics, cylinder structure is applied to make de-

sign of aircraft and rockets.  

Therefore, the main objective of this research work is to im-

plement physics-informed neural networks (PINNs) to study 

non-similar boundary layer flow of tangent hyperbolic fluid over 

a cylinder with buoyancy effects. The author applied the adap-

tive moment estimation (ADAM) optimiser to evaluate an ap-

proximate solution of non-similar tangent hyperbolic fluid over 

a cylinder. The Python platform is implemented for program-

ming purposes.  

2. Mathematics-based system modelling 

In this investigation, we considered steady, two-dimensional 

flow and heat transfer behaviour of a non-Newtonian tangent 

hyperbolic fluid along a horizontal cylinder with thermal radia-

tion and Joule heating effects. The fluid is presumed to be in-

compressible and subjected to the tangent hyperbolic model, 

taking into consideration shear-thinning characteristics.  

Figure 2, shows the flow problem. Here, a represents the cylin-

der radius. Since (0 ≤  ≤ π),  = x/a is a y-axis angle. Also,  

a constant magnetic field with strength B0 is imposed in the ra-

dial direction of the cylinder. The symbol g represents gravity, 

and Tw is a constant temperature.  

With the above assumptions, the governing equations are as 

follows [31−35]: 

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0, (1) 

 𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= 𝜈 [(1 − 𝑛) (

𝜕2𝑢

𝜕𝑦2) + √2 𝑛 (
𝜕𝑢

𝜕𝑦
) (

𝜕2𝑢

𝜕𝑦2)] +  

 −
𝜈

𝑘
𝑢 + 𝐶𝑢2 + 𝑔𝛽𝑠𝑖𝑛 (

𝑥

𝑎
) (𝑇 − 𝑇∞) −

𝛼𝐵0
2

𝜌
sin2 𝜑 𝑢, (2) 

 𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼

𝜕2𝑇

𝜕𝑦2 −
1

𝜌𝐶𝑝

𝜕𝑞𝑥

𝜕𝑦
+

𝜎

𝜌𝐶𝑝
sin2 𝜑 𝐵0

2𝑢2 +  

 +
𝜇

𝜌𝐶𝑝
(

𝜕𝑢

𝜕𝑦
)

2

+
𝑄0

𝜌𝐶𝑝
(𝑇 − 𝑇∞). (3) 

Boundary conditions to solve Eqs. (1)−(3) are defined as: 

y = 0:  𝑢 = 0,       𝑣 = 0,       𝑇 = 𝑇𝑤,      (4a) 

y = :  𝑢 → 0,      𝑣 → 0,      𝑇 = 𝑇∞.  (4b) 

Non-similarity transformations are given below: 

 𝜉 =
𝑥

𝑎
 ,        𝜂 =

𝑦

𝑎
√Gr
4

,       𝑓(𝜉, 𝜂) =
𝜓

𝜈𝑓𝜉 √Gr
4 ,  

   𝜃(𝜉, 𝜂) =
𝑇−𝑇∞

𝑇𝑤−𝑇∞
 ,      Gr =

𝑔𝛽𝑓(𝑇𝑤−𝑇∞)𝑎3

𝜈𝑓
2 . (5) 
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While applying the non-similarity transformation on the govern-

ing equations, the continuity equation is inherently satisfied, 

whereas the remaining Eqs. (2)−(3) are obtained as: 

 (1 − 𝑛)𝑓′′′ + 𝑛We𝑓𝑓′′ − (1 + 𝜉𝛬)𝑓′2
+  

 − (𝑀 sin2 𝜑 +
1

Da
) 𝑓′ +

𝑠𝑖𝑛𝜉

𝜉
𝜃 = 𝜉 (𝑓′

𝜕𝑓′

𝜕𝜉
− 𝑓′′

𝜕𝑓

𝜕𝜉
), (6) 

 
1

Pr
[1 +

4

3
𝑅𝑑] 𝜃′′ + 𝑓𝜃′ + sin2 𝜑 𝐽𝜉2𝑓′𝟐

+  

 + Ec𝜉2𝑓′′2
+ 𝑄𝜃 = 𝜉 (𝑓′

𝜕𝜃

𝜕𝜉
− 𝜃′

𝜕𝑓

𝜕𝜉
). (7) 

The boundary conditions are transformed as follows: 

η = 0:   𝑓′ = 0,       𝑓 = 0,       𝜃 = 1,             (8a) 

η  :  𝑓′ = 0,        𝜃 = 0. (8b) 

The flow input parameters are 𝑀 =
𝜎𝑓𝐵0

2𝑎2

𝜌𝑓𝜈𝑓√Gr
, represents mag-

netic field intensity, the Prandtl number is defined as Pr =
𝜈𝑓

𝛼𝑓
,  

Da =
𝐾√Gr

𝑎2   is the Darcy parameter, lambda (𝛬) is equal to Ca, 

the radiation parameter 𝑅𝑑 =
4𝜎∗𝑇∞

3

𝑘∗𝑘𝑓
, 𝑄 =

𝑄0𝑎2

(𝜌𝐶𝑝)𝑓𝜈𝑓Re
 is the heat 

generation and absorption parameter, the Eckert number  

Ec =
𝜇𝜈𝑓

2Gr

𝑎2𝐶𝑝(𝑇𝑤−𝑇∞)
, and the Weissenberg number is denoted by 

We =
√2𝜈𝛬𝑥Gr3/4

𝑎3 . 

Now we establish two significant flow output responses in 

fluid and heat transfer analysis, i.e. Cf and Nu. Skin friction is 

the resistance offered by a fluid due to viscosity when it flows 

over a surface. The Nusselt number (Nu) indicates the effective-

ness of convective heat transfer relative to conduction. Both pa-

rameters are vital in the optimisation of designs for fluid flow 

and heat exchange systems, and they are defined as: 

 𝐶𝑓 =  
2𝜏𝑤

𝜌𝑓𝑢∞
2  ,         Nu𝑥 =

𝑥𝑞𝑤

𝑘𝑓(𝑇𝑤−𝑇∞)
, (9) 

where 𝜏𝑤  and 𝑞𝑤 are: 

 𝜏𝑤 = [𝜇 (
𝜕𝑢

𝜕𝑦
) +

1

𝛽𝑐
(

𝜕𝑢

𝜕𝑦
) −

1

6𝛽𝑐3 (
𝜕𝑢

𝜕𝑦
)

3

]
𝑦=𝑜

, (10) 

 𝑞𝑤 = −𝑘𝑓 [1 +
16𝜎∗𝑇∞

3

3𝑘∗𝑘𝑓
] (

𝜕𝑇

𝜕𝑦
)

𝑦=0
. (11) 

By simplifying, Eq. (9) becomes: 

 𝐶𝑓Gr−
3

4  = (1 − 𝑛)𝜉𝑓′′(𝜉, 0) −
𝑛

2
We𝜉(𝑓′′(𝜉, 0))

2
, (12) 

 
Nu

√Gr
4 = −𝜃′(𝜉, 0). (13) 

3. Local non-similarity method  

In dealing with non-similarity boundary layers, a widely used 

concept is the idea of local similarity. Within this concept, the 

right-hand sides of Eqs. (6) and (7) are presumed to be suffi-

ciently small, essentially replacing them with approximations to 

zero. This keeps the computational exercise simple, generating 

a system of ordinary differential equations. As such, the local 

similarity solution, or the first level of truncation, has computa-

 

Fig. 2. Schematic flow diagram of tangent hyperbolic flow over a horizontal cylinder. 
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tional attractiveness but may provide numerical answers of 

questionable accuracy. The ambiguity stems from the question 

of whether to ignore the right-hand side of the equations when ξ 

is not small. To alleviate this shortcoming, Minkowycz and 

Sparrow [38], Sparrow and Yu [39] proposed a local non-simi-

larity technique for finding solutions to non-similar boundary 

layer equations. For obtaining the local non-similarity solution 

of Eqs. (9)−(16), we introduce new dependent variables as ad-

dressed in [38,39].  

3.1. First level of truncation  

Assuming that ξ is very small (ξ ≪ 1), derivatives of ξ are ig-

nored, and Eqs. (6)–(8) are transformed into: 

 (1 + 𝑛)𝑓′′′ − (1 + 𝜉Λ)𝑓′𝟐
+ 𝑛We𝑓′′𝑓′′′ +  

 − (𝑀 sin2 𝜑 +
1

Da
) 𝑓′ +

sin𝜉

𝜉
𝜃 = 0, (14) 

 
1

Pr
[1 +

4

3
𝑅𝑑] 𝜃′′ + 𝑓𝜃′ + 𝐽 sin2 𝜑 𝜉2𝑓′2

+  

 + Ec𝜉2𝑓′′2
+ 𝑄𝜃 = 0, (15) 

η = 0:  𝑓′(𝜉, 0) = 𝑓(𝜉, 0) = 0,    𝜃(𝜉, 0) = 0,  (16a) 

       η  :        𝑓′(𝜉, ∞) = 0,    𝜃(𝜉, ∞) = 0. (16b) 

3.2. Second level of truncation 

At the second level truncation, we introduce new functions:  

 𝑔 = 𝜕𝑓/𝜕𝜉, ℎ = 𝜕𝑔/𝜕𝜉, 𝜙 = 𝜕𝜃/𝜕𝜉, 𝜑 = 𝜕𝜙/𝜕𝜉.  

We differentiate Eqs. (14)−(16) with respect to ξ and obtain the 

following system of ODEs: 

 (1 + 𝑛)𝑓′′′ + 𝑛We𝑓′′𝑓′′′ − (1 + 𝜉Λ)𝑓′𝟐
+  

 − (𝑀 sin2 𝜑 +
1

Da
) 𝑓′ +

𝑠𝑖𝑛𝜉

𝜉
𝜃 = 𝜉(𝑓′𝑔′ − 𝑓″𝑔), (17) 

 
1

Pr
[1 +

4

3
𝑅𝑑] 𝜃′′ + 𝑓𝜃′ + 𝐽 sin2 𝜑 𝜉2𝑓′2

+  

 + Ec𝜉2𝑓′′2
+ 𝑄𝜃 = 𝜉(𝑓′𝜙 − 𝜃′𝑔), (18) 

 (1 + 𝑛)𝑔‴ + 𝑛We(𝑓𝑔″ + 𝑓′′𝑔) − 𝑓′𝑔′ + 𝑓′′𝑔 +  

 −𝑔′2 − 𝜉𝛬𝑔′2 − 𝛬𝑓′2 − (𝑀 sin2 𝜑 +
1

Da
) 𝑔′ +  

 +
sin𝜉

𝜉
𝜙 + 𝜃 (

𝜉cos𝜉−sin𝜉

𝜉2 ) = 𝜉(𝑔′𝑔′ − 𝑔″𝑔), (19) 

 
1

Pr
[1 +

4

3
𝑅𝑑] 𝜙′′ + 𝑓𝜙′ + 2𝜃′𝑔 + Ec(𝜉2𝑔′′2

+ 2𝑓′′2
𝜉) +  

+𝐽 sin2 𝜑 (𝜉2𝑔′2
+ 2𝑓′2

ξ) − 𝑓′𝜙 + 𝑄𝜙 =  𝜉(𝜙𝑔 − 𝑔𝜙′), (20) 

η = 0:  𝑔′(𝜉, 0) = 𝑔(𝜉, 0) = 0,    𝜙(𝜉, 0) = 1,  (21a) 

       η  :     𝑔′(𝜉, ∞) = 0,    𝜙(𝜉, ∞) = 0.        (21b) 

4. Physics-informed neural network 

Three parallel layers occur in an architecture of PINNs, i.e. the 

input layer, hidden and output layer. The intention of a fully con-

nected network (FCN) is to collect data, process them and pro-

duce an output. We initialise the basic stages of PINN imple-

mentation by dividing a one-dimensional domain in η discrete 

points, or nodes, in a bid to find non-similar partial differential 

equations (PDEs). These nodes illustrate independent variable's 

oscillation between 0 and 𝜂∞. A flow chart representation of 

PINN is illustrated in Fig. 3, where red nodes represent the col-

located nodes and blue nodes represent the boundary nodes. The 

only boundary conditions needed to assemble an approximate 

solution are the Dirichlet and Neumann boundary conditions. 

The η-axis is partitioned into m equal segments and contains  

m+1 nodes, where η0 is set as the first node, and ηm is a last/final 

node. ODEs need to be satisfied at the intermediate nodes be-

tween η0 and ηm, which are the considered collocated nodes scat-

tered along the η-axis. 

The initial or input layer holds data (ηi) as shown in Fig. 3. 

We define an output function as 𝑦𝑖̂ = [𝑓𝑖(𝜂), 𝜃𝑖(𝜂)]. 
In this analysis, weight and bias are two learning parameters 

that are incorporated in the function  𝑦𝑖̂ = 𝐹(𝑥𝑖 , 𝑤, 𝑏). In order 

to achieve a sufficient approximation function, such learning pa-

rameters need to be advanced in a way that 𝑦𝑖̂ appropriately an-

ticipates the desired value 𝑦𝑖  (sample output data). The loss 

function determines the deviation of (𝑦𝑖) and (𝑦𝑖̂). One such 

method to calculate the loss  function  is  by  means  of  the  mean  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

Fig. 3. Schematic flow chart of PINNs. 
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squared error format given by: 

 Loss =
[ ∑ (𝑦𝑖−𝑦𝑖̂)2𝑖=𝑚

𝑖=0  ]

𝑚
. (22) 

The input data ηi are entered into the network as illustrated 

in Fig. 3. One neuron exists in the input or starting layer, which 

holds the given data. Following that, there are three hidden lay-

ers with an arbitrary number of neurons, and the output layer, 

depicted in Fig. 3, which consists of two neurons. In the archi-

tecture discussed above, each neuron is fully connected through 

linkages enabling information to pass between the neurons. 

Every link has a weight 𝑤𝑖,𝑗
𝑘 , which decreases or increases the 

quantity of data that flows from the source node to destination 

nodes. Weight is utilised to calculate the contribution of every 

node to output outcomes, and a weighted sum of inputs is con-

sidered. A bias term is added to calculate the involvement of all 

nodes on predicted nodes: 

 𝑧𝑖 = 𝑏𝑖 + ( ∑ 𝑎𝑗𝑤𝑖,𝑗
𝑘𝑗=𝑛

𝑗=1  ). (23) 

The bias term (bi) is assigned to input and hidden layers, with 

a value of unity. The regression analysis is employed using  

function f(x) = αx+β, where α and β signify the weight and neural 

network simulation biases, respectively. An activation function 

is applied, which computes the output within a determined 

range. The tangent hyperbolic function is utilised in the present 

study, and the obtained zi is forwarded through the given activa-

tion function:  

 Output(𝑖) = tanh (𝑧𝑖). (24) 

For computation of the output zi, data flows forward from 

one neuron to another. Before computing the estimated value 𝑦𝑖̂, 

the procedure is done layer by layer. As the procedure starts with 

the weight and biases being predicted, it is assumed that there 

will be a considerable difference between 𝑦𝑖̂ and 𝑦𝑖 . It is required 

to adjust weight and bias parameters in a way that reduces the 

calculated loss function. Finding a variable weight and bias 

value that gives a minimised loss function is referred to as opti-

misation. We used an adaptive moment estimation (ADAM) to 

optimise the loss function by tuning the weights and biases. The 

iterative procedure proceeds until the loss function meets  

specified convergence criteria. Loss functions of the ordinary  

differential equation (ODE) type were addressed by Raissi  

et al. [40–42]. The total loss function is divided into three types: 

data loss, physics loss and boundary condition loss. For the 

physics loss, we define residual functions as [43–45]: 

 𝐿𝑑𝑎𝑡𝑎 =
1

𝑁
∑ (𝑦𝑖̂ − 𝑦𝑖)2𝑁

𝑖=1 . (25) 

The momentum boundary layer residuals are defined as:  

 𝑅𝑓 = (1 + 𝑛)𝑓′′′ − (1 + 𝜉Λ)𝑓′𝟐
+ 𝑛𝑎We𝑓′′𝑓′′′ +  

 − (
1

Da
) 𝑓′ +

sin𝜉

𝜉
𝜃. (26) 

Residuals in the thermal boundary layer are as follows: 

 𝑅𝜃 =
1

Pr
[1 +

4

3
𝑅𝑑] 𝜃′′ + 𝑓𝜃′ + Ec𝑀𝜉2𝑓′𝟐

+ Ec𝜉2𝑓′′2
. (27) 

The physics loss function is given by:  

 𝐿𝑝ℎ𝑦𝑠𝑖𝑐𝑠 =
1

𝑁
∑ (𝑅𝑓

2 + 𝑅𝜃
2𝑁

𝑖=1 ). (28) 

The loss due to the boundary condition is: 

 𝐿𝐵𝐶 =
1

𝑁
∑ [𝑓′(0)2 + 𝑓(0)2 + (𝜃(0) − 1)2 +𝑁

𝑖=1   

 + 𝑓′(∞)2 + 𝜃(∞)2]. (29) 

The total loss can be calculated as:  

 𝑇𝑜𝑡𝑎𝑙 𝑙𝑜𝑠𝑠 = 𝐿𝑑𝑎𝑡𝑎 + 𝐿𝑝ℎ𝑦𝑠𝑖𝑐𝑠 + 𝐿𝐵𝐶 . (30) 

5. Outcome evaluation and discussion 

The solution of the problem under consideration has non-similar 

PDEs − Eqs. (6)−(8), which are solved through the well-known 

non-similarity method. The derived non-similar PDEs are re-

duced to ODEs as specified in Eqs. (14)−(16) through applica-

tion of the first and second level of truncation. The derived sys-

tem of ODEs is solved through the physics informed neural net-

work method. We assumed 15 hidden layers and 84 neurons in 

a neural network architecture. The PINN prediction is evaluated 

at a fixed convergence tolerance 10–3. An L2-error is computed 

throughout the training process to assess the accuracy and valid-

ity of the PINN scheme. The comparison between PINN predic-

tions and the numerical solution (obtained using bvp4c) is pre-

sented in Figs. 4–5. As seen in Fig. 4, there are notable differ-

ences between the numerical and PINN-projected solutions for 

temperature and velocity at lower iteration levels. The PINN so-

lution for 𝑓(𝜉, 𝜂),  𝑓′(𝜉, 𝜂), 𝑓"(𝜉, 𝜂) and 𝜃(𝜉, 𝜂), 𝜃′(𝜉, 𝜂) dif-

fers significantly from the numerical solution at the start of train-

ing due to the random initialisation of the trainable parameters. 

This random initialisation of the trainable parameters does not 

satisfy the governing equations and boundary conditions; as  

a result, the PINN prediction deviates from the numerical solu-

tion at lower iteration levels.  

Nevertheless, an L2-error decreases when the increased num-

ber of iterations, as depicted in Table 1.To illustrate the accuracy 

and stability of the solution, we increased the number of itera-

tions to four thousand and eight hundred, as well as the number 

of hidden layers and neurons, as shown in Fig. 5. The compari-

son suggests that PINN outcome and numerical solution (achie-

ved using bvp4c) are matched perfectly, thus demonstrating the 

credibility and consistency of the developed PINN approach to 

solve non-similar boundary layer flow of non-Newtonian fluid 

[46–51]. 

The physics loss and total loss function of the computed so-

lution are shown in Fig. 6(a−b). The difference between the nu-

merical results and PINN-predicted results is characterised by 

the L2-error estimate. Table 1 illustrates L2-error of the devel-

oped problem under consideration for various iteration numbers 

and learning rates. It is observed that when the number of itera-

tions is increased, then the computation cost increases, but the 

accuracy and the precision of predicted solution increases. The 

accuracy of the model can also be enhanced by increasing the 

number of neurons while keeping a fixed number of hidden lay-

ers [52−58]. Increasing the number of neurons, L2-error estimate 
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reduces, which indicates the solution reliability, as shown in Ta-

ble 2. It is clear that when the loss function reduces, the network 

can infer the expected patterns with low accuracy. In Table 2, 

we consider the mesh size of 0.05. Similarly, Table 3 presents 

an L2-error estimate for the mesh size of 0.02. The solution is 

observed to be convergent and reliable.  

Table 4 shows L2-error estimates for the flow response out-

puts, i.e. 
𝜕𝑓

𝜕𝜂
(𝜉, 𝜂) and 𝜃(𝜉, 𝜂), for various values of magnetic 

parameter M. As evident in Table 4, the minimum errors are ob-

tained for M = 5, reflecting the best accuracy of the PINN model. 

Figure 7 displays the influence of magnetic field intensity M, 

on flow response outputs, i.e. 𝜃(𝜉, 𝜂) and 
𝜕𝑓

𝜕𝜂
(𝜉, 𝜂). Figure 7a 

shows the effect of M on the velocity gradient, and it is noted  

that the velocity decreases with the increasing value of M.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

a)                  b)  

Fig. 4. The comparison of numerical and PINN predicted solutions for velocity and temperature (low iteration number). 

a)                  b)  

Fig. 5. The comparison of numerical and PINN predicted solutions for velocity and temperature (large iteration number). 

a)    b)  

Fig. 6. Loss function for flow response outputs. 
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Figure 7b indicates that the temperature profile drops more 

sharply as M is increased, which means that higher magnetic 

fields assist thermal diffusion and inhibit fluid motion. Such be-

haviour is representative of the traditional magnetohydrody-

namic (MHD) phenomenon under which the Lorentz force acts 

to oppose fluid flow and alter heat transfer. 

Table 5 displays the L2-error estimates of the flow 𝑓′(𝜉, 𝜂) 

and 𝜃(𝜉, 𝜂) for various values of the Prandtl number Pr. It shows 

that prediction errors increase with the increasing value of Pr. 

Figure 8 plots the effect of Pr on both the velocity and tempera-

ture profiles. It is seen from Fig. 8a that the velocity profile di-

minishes with the increasing Pr, as would be expected because 

a greater Prandtl number represents a fluid of lower thermal dif-

fusivity and thus a thinner velocity boundary layer is formed. 

Figure 8b shows that the temperature profile decays more pre-

cipitously with the greater Pr, representing a more intense ther-

mal gradient and less heat diffusion. These trends match exactly 

the theoretical behaviour of boundary layer flows.  

Table 6 shows L2-errors of the velocity gradient 
𝜕𝑓

𝜕𝜉
(𝜉, 𝜂) and 

𝜃(𝜉, 𝜂) for various values of the radiation parameter Rd. The 

minimum L2-errors for both fields occur at Rd = 2, which means 

that the PINN model is the best at higher radiation levels at  

Rd = 2. On the other hand, the maximum errors occur at Rd = 1, 

which shows a lower accuracy under a weaker radiative impact. 

Figure 9a shows that the velocity gradient 
𝜕𝑓

𝜕𝜉
(𝜉, 𝜂) increases 

with the increase of Rd, which characterise greater fluid motion 

due to higher radiation of heating. Figure 9b illustrates that the 

temperature of fluid decreases with the increasing Rd values. All 

these findings provide evidence of strong effects of radiation on 

the flow velocity and temperature. 

Table 1. L2-error between the predicted and numerical solution for different numbers of iterations and training steps. 

Iteration Training steps L2-error 

100 10 000 0.061065 

400 40 000 0.013647 

800 80 000 0.007030 

1200 120 000 0.004858 

1600 160 000 0.006481 

2000 200 000 0.004257 

2400 240 000 0.009814 

2800 280 000 0.003473 

3200 320 000 0.003778 

3600 360 000 0.008236 

4000 400 000 0.004909 

4400 440 000 0.002409 

4800 480 000 0.001560 

 

Table 2. L2-error flow outputs response, i.e. (𝜉, 𝜂),
𝜕𝑓

𝜕𝜉
(𝜉, 𝜂),

𝜕2𝑓

𝜕𝜉2
(𝜉, 𝜂) and 𝜃(𝜉, 𝜂),

𝜕𝜃

𝜕𝜉
(𝜉, 𝜂) for various neuron numbers at  𝜂∞ = 5, ∆= 0.05.  

Index 
Hidden 
layers 

Neurons L2-error of 𝒇(𝝃, 𝜼) L2-error of 
𝝏𝒇

𝝏𝝃
(𝝃, 𝜼) L2-error of 

𝝏𝟐𝒇

𝝏𝝃𝟐
(𝝃, 𝜼) L2-error of 𝜽(𝝃, 𝜼) L2-error of 

𝝏𝜽

𝝏𝝃
(𝝃, 𝜼) 

0 4 8 0.000866 0.001808 0.001555 0.000978 0.001327 

1 4 16 0.001112 0.001209 0.000951 0.000952 0.000322 

2 4 32 0.001169 0.001864 0.001947 0.001087 0.000323 

3 4 64 0.000715 0.000993 0.000864 0.000563 0.000334 

 

Table 3. L2-error for flow outputs response, i.e. 𝑓(𝜉, 𝜂),
𝜕𝑓

𝜕𝜉
(𝜉, 𝜂),

𝜕2𝑓

𝜕𝜉2
(𝜉, 𝜂) and 𝜃(𝜉, 𝜂),

𝜕𝜃

𝜕𝜉
(𝜉, 𝜂) for various neuron numbers at  𝜂∞ = 10, ∆= 0.02. 

Index 
Hidden 
layers 

Neurons L2-error of 𝒇(𝝃, 𝜼) L2-error of 
𝝏𝒇

𝝏𝝃
(𝝃, 𝜼) L2-error of 

𝝏𝟐𝒇

𝝏𝝃𝟐
(𝝃, 𝜼) L2-error of 𝜽(𝝃, 𝜼) L2-error of 

𝝏𝜽

𝝏𝝃
(𝝃, 𝜼) 

0 4 8 0.002477 0.004453 0.003391 0.001578 0.001981 

1 4 16 0.004044 0.004369 0.002940 0.001647 0.000128 

2 4 32 0.011884 0.006617 0.004095 0.004044 0.001846 

3 4 64 0.003274 0.002536 0.002067 0.001630 0.001027 

 

Table 4. L2-error for flow outputs response, i.e. 
𝜕𝑓

𝜕𝜉
(𝜉, 𝜂) and 𝜃(𝜉, 𝜂)  

for different values of M.  

Index M L2-error of 
𝝏𝒇

𝝏𝝃
(𝝃, 𝜼) L2-error of 𝜽(𝝃, 𝜼) 

0 1 0.031009 0.035468 

1 5 0.006992 0.003424 

2 10 0.040139 0.048676 
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a)      b)  

Fig. 7. Flow field and temperature profile for various values of M. 

Table 5. L2-error for different values of Pr. 

Index Pr L2-error of 
𝝏𝒇

𝝏𝝃
(𝝃, 𝜼) L2-error of 𝜽(𝝃, 𝜼) 

0 1.0 0.001743 0.000628 

1 1.2 0.004053 0.002097 

2 1.4 0.018577 0.013197 

 

Table 6. L2-error for different values of Rd.  

Index Rd L2-error of 
𝝏𝒇

𝝏𝝃
(𝝃, 𝜼) L2-error of 𝜽(𝝃, 𝜼) 

0 1 0.009623 0.004741 

1 1.5 0.007378 0.002921 

2 2.0 0.006445 0.003846 

 

a)      b)  

Fig. 8. Flow field and temperature profile for various values of Pr. 

a)        b)  

Fig. 9. Flow field and temperature profile for various values of Rd. 
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Table 7 indicates the L2-errors for the velocity gradient 

𝑓′(𝜉, 𝜂) and temperature profile 𝜃(𝜉, 𝜂) for various values of 

parameter n. The lowest error appears at n = 0.1, which suggests 

a high accuracy of the PINN model for small values of n. Cor-

respondingly, when the value of n increases up to 0.7, errors also 

increase, and it shows that the model becomes less accurate with 

the increased nonlinearity or complexity of flow. Figure 10a in-

dicates that the velocity gradient increases with the increasing n; 

it shows the formation of a stronger momentum boundary layer. 

In Fig.10b, the temperature profile decreases more slowly with 

the increasing n, as a result of a thicker thermal boundary layer. 

This is in accordance with the increased convection and heat 

transfer due to increasing n.  

Table 8 presents L2-errors for the velocity gradient 𝑓′(𝜉, 𝜂) 

and 𝜃(𝜉, 𝜂) for various values of Weissenberg number We in 

a tangent hyperbolic  fluid.  The  largest  errors  are  obtained  at

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

We = 0.1, which reflects the fact that the PINN model performs 

poorly under low elastic effects. With the increasing value of 

We, the errors decrease precipitously, reflecting a better perfor-

mance of the model with moderate elasticity, while a minor error 

is observed at We = 20, perhaps due to higher flow complexity. 

Figure 11a indicates that the velocity gradient becomes stronger, 

developing earlier with We, which captures the fluid’s increased 

elasticity and resistance to deformation. In Fig. 11b, the temper-

ature profile is shown to decrease faster for large values of We. 

These trends verify that the tangent hyperbolic fluid is more re-

sponsive and thermally efficient with the growing We, and the 

PINN model well represents these variations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 7. L2-error for different values of n.  

Index n L2-error of 
𝝏𝒇

𝝏𝝃
(𝝃, 𝜼) L2-error of 𝜽(𝝃, 𝜼) 

0 0.1 0.007542 0.003344 

1 0.4 0.008851 0.005889 

2 0.7 0.026852 0.025722 

 

Table 8. L2-error for different values of We.  

Index We L2-error of 
𝝏𝒇

𝝏𝝃
(𝝃, 𝜼) L2-error of 𝜽(𝝃, 𝜼) 

0 0.1 0.030139 0.050238 

1 9.0 0.003156 0.001225 

2 20.0 0.005392 0.003613 

 

a)        b)  

Fig. 10. Flow field and temperature profile for various values of n. 

a)        b)  

Fig. 11. Flow field and temperature profile for various values of We. 
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6. Conclusions 

A benchmark simulation of non-similar boundary layer flow of 

non-Newtonian fluid with thermal radiation effects over a cylin-

der embedded in a porous medium is made in this study, using 

physics-informed neural networks. Training the networks with 

loss functions in charge of meeting the governing equations and 

boundary conditions served as the foundation for an approxi-

mate solution. It is discovered that the networks could accurately 

predict the solutions when their learning rate was less than 10–4. 

L2-error is investigated to show the accuracy and validity of the 

developed PINN methodology to solve non-similar boundary 

layer flow over a cylinder. The numerical and tabulated results 

are presented to ensure the accuracy of the proposed scheme. 

The primary considerations are as follows: 

 The temperature distribution and convective flow field are 

significantly influenced by the buoyant force. The heat 

transfer and momentum boundary layer grow for increas-

ing values of λ against a fixed value of η = 12.  

 Momentum diffuses more quickly than heat at high Pr num-

bers, resulting in a narrower thermal boundary layer. By 

developing steeper temperature gradients close to heated 

surfaces, this accelerates the rate of heat transfer. Thus, 

with the improving values of Pr, the outputs 𝑓′(𝜂, 𝜉) and 

𝜃(𝜂, 𝜉) raise.  

 A high thermal radiation parameter indicates that surface 

convection outpaces internal conduction, leading to sharp 

temperature gradients within the solid and enhanced heat 

exchange at the surface. 

 The accuracy was assessed using the L2-error between the 

PINN and bvp4c solutions, which consistently decreased as 

the number of neurons and iterations increased. At 12 000 

iterations, the L2-error reached a minimum of 4.39‧10−3. 

 At 1000 and 2000 training epochs, the PINN solution and 

the numerical solution were initially very different, but at 

12 000 epochs, they demonstrated great agreement, signi-

fying the importance of network size and training depth. 
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