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Abstract

The oscillatory flow and heat transfer of a viscoelastic Maxwell fluid through a porous, rough circular microchannel are
investigated in the presence of magnetohydrodynamic and Hall effects, velocity slip, and internal heat generation or ab-
sorption. The governing continuity, momentum and energy equations, coupled with the Maxwell constitutive relation, are
formulated in cylindrical coordinates and non-dimensionalised. An analytical solution is obtained using the regular pertur-
bation technique by treating wall roughness as a small parameter. Closed-form expressions for velocity and temperature
are derived in terms of modified Bessel functions, and the shear stress and Nusselt number are evaluated. The results show
that the magnetic parameter suppresses the axial velocity due to the Lorentz force, whereas the Hall parameter and Darcy
number enhance the flow by alleviating electromagnetic and porous resistance. Velocity slip increases the near-wall ve-
locity, while wall roughness reduces the overall flow intensity. Thermal analysis indicates that the temperature and Nusselt
number increase with the heat source parameter and the Peclet number.
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1. Introduction

Oscillatory flow refers to the back-and-forth motion of fluid par-
ticles under the influence of periodic driving forces, commonly
encountered in microfluidic and biological systems. This flow
behaviour becomes particularly significant in confined geome-
tries like microchannels, where inertial and elastic effects inter-
act. The study of oscillatory flow helps understand complex
transport phenomena in non-Newtonian fluids. It is widely ap-
plied in lab-on-chip devices, biomedical diagnostics, oil recov-
ery, drug delivery systems, inkjet printing, chemical mixing pro-
cesses, energy harvesting devices and thermal control systems.
Ray et al. [1] conducted both analytical and numerical investi-
gations to determine the development length of sinusoidally os-

cillating laminar pipe flows in moderate to high Reynolds num-
ber regimes. Astakhov et al. [2] investigated the phase reduction
of a pair of coupled van der Pol oscillators subjected to an ex-
ternal harmonic force, incorporating asymmetric repulsive cou-
pling between them. Aygun and Aydin [3,4] examined the hy-
drodynamics of piston-driven laminar pulsating flow for five
dissimilar values of frequencies and compared the numerical
and analytical solutions. Sato et al. [5] experimentally investi-
gated the forced synchronisation of both the quasiperiodic state
and the internally locked state in a thermoacoustic oscillator sys-
tem. Aslan et al. [6] demonstrated the oscillatory flow and ther-
mal features under the steady-state condition within a corrugated
wavy channel. Additionally, three turbulence models were em-
ployed to examine the flow behaviour. Wang et al. [7] explored
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Nomenclature

b — slip parameter

B — magnetic flux density vector, T

Bo — magnitude of the applied uniform magnetic flux density, T

Cp - specific heat, J/(kg K)

Da — Darcy number

lo, Ko — zero-order modified Bessel functions of the first and second
kind, respectively

J — current density, A/m?

k — corrugation’s wave number

ko - permeability of porous medium, m?
K —thermal conductivity, W/(m K)

m  — Hall parameter

M — magnetic parameter

p — pressure, Pa

P(t) - time-dependent oscillatory pressure gradient, Pa/m

Pe  —Peclet number

Pr  —Prandtl number

Qo  — heat generation, W/m?

r, 0, x— cylindrical coordinates (radial distance, angular
coordinate, height)

R —mean radius, m
Re —Reynolds number
S — source/sink parameter

the impact of rib shapes on oscillating flow and heat transfer in
heat exchangers by deriving the solution numerically. Then, Li
et al. [8] employed the perturbation technique to obtain the
closed-form solution for the oscillating flow of Jeffrey fluid in
a rough circular microchannel under the slip condition. Huang
et al. [9] scrutinised the axial change of flow behaviour in the
3D rectangular channel with a deformable upper wall and com-
pared the results with the experimental outcomes. The compar-
ative examination of two-phase oscillatory flow with the exper-
imental results was analysed by Durazinski et al. [10]. Yu
et al. [11] discussed the impact of varying injecting angles on
the flow behaviour and thermal features of liquid flow in the
piston’s galleries. Manthani et al. [12] examined the flow char-
acteristics of a water-vinyl acetate system in the millichannel
and computed the results numerically.

The flow of non-Newtonian fluids induced by surface mo-
tion plays a crucial role in various industrial and manufacturing
processes due to their broad range of applications. Examples in-
clude optical fibre production, polymer processing, cooling of
metallic surfaces and drilling operations. Since no single model
can capture all the complex behaviours of non-Newtonian flu-
ids, researchers have developed various models to better under-
stand their rheological characteristics. Non-Newtonian fluids
are generally classified into differential, rate-type and integral-
type models. One of the significant non-Newtonian fluids is the
Maxwell fluid. The Maxwell fluid is a fundamental viscoelastic
non-Newtonian model that describes materials exhibiting both
fluid-like and solid-like behaviour. It combines the effects of
viscosity and elasticity through a linear relationship between
stress and strain rate with a characteristic relaxation time. The
Maxwell model is particularly useful for simulating fluids that
undergo stress relaxation over time, such as polymer melts and

t —time, S

T — temperature, K

ux  — velocity component in x-direction, m/s

U - velocity, m/s

Uo - characteristic velocity scale, m/s

V  —velocity vector, m/s

(O - complex amplitude of the harmonically oscillating variable

Greek symbols

a  —complex radial parameter

A — relaxation time (Maxwell fluid parameter)

u —dynamic viscosity, Pa-s

v — kinematic viscosity, m?/s

3 — perturbation parameter (ratio of the wall-corrugation
amplitude to the mean radius of the microchannel)

p  —density, kg/m?

o — electrical conductivity, S/m

T — stress tensor, Pa

¢  —amplitude of the pressure gradient

x — generic dependent variable in the perturbation expansion

®  — oscillation frequency, rad/s

Abbreviations and Acronyms
MHD- magnetohydrodynamics
EOF - electroosmotic

biological fluids. Its ability to capture memory effects makes it
ideal for studying unsteady and oscillatory flows in microfluidic
and electrokinetic systems. Jian et al. [13,14] extended the study
of Maxwell fluid in microchannels featuring different shapes un-
der various circumstances. Li et al. [15] obtained an analytical
solution for the transient electroosmotic velocity of generalised
Maxwell fluids in a microchannel and a microtube, employing
the Laplace technique. The outcomes were obtained by the line-
arised Poisson-Boltzmann equation along with the Cauchy mo-
mentum equation and the generalised Maxwell constitutive re-
lation. Escandon et al. [16,17] demonstrated the transient EOFs
(electroosmotic flows) of viscoelastic Maxwell fluids in micro-
channels with complex geometries, both annular and slit types,
considering multilayer configurations and asymmetric zeta po-
tentials. By employing analytical and partial-analytical tech-
niques, they highlighted how elastic properties, electrokinetic
effects and boundary asymmetries influence the oscillatory be-
haviour, symmetry and time evolution of velocity profiles in mi-
crofluidic systems. The unsteady magnetised flow of Maxwell
fluids in a circular microchannel was analysed by Shah
et al. [18] under an electric field depending on temperature, us-
ing the Debye-Hiickel estimation. They derived the solution an-
alytically and expressed the outcomes graphically. Yang
et al. [19] investigated the unsteady oscillatory EOF flow of
Maxwell fluid within a microchannel featuring an isosceles right
triangular cross section. Due to the complexity of the problem,
a numerical solution was derived. Feng et al. [20] introduced
a fractional continuity model to scrutinise the gyrating EOF slip
flow of generalised Maxwell fluids under an alternating electric
field. The model captures the extended memory effects of vis-
coelastic fluids and provides insight into flow behaviour influ-
enced by fractional dynamics and electrokinetic parameters.
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Chang et al. [21] explored the electroosmotic flow (EOF) of
a viscoelastic Maxwell fluid in a microchannel with sinusoidal
wall unevenness, driven by an alternating pressure gradient and
electric field. The effects of fluid elasticity, wall geometry, and
external forcing on velocity distribution and mean flow behav-
iour were analytically investigated by using the Debye-Hiickel
approximation and boundary perturbation method.
Magnetohydrodynamics (MHD) examines the behaviour of
electrically conducting fluids in the manifestation of a magnetic
field, playing a vibrant role in numerous engineering and geo-
physical applications. The inclusion of the Hall effect is signifi-
cant when the magnetic field is strong or the density of the fluid
is low, causing a decoupling of electron and ion motion. This
generates a secondary electric field perpendicular to both the
magnetic and electric fields, which alters the current distribution
and flow behaviour. Incorporating Hall currents in MHD analy-
sis enhances the accuracy of modelling plasma flows, semicon-
ductor processing and astrophysical phenomena. Jha et al.
[22—25] investigated an MHD natural convection flow in verti-
cal microchannels, highlighting the influence of Hall effects and
induced magnetic fields. Their studies provide valuable insight
into electromagnetic effects on microchannel heat and fluid
transport under various magnetic field configurations. Roja and
Gireesha [26] numerically investigated the MHD flow of a cou-
ple-stress fluid through a vertical microchannel, incorporating
Hall effects and internal heat generation. Their study highlighted
the impact of electromagnetic and thermal forces on non-New-
tonian fluid behaviour in microchannel environments. Sadiq Ba-
sha et al. [27] analysed the steady MHD free convective flow in
a vertical microchannel filled with a porous medium, consider-
ing Hall and ion-slip effects. Their study emphasised the impact
of electromagnetic parameters on velocity and temperature pro-
files in microscale transport systems. Kundu and Saha [28] pro-
vided a comprehensive review of electromagnetohydrodynamic
flow and heat transfer in microchannels, highlighting the inter-
play of electric and magnetic fields on fluid behaviour. Their
analysis offers valuable insights into optimising thermal and
flow performance in microscale systems. Bilal et al. [29] ex-
plored the unsteady flow of a hybrid nanofluid driven by peri-
staltic pumping in a wavy microchannel, incorporating the ef-
fects of electric and magnetic fields. Their study emphasised the
role of Hall currents and slip boundary conditions, offering in-
sights relevant to microfluidic and biomedical applications.
Goyal and Srinivas [30] analysed the magnetic effect and en-
tropy generation for the pulsating flow of two immiscible fluids,
taking into consideration Joule heating and a first-order chemi-
cal reaction. They adopted the 4th-order Runge-Kutta numerical
technique to evaluate the solution. Roja et al. [31] explored the
influence of Hall effects on non-Newtonian fluid flow past an
inclined microchannel under slip and convective boundary con-
ditions. Their study provides valuable insights into electromag-
netic and boundary interactions in complex fluid systems.
Padma et al. [32] explored the magnetised flow of pulsating Cas-
son fluid by considering the vertical porous medium along with
slip conditions. They also discussed thermal features, including
the entropy generation for the considered problem. Bala and
Srinivas [33] scrutinised the magnetised flow of two income-

pressible Newtonian fluids over an inclined channel with the
permeable medium and examined the thermal features incorpo-
rating the effect of heat flux, Joule heating and entropy genera-
tion. Srinivas et al. [34] examined the periodic pressure gradient
and thermal features of the pulsatile and peristaltic flow of a par-
ticle fluid. They observed that the variations in pressure en-
hanced the fluid mixing, improving the thermal characteristics
within the medium.

The literature review reveals a lack of studies on Maxwell
fluid in a rough circular channel. Therefore, the main motivation
behind this work is to analyse the magnetised flow of a Maxwell
fluid under the influence of the Hall effect within a porous,
rough circular microchannel. Additionally, the thermal charac-
teristics of the fluid are also scrutinised in the presence of the
heat sink/source parameter. The analytical solution for velocity
and temperature is derived by the perturbation technique. The
inspiration for the current study is the practical application of
non-Newtonian fluid flow in rough circular microchannels, e.g.
in biomedical devices, such as lab-on-a-chip systems and tar-
geted drug delivery, microelectronics, oil and gas industries, and
in chemical microreactors, etc. The impact of key parameters on
the velocity and temperature is discussed graphically, while the
effects on shear stress and Nusselt number are described in tab-
ular form.

2. Problem formulations

The current work explores the oscillatory flow of a magnetised
Maxwell fluid within a rough circular porous microchannel un-
der the influence of the Hall effect and slip boundary conditions.
The thermal characteristics of the fluid are also examined with
the effect of thermal radiation and a heat sink/source. A cylin-
drical polar coordinate system (r, 8, x) is used to indicate the
radial direction, azimuthal direction and central axis, respec-
tively, as demonstrated in Fig. 1. The flow occurs due to an os-
cillatory pressure gradient with the uniform magnetic field act-
ing perpendicular to the axial direction. A sinusoidal wave of
slight amplitude is assumed to represent the corrugation of wall
roughness and can be stated as

r = R 4 R¢ sin(k6), 1)

where R signifies the mean radius, k is the corrugation’s wave
number, and ¢ (¢ « 1) is the perturbation parameter defined as
the ratio of the amplitude of wall corrugations to the mean radius
of the microchannel.

The flow governing equations are given by:

Fig. 1. Schematic diagram of the problem.
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V-V=0, )

v _ JXB_ |
pa— V- (pl+1:)+ m2+kp, (3)
pCy (554 V-VT) = KV?T + Qo @)

where V is the velocity vector, B signifies magnetic field
strength, J is the current density, | is the identity tensor, T is the
stress tensor, m is the Hall parameter, p designates the density,
K symbolises the thermal conductivity, Cy, is the specific heat at
constant pressure, T is the temperature, p indicates pressure, t is
the time, Qo is the heat source/sink, and u describes the dynamic
viscosity. The stress tensor for an incompressible Maxwell fluid
is given by

TH AT = 2uA, (5)

where 4 is the relaxation time (a Maxwell fluid parameter), % is

the material derivative, and A = %(VV + VVT) represents the

rate-of-strain tensor. Under the assumed conditions, the stress
tensor for the Maxwell fluid is simplified as

(1 +/1%)rrx uaﬂ (6)

where 7« is the shear stress in the x-direction on a constant
r-plane, and ux denotes the velocity component in x-direction.
The time-dependent velocity field is taken as

V=(00u,(r6,0). ()

The normal magnetic field is applied in the direction opposite to
the direction of motion, which, according to Ohm’s law, gives

J x B = (0,0, —0BZu,), (8)

where ¢ denotes electrical conductivity and By is the magnitude
of the applied magnetic flux density.

According to the above-mentioned assumptions, the gov-
erning equations are reduced to

O) (2 4 ) | (P 100 | 1 0%
(1+ Aat)(p at +6x) _#(Brz +r or +r2 662)+
o —-oBZuy
kp Uy + 1+m?2 ' ©)
16T 1 0°T
Cp E K (6‘r2 +7 ror o Tz r2 692) + Qo (10)
uxlr:o < oo, Tlr:O < o,
, (11
=0, Tlr=r+¢rsinke) =0 (11)

(02

where b is the slip parameter.

The expressions for pressure gradient, velocity and temper-
ature in the x-direction for the oscillations in the form of a com-
plex function are obtained as:

r=R+&R sin(k6)

E = —P(t) = —¢ cos(wt) = —pR{e'“t}, (12)

u,(r,0,t) = R{di(r, 0)e'“t}, (13)

T(r,0,t) = R{T(r, 0)et}, (14)

where R{-} shows the real part, w is the angular frequency of
oscillation, and ¢ represents the amplitude of a pressure gradi-
ent, P(t) denotes the time-dependent oscillatory pressure gradi-
ent, and (-) denotes the complex amplitude of the corresponding
harmonically oscillating variable.

Inserting Egs. (12)—(14) into Egs. (9)—(11) yields:

.~ 2%1i(r,0) 10%(r,0) 1 92%1(r,0) v
iwii(r,0) = [ - = ( )
(r.6) or2 r or rz2 962 1+iwA
—-oB31U

1+m?2

o~ [
—k—u+; (15)

62T(r9) 190T(r,0) |, 1 8%T(r0)
r or r2 962

pCy, iwT(r,0) = K[

|+ @, (16)

where v = ulp is the kinematic viscosity.
The reduced boundary conditions are:

fify—g < 0,

(ﬁ+b’;—f)

The non-dimensional variables are defined as

| _, <o,

=0, =047

r=R+&R sin(k0)

T|r=R+§R sin(k8)

u(r,0)
Uo

T*(r*,0) = 0

T,-To

uw (r,0) = —=

’

Pe = PrR, § = R0
K T1—To

where Uy is the characteristic velocity scale, M is the magnetic
parameter, Da denotes Darcy number, Pr — Prandtl number, Re
— Reynolds number, Pe — Peclet number, S is the source param-
eter, To and T, are the reference temperatures used for nondi-
mensionalisation, and T1—To represents the characteristic tem-
perature difference.
After removing the stearic signs for simplification, Egs. (15)
and (16) in non-dimensional form are reduced as
%u  10u , 1 9%u

—+——+———(1Re+

or2  ror r2002

i) (1 + iDu +

1+m?

+(1 + i =0, (19)
19T | 1 2T
ror | 12062

PeT = (20)

The dimensionless boundary conditions are defined as

ulr:o < o, Tlr:O < 0o,

(u+p2)

21
=0, Tlr=14+¢sinxe) = 0. (21)

r=1+¢ sin(k0)
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3. Analytic solution Puy 10wy 1w o
y 6r2 r or r 9602 a‘u, =0, (25)
As Eqs. (19) and (20) are the seg:ond-orde_r par_tial differential otr, _1ar, _10°1y
equations (PDE’s), the perturbation technique is employed to PeTy =+ o tiom (26)
derive the solution by assuming the perturbation parameter
«1 Ofup | 10uz  10%up _ o _
¢ oz "ror 'raeez T W27 0, @7
_ 2
X, 0) = xo(r) + (1, 0) +$° xp(r, 0) + -, (22) pep. - P 10T 10°, 28)
2 = ’
where the velocity and temperature are collectively represented or ~ror | ro6?
by x. where
The zero, first, and second order equations in velocity and _ N M2 1
temperature are derived from Egs. (19) and (20) as =@+ (lRe ot ﬁ)
and
Pu | 1duo o2 1o ; M2, 1
dr? r dr au0+AaX_0’ (23) Alee"‘m"‘a-
PeT *To o4 1 1dTo , ¢ (24) By applying Taylor’s series, the slip boundary condition along
0= rar 7 r =1 is expanded as
duo duo d Ug
0= [uo +bhb— o +¢ [ul + b + sin(k8) ( dr2 )” _1
2 duy . ouy azj sin?(k6) d2u0 d Uo 3
+ f [uz +b ar + Sll‘l(k@) ( ar +b ar? ) 2 (drz dr3 )” + O(f )' (29)
aT: 2(k0) d?T,
0= Tolyoy + ¢|[Ty _ [T+ sin(ke) T2+ TERER] 4067, (30)
The related boundary conditions are
du,
foftlres = b5 ol <0 -
T0|r=1 = 05 |TO|T=O| < 0,
d 2
Uylp=r = Sm(kg)( — ) oy b% » ulr=ol < oo,
= r=1
& oy (32)
Tilyos = —sin(k6) ()| _, ITily—ol < o
in2 2 3
Up|r=y = —sin(k0) au1 —C D+ h 22|, Juylymol < o,
2 r=1 2 dar dr r=1 or | _
¢ . in?(k6) (d>T, (33)
| Tylr=1 = —sin(k6) (a—:) T = 2 (drzo) . T2 lr=0] < oo.
3.1. Zero-order solution s
To(r) = o+ Bslo(0,vPer) + ByKy (0,vPer),  (37)

The zero-order velocity and temperature equations, together
with their corresponding boundary conditions, are obtained from
Egs. (23), (24) and (31) as follows

d2u0 1 dug

_ 2 12 _
dr? r dr a-Uo +Aa X 0, (34)
du
Uplr= = — d_ro iy [uolr=ol < o0,
a’Ty | 1dTy
PeTo=—Z+__"+5 (35)
Tolr=1 =0, |Tolr=ol < o0

The solution of Egs. (34) and (35) is obtained in the form of a Bes-
sel function with the imaginary argument as

(36)

uy(r) = jl<p + B11,(0,ra) + B,K,(0,ra),

where lp and Ko are the zero-order modified Bessel functions of
the first and second kind, respectively.

Substituting the condition |ug|,—| < o0 and |Tyl,—q| < o0
in Eq. (36) and (37) gives B, = 0 and B, = 0. Further, applying
the boundary conditions from Egs. (34) and (35) gives

- __ ____
B =~ o benmal %)
S
Bs =~ per o 39

and the zero-order velocity and temperature take the form:

129



Rafig M.Y., Abbas. Z., Naeem A.

up(r) = §<p + ByIo(0,7a) =
10(0 ra)
[ Io(0,@)+baly(1,a)l’ (40)
S Ip[o,VPe
T(r) = P—[ el (41)

3.2. First order solution

Similar to the zero-order formulation, the first-order velocity
and temperature equations, along with boundary conditions, are:

The method of separation of variables derives the final ex-
pression for the first-order velocity and temperature as

u, (r,0) = Cqsin(k0) I, (k,ra) =

Biasin(k8)Iy(k,ra)
(1+kb)Io(k,a)+baly(k+1,a)’

—[baly(0,a) — (=1 + b) I,(1,a)] X

(44)
T, (r) = Dg sin(k@) I,(k,VPer) =
_ VPeIo(1,VPe)Bs sin(k&)Io(kPer) (45)

Io(kVPe) ’

( 3%uy , 10u; . 10%u, 2.

oz Voo Troge A =0 where B; and Bs are the zero-order integration constants defined
{ullr = [sm(k@) ( duy _ p dzuo) —b aﬂ] (42) inEgs. (38) and (39), respectively, while Cs and Dg are the first-
dr? or dlr=1 order constants determined by applying the boundary conditions

Uity l=ol < o0, in Egs. (42) and (43).

a2 d a2 .
PeT, = —Tzl 2o, 12 3.3. Second order solution
or r or r 06 (43)
dT,
Tilr=1 = —sin(k6) —>2, |T1l7=o] < oo. The governing equations and boundary conditions for the sec-
ond-order problem are:
Puy | 10up | 10%up 5
61’2 r or r 062 a‘u; =0, (46)
ouq ﬂ _ sin? (k@) & d3ug g 0uy
Ualyoy = —sin(k®) (G2 +652)| | -T2 (TR0 GR)| b5 bl <o
2T, 10T, , 19°T,
PeTy =52+ 50+ 5% -
oT, in2(k0) d2T, .
Tolrs = —sin(k6) (52)] _ -=5252 ITaly—ol < .
Similarly to zero and first order solution, the second order solu-
tion is also finalised on the similar pattern as
_ __ 2BgD1+A1Dy Io(2k,ra) cos(2k0) _ Ip(0,ra)
Up(r,0) = E5 cos(2kb) Io(2k, ra) + Esly(0,ra) = 4 (1-2kb)Ig(2k,@)+baly(1+2k,a)  Io(0,a)+baly(1,a)l’ (48)
2C¢E1+A3E; [1o(2kNPe (2k6) Io(0,\/Pe-

T,(r,0) = F3 cos(2k6) 10(2]" VPe r) + FSIO(O,\/ﬁr) == 14 = [ : zo(;:,)%; Io(zk,\/;_i)w:lz)(o,«/ﬁ) . (49)

where A, As, Bs, Cs, D1, D2, Es, Ez, E3, Es, F3 and Fs are auxil-
iary/integration constants arising from the perturbation solution
and boundary condition algebra. Cs is inherited from the first-
order solution, while the remaining constants used at second or-
der are fixed by the corresponding conditions in Egs. (46) and
(47).

3.4. Approximate analytical solution

The approximate analytic solution of velocity and temperature
takes the form:

_ _ Aly(0,ra) _ . Biasin(k6)Iy(k,ra)
u(r,0) =4 Io(0,0)+baly(1,a) ¢lo(k, ra) By a sin(ko) [(1+kb)lo(k.a)+balo(k+1.a)
2BgD1+A1D; Io(2k,ra) cos(2k0) _ Ip(0,ra) (50)
4 (1-2kb)Io(2k,@)+baly(1+2k,a)  Io(0,a)+baly(1,a)l’
_S Io(0,V/Per) . &lo(17/Pe)lo(kPer) 2D6F1 +B3F;\ 2 [lo(2kPer)cos(2k) | 1o(0,VPeT)
T(r,6) = pe t [1 Io(0,VPe) ]A3 sin(k6) [ Io(k/Pe) ( )5 Io(2kPe ) Io(0Pe) |’ (1)

where ¢ is the perturbation parameter representing the dimen-
sionless wall roughness. It is substantial to mention that if the
wall roughness is neglected, i.e. £ = 0, then the problem is re-
duced from a rough circular channel to a smooth one.

4. Shear stress

The wall shear stress for unidirectional incompressible flow,

where the tangential stress at the channel wall is proportional to
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the radial gradient of the axial velocity, can be expressed math-
ematically as
Ju
ot Y (52)
which can be obtained by differentiating the approximate veloc-
ity solution and evaluating itat r =1.

5. Nusselt number

The dimensionless Nusselt number to determine the rate of heat
transfer is obtained from the approximate temperature solution
evaluated at the wall (Eq. (51)):

aT

Nu(r) = ol

(53)

6. Observations and discussion

The current study presents the closed-form solution of magnet-
ised flow of Maxwell fluid along with the Hall effect in a porous,
rough circular microchannel with slip boundary conditions. The
thermal characteristics of the flow in the presence of a heat
source are analysed in detail. The perturbation technique is ap-
plied to derive the solution, which is found in the form of a Bes-
sel function. The impact of controlling parameters on the fluid’s
velocity and temperature is given graphically. Additionally, the
impact of the fluid parameter, Darcy number and Hall parame-
ter, on shear stress and the influence of the source parameter and
Peclet number on the Nusselt number are shown in tabular form.
The characteristics of oscillatory flow are dominantly affected
by the frequency parameter, which is represented by the angular
Reynolds number. At low frequencies, the viscous forces are
dominant, and the fluid is able to completely relax the oscilla-
tory pressure gradient, resulting in a smooth velocity profile and
an increased flow rate. However, at higher frequencies, the iner-
tial forces become more pronounced, leading to a reduction in
velocity magnitude due to the limited diffusion of momentum in
the channel. Additionally, higher frequencies cause a phase lag
between the velocity and the applied pressure gradient. In circu-
lar microchannels, this results in the development of annular ve-
locity profiles and backflow regions. The slip at the wall be-
comes less effective with increasing frequency due to the domi-
nance of oscillatory inertia. Wall roughness further disrupts the

@

flow at higher frequencies, leading to an increase in near-wall
fluctuations and a reduction in the overall transport. As a result,
the flow rate decreases with increasing frequency.

The accuracy and reliability of the present work was vali-
dated through a comparison of the obtained velocity profiles
with those of the previous study by Li et al. [8].

6.1. Velocity distribution

Figures 2—4 show the impact of different parameters on the ve-
locity profile of a Maxwell fluid, while Figs. 5—7 depict the ve-
locity contours for the variation of the relaxation time (1), the
Darcy number (Da) and the magnetic parameter (M), respec-
tively. Figure 2a represents the effect of amplitude (¢) on veloc-
ity, showing that the velocity increases with increasing ¢ . This
is because the oscillatory motion rises with the increment in am-
plitude, inducing an inclination in the fluid’s motion. The influ-
ence of the slip parameter (b) on the velocity profile is portrayed
in Fig. 2b. It is noted that velocity rises near the wall of the mi-
crochannel, and overall velocity also increases with increasing
the slip parameter, as the upsurge in b induces a decline in the
friction at the wall, causing an ease for the fluid flow due to the
slip condition. Figure 3a explains the impact of the relaxation
time (1) on the velocity distribution. It is perceived that the ve-
locity profile enhances significantly with the rise in A. Physi-
cally, an increase in A causes a strong elastic behaviour of the
fluid and delayed relaxation, which aids the propagation of os-
cillatory flow, causing an increment in the liquid motion. As can
be seen from Fig. 3b, as the perturbation parameter (&) increases,
more energy is dissipated near the wall due to enhanced re-
sistance or irregular surface interaction. This leads to increased
friction and momentum loss in the fluid layers. As a conse-
quence, the axial velocity decreases throughout the channel. Ad-
ditionally, the disturbance disrupts the smooth flow pattern, fur-
ther reducing the net flow efficiency. Therefore, a higher pertur-
bation parameter suppresses velocity due to dominant damping
and resistance effects.

Figure 4a illustrates the impact of magnetic parameter (M)
on the fluid flow showing that velocity declines with an increase
in the magnetic effect. It is because, this effect attributed to-
wards Lorentz force acts as a resistive force to the flow, causing
a dampness in the flow. Figure 4b implies that the velocity pro-
file enhances with the rise in Hall effect. The increment in Hall

(b)

0.35 :
[ — b=1.5
0'30‘: — b=2
_ b= 2.5
0.25! — b=3

Fig. 2. Velocity profile change with amplitude (a) and slip parameter (b).
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Fig. 3. Change of the velocity profile with the relaxation time (a) and perturbation parameter (b).

effect leads to the decline in electrical conductivity generation,
which opposes the dampness caused by the magnetic field, re-
sulting in the enhancement of the velocity. The impact of poros-
ity on the fluid flow is depicted in Fig. 4c. The escalation in
Darcy number (Da) causes an increment in the permeability of
the medium which aids the fluid to flow, causing an upsurge in
the fluid velocity. Figure 4d compares the present velocity pro-
file with the results of Li et al. [8] under the corresponding lim-
iting conditions. The close agreement between the two profiles
validates the accuracy of the present analytical solution.

Figure 5 verifies the same behaviour as observed in Fig. 3a.
Figure 6 presents velocity contours for increasing Darcy number
and shows the enhancement of velocity due to reduced porous
resistance, whereas Fig. 7 presents velocity contours for increas-
ing magnetic parameter and confirms the suppressing effect of

0.00-
-0.05

-0.10

0.10 '
0.05

0.00

i, —0.05
—-0.10
=0.15

-0.20

the Lorentz force. These contour trends are consistent with the
corresponding velocity-profile results in Fig. 4.

6.2. Temperature distribution

Figures 8a and b show the impact of the source parameter (S)
and Peclet number (Pe) on the temperature profile, respectively.
The rise in temperature with the increase in S is due to the fact
that the increment in the source parameter adds more energy to
the fluid, inducing an upsurge in the fluid temperature. In micro-
channel flows, an increase in the Peclet number indicates stronger
convective heat transfer relative to conductive heat transfer. As Pe
increases, the fluid transports thermal energy more effectively
along the flow direction. This causes heat to accumulate within
the fluid bulk, raising the overall temperature.

(b)

-0.05
—-0.10
=0.15

-0.20

-0.25}

(d)

Lietal.(2024)
0.1} Current Study

Fig. 4. Velocity profile change with magnetic parameter (a), Hall parameter (b), Darcy number (c),
and the comparison with the previous study (d).
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Fig. 5. Velocity contours for various values of relaxation time: (a) 1 =0.5, (b)) A=1,(c) A =2, (d) A =4.

@

0.8

0.6

rsin(6)
rsin(6)

0.4

0.2

05 0 05 1
rcos(0)

| 0.5

& 0.4
E
Z 0.3
0.2
= > 0.1
05 0 05 1 05 0 05 1
rcos(0) rcos(0)

Fig. 6. Velocity contours for various values of Darcy number: (a) Da =1, (b) Da=1.5, (c) Da=2, (d) Da=2.5.
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Fig. 7. Velocity contours for various values of magnetic parameter:
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Fig. 8. Temperature profile change with source parameter (a) and Peclet number (b).

Figures 9 and 10 present the temperature contours for the var-
iation in Peclet number and heat source parameter, respectively.
It is observed that the temperature rises with the increment in both
parameters, verifying the trend shown in Fig. 8. The increase in
the source parameter adds significant energy to the fluid, causing
an increase in the temperature, whereas the increment with in-
creasing Peclet number shows that the fluid transmits the energy
more efficiently.

Table 1 depicts the effect of the relaxation time, Darcy num-
ber and Hall parameter on the shear stress of the fluid. It is ob-
served that shear stress rises with an increase in relaxation time,
while it declines as the Darcy number and Hall parameter in-
crease. Table 2 is produced to portray the influence of the source
parameter and Peclet number on the Nusselt number. It is noted

that the Nusselt number upsurges for both parameters, as the in-
crease in the source parameter and Peclet number enhances the
heat transfer, causing an increase in the Nusselt number.

7. Conclusions

In this study, the magnetised oscillatory flow of a Maxwell fluid
through a porous circular microchannel with a rough wall, con-
sidering both no-slip and slip boundary conditions with the Hall
effect, is analysed. In addition to examining the influence of slip
length, wave number and wall roughness on the velocity and
volumetric flow rate, we extended the analysis to include the ef-
fects of the magnetic parameter, Hall effect and Darcy number
on the velocity profiles, as well as the Peclet number and heat
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Fig. 9. Temperature contours for various Peclet numbers: (a) Pe = 1, (b) Pe = 1.5, (c) Pe = 2, and (d) Pe = 2.5.
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Table 1. The impact of relaxation time (1), Darcy number (Da),
and Hall parameter (m) on the shear stress (z).

Parameters
Relaxation Darcy Hall Shear stress
time number parameter
2 0.2 2.0 1.53776
3 0.2 2.0 1.45982
4 0.2 2.0 1.51182
5 0.2 2.0 1.63513
6 0.2 2.0 1.81535
2 0.2 15 1.55540
= 0.3 = 1.49933
- 0.4 - 1.48191
- 0.5 - 1.47420
- 0.6 - 1.47007
2 0.2 15 1.55540
- - 2.0 1.53776
= = 2.5 1.52867
- - 3.0 1.52347
- - 3.5 1.52025
Table 2. The impact of the source parameter (S)
and Peclet number (Pe) on the Nusselt number.
Parameters
Nusselt
Source Peclet number
parameter number

1.0 2.0 0.81177

15 - 1.32176

2.0 - 1.76234

2.5 = 2.20293

3.0 - 2.64325

3.5 - 3.0841

2.0 1.0 1.48937

- 1.5 1.61065

- 2.0 1.76234

= 2.5 1.95782

- 3.0 2.21966

- 3.5 2.58916

source/sink parameter on the thermal characteristics of the flow.
The following are the key findings.

Velocity increases with the slip length and wall roughness
at a low Reynolds number.

The magnetic field suppresses velocity due to the Lorentz
force, while the Hall effect causes a rise in the fluid veloc-
ity.

A heat source and a higher Peclet number lead to an in-
crease in the temperature profile.

The Nusselt number increases with an increase in the
source parameter and the Peclet number.

Shear stress increases for Maxwell’s fluid parameter while
it declines with an increase in porosity and Hall current.
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