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Abstract.  This  work  aimed  to  model  and  analyze  the  dynamic  stability  of  a  truck  crane  boom  change  system,  taking  into  account  the  effect
of  various  types  of  vibration  damping  on  its  dynamic  stability.  The  paper  formulates  and  solves  boundary-value  problems  for  a  truck  crane
boom  change  system,  accounting  for  damping,  using  a  real  DST0285  truck  crane  boom  change  system  modeled  as  Bernoulli-Euler  beams  and
selected  discrete  elements.  Using  Hamilton’s  variational  principle,  the  equation  of  motion  of  the  system  was  obtained,  and,  taking  into  account
geometric  and  continuity  conditions,  the  natural  boundary  conditions  were  determined.  The  equation  of  motion  was  then  transformed  into  the
Mathieu  equation,  whose  parameters  allowed  the  determination  of  the  system’s  stable  solution  range.
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1. INTRODUCTION

The luffing system of a truck crane is one of the key subsys-
tems determining the crane’s dynamic properties. It plays a
decisive role in the accuracy of load positioning and affects the
operational stability of the entire crane.

Issues related to the dynamics of mobile cranes, including
the modelling of telescopic booms and their drive systems,
have been comprehensively discussed in monographs by Posi-
adała [1] and Sochacki [2]. Many other studies have analysed
crane vibrations and the dynamic stability of the crane luff-
ing system. For modelling the crane or selected subsystems,
both beam models and discrete models have been employed.
In paper [3], Cekus et al. developed a mathematical model of
a crane to analyse the motion of a load carried by the crane,
taking into account the influence of wind force. In the article
[4], Trąbka presented ten variants of a computational model of
a telescopic crane dynamics using the finite element method.
The variants differed in the number and selection of flexible
elements. The study analysed how these differences affect
the representation of the real crane’s dynamic properties in its
computational models. Sagirli et al. [5] presented a model of
a telescopic crane using the bond graph technique. The model
included both the drive system and the main structure, treating
them as a single highly nonlinear system. Zheng and Wang in
paper [6] conducted a kinematic and dynamic analysis of the
motions of a telescopic-boom crane. The influence of slewing,
luffing, and telescoping of the boom, as well as load hoisting
and lowering, on the crane dynamics was examined. Esqué et
al. [7] proposed a modular method for the design and testing of
hydraulic mobile cranes. A 3D graphical interface was devel-
oped to visualise, in real time, simulation results of crane oper-
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ation for virtual prototyping applications. Kjelland and Hansen
in publication [8] proposed a method for active vibration con-
trol of a truck-mounted crane boom. Based on information
about natural vibration frequencies and damping of a simpli-
fied crane model, an input-shaping scheme was developed to
control the feedback of a proportional valve pressure, result-
ing in significant vibration reduction. Sochacki [9] proposed a
model of a truck crane and its boom that enables the analysis of
vibration frequencies and the determination of conditions lead-
ing to dynamic instability. Mijailović and Šelmić investigated
the influence of modelling structural components, particularly
bearing compliance, on the dynamic behaviour and stability of
a truck crane [10], [11]. In paper [12], Sun and Kleeberger
developed and applied an integrated method for the dynamic
analysis of a mobile crane, in which a flexible multibody struc-
tural model was directly coupled with the model of the crane’s
hydraulic drive and control system. Ilir and Naser, in turn,
analysed key kinematic and dynamic parameters (velocities,
accelerations, forces, and moments) in the main crane subsys-
tems. The obtained results were used to assess the dynamic be-
haviour and to select and optimise motion-control strategies to
reduce vibrations and improve the crane’s operating efficiency
[13].

There are also several studies focusing on incorporating var-
ious damping mechanisms into models of telescopic booms
and entire cranes. Liu et al. in paper [14] investigated the
dynamic stability of a telescopic crane boom. The boundary
value problem was formulated based on Hamilton’s principle.
Regions of dynamic instability were determined, and the in-
fluence of damping on these regions was analysed. Bold et
al. [15] analysed the effect of structural and material damping
on the vibrations of a truck crane with a telescopic boom, in-
dicating the critical role of damping in shaping the dynamic
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response and the boundaries of dynamic stability. Similar
issues, with respect to telescopic booms, were addressed by
Raftoyiannis and Mihaltsos in paper [16]. In the article [17],
Mączyński and Wojciech presented a 3D model of a truck-
mounted telescopic crane that included structural flexibility
and damping effects. An optimisation of the slewing frame
drive functions was performed to minimise load oscillations at
the final positioning stage.

The extensive literature on cranes also includes works de-
voted to stability assessment in the context of safety criteria.
Kacalak et al. [18] proposed a methodology for assessing the
stability of cranes with telescopic booms by combining static
and dynamic analyses to quantify the range of stability loss.

In turn, the study by Tran and Nguyen [19] concerns the
identification of the dynamic stability of truck cranes using
models that reflect real operating conditions. Mackojć and
Chiliński [20] proposed a preliminary methodology for the dy-
namic modelling of a coupled payload–vessel system with an
offshore crane, intended for the analysis of lifting operations
involving loads of varying mass. The developed model ac-
counts for dynamic interactions and enables the study of vi-
brations and system stability under real operating conditions.
In the article [21], Qian et al. presented an interactive analysis
method for the quantitative determination of support reaction
forces in a hydraulic mobile crane. The study aimed to limit
the crane’s load capacity to a range that ensures static stability.

Relatively few studies simultaneously consider a luffing-
system model that includes internal, external, and structural
damping, along with a comprehensive dynamic-stability anal-
ysis of this model.

In this paper, a comprehensive dynamic-stability analysis of
the luffing system of a truck crane is conducted, accounting
for three types of damping. The influence of internal damp-
ing of the viscoelastic material (Kelvin–Voigt type) of the sys-
tem components on the vibrations and dynamic stability of the
DST0285 truck crane luffing system is analysed. An analysis
of the influence of external-medium damping on the system’s
dynamic stability is also performed. Moreover, the study ex-
amines how the dynamic stability of the system is affected by
structural damping in the mountings of the luffing cylinder and
the telescopic boom to the rotating superstructure frame.

Modeling mechanical devices requires certain simplifica-
tions. Bernoulli-Euler beams are widely used to model com-
plex, slender mechanical systems and their vibrations, and
their properties are therefore continuously studied in many
centers [22, 23, 24, 25]. In addition, these beams are also used
for modeling in the construction industry [26].

The results of the research on the dynamics of the DST 0285
crane boom change system for analytical and numerical mod-
els (FEM) and a laboratory model are presented, among others,
in [27, 28].

The crane luffing system is modelled as a continu-
ous–discrete system using Bernoulli–Euler beams and equiv-
alent masses and stiffnesses representing the telescopic boom,
the luffing cylinder, and the crane load. A complex mathe-
matical model of the luffing system is formulated, for which
the equations of motion and natural boundary conditions are

derived using Hamilton’s principle. The eigenvalues of the
damped vibration system are determined. The influence of se-
lected damping parameters and the load on the natural frequen-
cies and the decay rates of vibration amplitudes is investigated.
The effects of geometric parameters, loading, and damping on
the system’s dynamic stability are then identified.

2. MATHEMATICAL MODEL

In this paper, the boundary-value problem for lateral vibrations
of a truck-mounted crane boom change system in the boom-lift
plane was formulated and solved. The physical model included
energy dissipation in the supports attaching the crane to the
chassis frame, the hydraulic cylinder, and the telescopic boom.
Furthermore, the damping of the medium in which the crane
is located and the internal damping of the viscoelastic material
of the Bernoulli-Euler beams modeling the analyzed system
(Kelvin-Voigt rheological model) were considered. The sys-
tem under consideration was the boom change system of the
DST0285 truck-mounted crane, the physical diagram of which
is shown in Fig. 1.

The system shown in the diagram consists of a telescopic
boom and a hydraulic cylinder modeled using Bernoulli-Euler
beams (Fig. 2). The hydraulic cylinder consists of a cylinder
(b) whose modeling beams are described by the indices 1 and
2, and a piston rod (a) modeled by beams designated 3 and
4, respectively, where l2 = l3. The coefficient k1 models the
stiffness of the fluid in the cylinder (c) as a linear translational
spring. The axial force P2(t) is equal to zero because the exter-
nal load is not transferred to this part of the actuator cylinder.
This is the part of the cylinder not filled with hydraulic fluid at a
given piston rod position. The beam elements designated 5 and
6 are a beam model of an actual three-link telescopic boom of a
truck crane, the equivalent mass of which is modeled by a dis-
crete element MZ . Energy dissipation in the considered system
occurs as a result of external viscous damping with a damping
coefficient CE , resistance to motion in the supports modeled by
viscous rotational dampers with damping coefficients CR1 and
CR2 for the boom support and the boom change actuator, re-
spectively, and through internal damping characterized by the
material viscosity coefficients E∗

i . Lifting or stopping a load of
mass m suspended on a rope during lowering loads the system
with an external force in the form P(t) = P0 + Scosνt, where
P0 = m g is the constant part of the load, while S is the vari-
able part of the load. The corresponding longitudinal forces
for individual beams take the form

P6(t) = P5(t)−P4(t)cosγ = (P0 +Scosνt)sinϕ, (1)

P1 (t) = P3 (t) = P4 (t) =

= (P0 +Scosνt)
(

1+
l6
l5

)
cosϕ

sinγ

(2)

The elasticity of a linear system is modeled by the spring
coefficient kZ . The angles ϕ and γ define the geometry of
the system. The problem of lateral vibrations of the sys-
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Fig. 1. Model of the boom change system of the DST0285 truck crane.

tem was solved using Hamilton’s variational principle for non-
conservative systems, which can be represented as∫ t2

t1
(δT −δV )dt +

∫ t2

t1
δWNdt = 0 (3)

The integral of the action is presented by

∫ t2

t1
(T −V )dt =

∫ t2

t1

[
1
2

6

∑
i=1

∫ li

0
ρiAi

(
∂Wi (xi, t)

∂ t

)2

dxi

+
1
2

MZ

(
∂W6(0, t)

∂ t

)2

+
1
2

m
(

∂xZ(t)
∂ t

)2

−1
2

6

∑
i=1

∫ li

0
EiJi

(
∂ 2Wi (xi, t)

∂x2
i

)2

dxi

−1
2 ∑

i=1,3,4,5,6

∫ li

0
Pi(t)

(
∂Wi (xi, t)

∂xi

)2

dxi

−1
2

k1 [W6(0, t)sinγ]2

−1
2

kZ [xZ(t)−W6 (l6, t)cosϕ]2
]

dt.

(4)

The variation of the kinetic energy of the system δT was,
after applying appropriate transformations and using the rela-
tionship that δwi (xi, t) = 0 at t = t1 and t = t2, where n is the
number of beam elements in the system, defined by

Fig.  2.  Diagram  and  model  of  the  boom  change  actuator.

   3

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication.



S. Garus, J. Garus, W. Sochacki, M. Nabiałek, B. Jeż, K. Jeż

δT = −
n

∑
i=1

ρiAi

∫ t2

t1

∂

∂ t

(
∂Wi (xi, t)

∂ t

)
δWi (xi, t)dt

−MZ

∫ t2

t1

∂ 2W6 (0, t)
∂ t2 δW6 (0, t)dt

−m
∫ t2

t1

∂ 2xZ (t)
∂ t2 δxZ (t)dt

(5)

The variation of the potential energy of the system δV was
defined as

δV =
n

∑
i=1

[
EiJi

∂ 2Wi (xi, t)
∂x2

i
δ

∂Wi (xi, t)
∂xi

∣∣∣∣xi=li

xi=0

−EiJi
∂ 3Wi (xi, t)

∂x3
i

δWi (xi, t)|xi=li
xi=0

+EiJi

∫ li

0

∂ 4Wi (xi, t)
∂x4

i
δWi (xi, t)dxi

−Pi (t)
∂Wi (xi, t)

∂xi
δWi (xi, t)|xi=li

xi=0

+Pi (t)
∫ li

0

∂ 2Wi (xi, t)
∂x2

i
δWi (xi, t)dxi

]
+k1 sinγW6 (0, t)δ (W6 (0, t)sinγ)+ kZ (xZ (t)

−W6 (l6, t)cosϕ)(δxZ (t)−δW6 (l6, t)cosϕ)

(6)

The variation of the virtual work of non-conservative forces
δWN was determined as

δWN =
n

∑
i=1

{
−
∫ li

0
Ei

∗Ji
∂ 5Wi (xi, t)

∂x4
i ∂ t

δWi (xi, t)dxi

−
∫ li

0
CE

∂Wi (xi, t)
∂ t

δWi (xi, t)dxi

}
−CR1

∂ 2W5 (0, t)
∂x5∂ t

δ
∂W5 (0, t)

∂x5
−CR2

∂ 2W1 (0, t)
∂x1∂ t

δ
∂W1 (0, t)

∂x1

−
n

∑
i=1

{
Ei

∗Ji
∂ 3Wi (xi, t)

∂x2
i ∂ t

δ
∂Wi (xi, t)

∂xi

∣∣∣∣xi=li

xi=0

− Ei
∗Ji

∂ 4Wi (xi, t)
∂x3

i ∂ t
δWi (xi, t)

∣∣∣∣xi=li

xi=0

}
(7)

The individual variational components resulting from
Hamilton’s principle was determined by substituting the equa-
tions Eq. (5), Eq. (6) and Eq. (7) into Eq. (3), from which the
boundary conditions were then obtained, are as follows

∫ t2

t1

(∫ li

0

(
n

∑
i=1

{
−Ei

∗Ji
∂ 5Wi (xi, t)

∂x4
i ∂ t

−EiJi
∂ 4Wi (xi, t)

∂x4
i

+

−Pi(t)
∂ 2Wi (xi, t)

∂x2
i

−ρiAi
∂ 2Wi (xi, t)

∂ t2 −CE
∂Wi (xi, t)

∂ t

})
·

·δWi (xi, t)dxi +
n

∑
i=1

(
−EiJi

∂ 2Wi (xi, t)
∂x2

i
−Ei

∗Ji
∂ 3Wi (xi, t)

∂x2
i ∂ t

)
·

· δ
∂Wi (xi, t)

∂xi

∣∣∣∣xi=li

xi=0
−

n

∑
i=1

{
EiJi

∂ 3Wi (xi, t)
∂x3

i
+

+Pi(t)
∂Wi (xi, t)

∂xi
+Ei

∗Ji
∂ 4Wi (xi, t)

∂x3
i ∂ t

}
δWi (xi, t)|xi=li

xi=0+

−
(

k1 (sinγ)2 W6(0, t)+MZ
∂ 2W6(0, t)

∂ t2

)
δW6(0, t)+

+(kZ (xZ(t)−W6 (l6, t)cosϕ))cosϕδW6 (l6, t)+

−CR1
∂ 2W5(0, t)

∂x5∂ t
δ

∂W5(0, t)
∂x5

−CR2
∂ 2W1(0, t)

∂x1∂ t
δ

∂W1(0, t)
∂x1

+

−
(

m
∂ 2xZ(t)

∂ t2 + kZ (xZ(t)−W6 (l6, t)cosϕ)

)
δxZ(t)

)
dt = 0.

(8)
The system of differential equations of motion of the trans-

verse vibrations of the model was determined from Eq. (8) as

∂ 4Wi (xi, t)
∂x4

i
+

Ei
∗Ji

EiJi

∂ 5Wi (xi, t)
∂x4

i ∂ t
+

Pi (t)
EiJi

∂ 2Wi (xi, t)
∂x2

i

+
ρiAi

EiJi

∂ 2Wi (xi, t)
∂ t2 +

CE

EiJi

∂Wi (xi, t)
∂ t

= 0

(9)

Based on Fig. 1, the geometric boundary conditions and con-
tinuity conditions of the system are as follows

W1 (0, t) = 0 (10)

W1 (l1, t) =W2 (0, t) (11)

∂W1 (l1, t)
∂x1

=
∂W2 (0, t)

∂x2
(12)

W2 (0, t) =W3 (0, t) (13)

W2 (l2, t) =W3 (l3, t) (14)

W3 (l3, t) =W4 (0, t) (15)

∂W3 (l3, t)
∂x3

=
∂W4 (0, t)

∂x4
(16)

W5 (0, t) = 0 (17)

W5 (l5, t) =W6 (0, t) (18)
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∂W5 (l5, t)
∂x5

=
∂W6 (0, t)

∂x6
(19)

W4 (l4, t) =W6 (0, t)cosγ (20)

Taking into account the geometric and continuity conditions,
the natural boundary conditions were determined from Eq. (8)
in the form

E1J1
∂ 2W1 (0, t)

∂x2
1

+E1
∗J1

∂ 3W1 (0, t)
∂x2

1∂ t
=−CR2

∂ 2W1 (0, t)
∂x1∂ t

(21)

E2J2
∂ 2W2 (l2, t)

∂x2
2

+E2
∗J2

∂ 3W2 (l2, t)
∂x2

2∂ t
= 0 (22)

E1J1
∂ 2W1 (l1, t)

∂x2
1

+E1
∗J1

∂ 3W1 (l1, t)
∂x2

1∂ t
=

= E2J2
∂ 2W2 (0, t)

∂x2
2

+E2
∗J2

∂ 3W2 (0, t)
∂x2

2∂ t

(23)

E3J3
∂ 2W3 (0, t)

∂x2
3

+E3
∗J3

∂ 3W3 (0, t)
∂x2

3∂ t
= 0 (24)

E3J3
∂ 2W3 (l3, t)

∂x2
3

+E3
∗J3

∂ 3W3 (l3, t)
∂x2

3∂ t
=

= E4J4
∂ 2W4 (0, t)

∂x2
4

+E4
∗J4

∂ 3W4 (0, t)
∂x2

4∂ t

(25)

E4J4
∂ 2W4 (l4, t)

∂x2
4

+E4
∗J4

∂ 3W4 (l4, t)
∂x2

4∂ t
= 0 (26)

E5J5
∂ 2W5 (0, t)

∂x2
5

+E5
∗J5

∂ 3W5 (0, t)
∂x2

5∂ t
=

=−CR1
∂ 2W5 (0, t)

∂x5∂ t

(27)

E5J5
∂ 2W5 (l5, t)

∂x2
5

+E5
∗J5

∂ 3W5 (l5, t)
∂x2

5∂ t
=

= E6J6
∂ 2W6 (0, t)

∂x2
6

+E6
∗J6

∂ 3W6 (0, t)
∂x2

6∂ t

(28)

E6J6
∂ 2W6 (l6, t)

∂x2
6

+E6
∗J6

∂ 3W6 (l6, t)
∂x2

6∂ t
= 0 (29)

E1J1
∂ 3W1 (l1, t)

∂x3
1

+P1 (t)
∂W1 (l1, t)

∂x1

+E1
∗J1

∂ 4W1 (l1, t)
∂x3

1∂ t
−E2J2

∂ 3W2 (0, t)
∂x3

2

−E2
∗J2

∂ 4W2 (0, t)
∂x3

2∂ t
−E3J3

∂ 3W3 (0, t)
∂x3

3

−E3
∗J3

∂ 4W3 (0, t)
∂x3

3∂ t
−P3 (t)

∂W3 (0, t)
∂x3

= 0

(30)

E2J2
∂ 3W2 (l2, t)

∂x3
2

+E2
∗J2

∂ 4W2 (l2, t)
∂x3

2∂ t

+E3J3
∂ 3W3 (l3, t)

∂x3
3

+E3
∗J3

∂ 4W3 (l3, t)
∂x3

3∂ t

−E4J4
∂ 3W4 (0, t)

∂x3
4

−E4
∗J4

∂ 4W4 (0, t)
∂x3

4∂ t
= 0

(31)

E6J6
∂ 3W6 (l6, t)

∂x3
6

+E6
∗J6

∂ 4W6 (l6, t)
∂x3

6∂ t
+P6 (t)

∂W6 (l6, t)
∂x6

=

=−(kZ (xZ (t)−W6 (l6, t)cosϕ))cosϕ

(32)

E5J5
∂ 3W5 (l5, t)

∂x3
5

+E5
∗J5

∂ 4W5 (l5, t)
∂x3

5∂ t

−E6J6
∂ 3W6 (0, t)

∂x3
6

−E6
∗J6

∂ 4W6 (0, t)
∂x3

6∂ t

+

[
E4J4

∂ 3W4 (l4, t)
∂x3

4
+E4

∗J4
∂ 4W4 (l4, t)

∂x3
4∂ t

+P4 (t)
∂W4 (l4, t)

∂x4

]
cosγ

−k1 (sinγ)2 W6 (0, t)−MZ
∂ 2W6 (0, t)

∂ t2 = 0

(33)

m
∂ 2xZ (t)

∂ t2 + kZ (xZ (t)−W6 (l6, t)cosϕ) = 0 (34)

To determine the eigenfunctions, the problem of system vi-
brations should be solved assuming that the variable part of
the load S is equal to 0. To separate variables in equations
Eq. (9) and in the boundary conditions, Eq. (10) – Eq. (34),
Wi (xi, t) = wi (xi)e jωt and xZ (t) = xZe jωt were assumed. The
equation of motion after separation of variables takes the form

∂ 4wi (xi)

∂x4
i

+d2
i

∂ 2wi (xi)

∂x2
i

−Ω
2
i wi (xi) = 0 (35)

where di =
√

Pi
EiJi+ jωEi

∗Ji
and Ωi =

√
ρiAiω2− jωCE
EiJi+ jωEi

∗Ji
.

The general solutions of the system of displacement equa-
tions Eq. (35) are the functions

wi (xi) =Ci1 cosh(αixi)+Ci2 sinh(αixi)

+Ci3 cos(βixi)+Ci4 sin(βixi)
(36)

where Cik for k = {1,2,3,4} the integration constants and αi
and βi take the form

αi =

√
−1

2
d2

i +

√
1
4

d4
i +Ω2

i
(37)

βi =

√
1
2

d2
i +

√
1
4

d4
i +Ω2

i
(38)
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By inserting the solution Eq. (36) into equations Eq. (10)
– Eq. (34) after separation of variables, a homogeneous sys-
tem of equations A with respect to unknown constants Cik was
obtained. This system in matrix form was written as

[A] (ω)C = 0 (39)

where [A] (ω)= [ap,q] ; [p,q] = (1−24), and C= [Cik]
T ; i=

1, 2 .. 6; k = {1,2,3,4}.

detA(ω) = 0 (40)

If, for constants Cik, the determinant of the coefficient matrix
is equal to zero (Eq. (40)), then the system has a non-trivial so-
lution. Equation (40) allows the calculation of the eigenvalues
of the system ω . The calculated eigenvalues were in turn the
basis for determining the eigenfunctions of the system under
study.

To analyze the dynamic stability of the tested system, its
equation of motion (Eq. (9)) should be presented in the form
of the damped Mathieu equation, which takes the form

∂ 2T (τ)

∂τ2 + c
∂T (τ)

∂τ
+(δ + ε cos t)T (τ) = 0 (41)

where τ is is dimensionless time, T (τ) is the time function
of the vibration amplitude (generalized modal coordinate), and

c =
CE

ν2 ∑
n
i=1 ρiAi

+
∑

n
i=1 Ei

∗Ji
∫ li

0
∂ 4wi(xi)

∂x4
i

wi (xi)dxi

ν2 ∑
n
i=1 ρiAi

∫ li
0 w2

i (xi)dxi

(42)

δ =
ω2

ν2 − jωCE

ν2 ∑
n
i=1 ρiAi

−
jω ∑

n
i=1 Ei

∗Ji
∫ li

0
∂ 4wi(xi)

∂x4
i

wi (xi)dxi

ν2 ∑
n
i=1 ρiAi

∫ li
0 w2

i (xi)dxi
(43)

ε =
S∑

n
i=1
∫ li

0
∂ 2wi(xi)

∂x2
i

wi (xi)dxi

ν2 ∑
n
i=1 ρiAi

∫ li
0 w2

i (xi)dxi

(44)

Reducing the partial equations of a beam loaded by a peri-
odic axial force to a Mathieu-type equation, via a modal ex-
pansion and the Galerkin procedure, is a classical procedure
used in the dynamic stability analysis of elastic systems. This
approach stems from Bolotin’s theory and has been extensively
applied to Bernoulli–Euler beams subjected to harmonic axial
loading [29, 30].

Determining the numerical values of the parameters de-
scribed by the relations Eq. (42), Eq. (43) and Eq. (44) allows
to determine the possibility of loss of dynamic stability of the
tested system.

Figure 3 shows the effect of the c coefficient on the range
of stable solutions from the Mathieu equation (41). For the
value of c = 0.1, the region of stable solutions is marked in
gray. Increasing the c coefficient to 0.3 increases the region
for which the equation solutions are stable. Further increasing
the c parameter to values of 0.6 and 0.9 reduces the range of
unstable solutions by the areas marked in yellow and blue in
Fig. 3.

Fig. 3. The effect of damping on the increase of the areas of stable
solutions of the Mathieu equation (Strutt card) for c = 0.1 (gray), c = 0.3
(red), c = 0.6 (yellow) and c= 0.9 (blue).

3. NUMERICAL RESULTS

This paper analyzes the boom change system of a DST0285
truck-mounted crane, the model of which is presented in Fig. 1.
The boom change system consists of a boom change actuator,
a mechanical cable system, and a three-link telescopic boom.
The boom is composed of a fixed member and two extendable
members.

The analyzed physical model of the system takes into ac-
count important features of the actual object, such as the step-
wise stiffness variation of the beam modeling the telescopic
boom, the geometry of the system defined by the geometric re-
lationship between the angles ϕ and γ , the effect of the force
on the boom head resulting from the action of the load sus-
pended on the cable, the effect of the hydraulic fluid of the
boom change actuator on the vibrations of the system, model-
ing it through a flexible piston rod mount, and the effect of the
boom mass on the vibrations of the analyzed system.

The following simplifications were adopted in the model:

6

•  the  ground  on  which  the  truck  crane  stands  and  its  chassis
are  non-deformable,•  the  body’s  rotating  frame  can  only  rotate  around  the  chassis’

   vertical  axis  and  is  non-deformable,
•  the  boom  rotation  angle  does  not  affect  its  dynamics,

•  the  pisto  of  the  boom  change  actuator  is  a  beam  system

   elastically  supported  in  the  longitudinal  direction,
•  shear  deformation  and  rotary  inertia  effects  were  considered

negligible.

A  load  that  stops  during  descent  or  is  lifted  and  vibrates  ver-
tically  applies  a  pulsating  force  to  the  boom-changing  system
at  a  specific  frequency.  This  frequency  depends  on  the  elas-
ticity  of  the  rope  system  and  the  mass  of  the  load  suspended
from  the  rope.  In  this  study,  a  six-strand  rigging  system  was
assumed,  accounting  for  the  stiffness  of  the  strands  from  the
head  to  the  block  and  from  the  head  to  the  winch.
   The  equivalent  stiffness  of  the  rope  system  was  determined
as
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kz =
n2AlEl

l0 +nll
(45)

where

• n – number of rope strands (assumed n = 6),
• El – Young’s modulus for the rope material (El = 1.25 ·

1011 Pa),
• Al – rope cross-section (where the strand diameter is d =

0.016 m),
• l0 – rope length from the boom head to the winches,
• ll – length of rigging from the boom head to the block.

Considering the mass m of the load and the equivalent stiff-
ness of the cable system Eq. (45), the excitation frequency ν

was determined as

ν =

√
kz

m
(46)

Assuming the actual lowering (lifting) speeds of the load v0,
the excitation frequency ν , and the equivalent stiffness of the
cable system kz, the variable part of the load S can be deter-
mined as

S = kz

√
v2

0
ν2

(47)

The determined value of the variable part of the load S was
used to determine the total parametric load of the tested sys-
tem.

To investigate the effect of various types of damping on the
eigenvalues of the crane boom change system, dimensionless
damping coefficients were introduced. For internal damping
Hs, external damping Ns, and structural damping Ms, respec-
tively, as

Hs =
Ei

∗

Ei

√(
l1 +∑

6
i=3 li

)4 ∑
6
i=1 ρiAi

∑
6
i=1 EiJi

(48)

Ns =
CE√

∑
6
i=1 ρiAiEiJi

(
l1 +

6

∑
i=3

li

)2

(49)

Ms =
CR√(

l1 +∑
6
i=3 li

)2
∑

6
i=1 ρiAiEiJi

(50)

If the load on the crane is jerked or suddenly stopped while
lowering, it will generate a time-varying external force P(t),
which consists of a constant P0 and a variable S component of
the load. Both components depend on the boom inclination an-
gle ϕ . The constant component is influenced by the mass m of
the suspended load, which, together with the equivalent stiff-
ness of the cable system, defined by Eq. (45), also determines
the frequency of the excitation force (Eq. (46)). The variable
component of the load S is related to the stiffness of the ca-
ble system kz, the load lowering or lifting speed v0, and the
excitation frequency ν and is described by Eq. (47).

Table 1. Dynamic stability of selected geometric configurations of the
undamped truck crane boom change system.

lc ϕ δ ε ν ω Solution

12 40º 0,661 0,069 263,815 214,357 stable
12 60º 0,667 0,015 263,815 215,461 stable
15 40º 0,169 0,121 261,314 107,415 stable
15 60º 0,257 0,078 261,314 132,620 unstable

Fig. 4. Influence of the boom inclination angle on the value of the δ

parameter with the range of angles for unstable solutions marked.

The equation of motion for the truck crane boom change
system Eq. (9), presented in the form of the damped Mathieu
equation Eq. (41), allows for determining the dynamic stability
of the analyzed model. The pair of parameters δ and ε defined
by equations Eq. (43) and Eq. (44), respectively, allows for de-
termining whether a given system configuration belongs to the
region of stable solutions or whether parametric resonance oc-
curs. The most significant influence on the value of the param-
eter δ is the frequency of the exciting force ν and the value of
the first natural frequency ω . The system is least stable when
the value of the parameter δ is approximately equal to 0.25, as
shown in Fig. 3. The value of the parameter δ is also influenced
by external damping CE and internal damping Ei

∗. The same
damping influences the reduction of unstable areas, shown in
Fig. 3, by increasing the value of the coefficient c described
by Eq. (42). The value of the coefficient ε described by equa-
tion Eq. (44) is mainly determined by the excitation frequency
ν and the value of the variable part of the load S. Structural
damping does not affect the narrowing of the unstable-solution
regions on the Strutt card.

First, a dynamic stability analysis was performed for an un-
damped truck crane boom system with a load of m = 3000 kg,
a load pick-up speed of v0 = 0.14 m/s, and a rigging length
from the boom head to the block of ll = 4 m. The values of the
Mathieu equation parameters determining the dynamic stabil-
ity of the solution for the analyzed geometric configurations of
the system were determined (Table 1). For the assumed load
and rope length in one case (lc = 15 m and ϕ = 60), the occur-
rence of parametric resonance was observed. Next, the range
of unstable solutions for this configuration was examined for
angles ranging from 50◦ to 70◦. Figures 4 and 5 show the
values of the parameters δ and ε depending on the boom incli-
nation angle ϕ . The range of angles (from 55.72◦ to 60.98◦)
for which the solution of the Mathieu equation was unstable is
marked in gray.
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Fig. 5. Influence of the boom inclination angle on the value of the ε

parameter, with the range of angles for unstable solutions marked.

Fig. 6. Effect of load mass on the value of the δ parameter, with the
load mass range for unstable solutions indicated.

Fig. 7. Effect of load mass on the value of the ε parameter, with the
load mass range for unstable solutions indicated.

With the increase in the boom inclination angle, the value
of the parameter δ increased (Fig. 4), while the value of the
parameter ε decreased (Fig. 5). The range of the parameter δ

values corresponded to the range of the first unstable region
of the solution space of the Mathieu equation. The center of
the unstable region occurred at ϕ = 58.3◦ and was adopted
for further analysis of the system. As in the case of the boom
inclination angle, a study was carried out of the effect of the
load mass on the values of the parameters δ (Fig. 6) and ε

(Fig. 7) of the Mathieu equation, and consequently their effect
on the stability of the system.

As the load mass increased, a linear increase in the values
of the parameters δ and ε was observed. Parametric resonance
was observed for load mass values from 2900 kg to 3400 kg.
The center of the unstable region occurred for the parameter
value δ = 0.2557 at a load mass of m = 3150kg, and this value
of the load mass was assumed when analyzing the effect of

Fig. 8. Effect of rope length on the value of the δ parameter, with the
rope length range for unstable solutions indicated.

Fig. 9. Effect of rope length on the value of the ε parameter, with the
rope length range for unstable solutions indicated.

8

Fig.  10.  The  influence  of  external  damping  on  the  value  of  the  param-
eter  ε  and  on  the  value  of  the  minimum  of  the  unstable  region  εmin.

rope  length  on  the  values  of  the  corresponding  parameters  of
the  Mathieu  equation  (Fig.  8  and  Fig.  9).  As  the  rope  length
increased,  the  values  of  the  δ  and  ε  parameters  increased.  An
unstable  region  was  observed  in  the  rope  length  range  from
3.55m  to  4.25m,  centered  at  a  rope  length  of  3.9m.

The  final  stage  of  the  research  was  to  determine  the  effect
of  different  types  of  damping  on  the  dynamic  stability  of  the
truck  crane  boom  change  system.  The  resulting  unstable  sys-
tem  for  selected  values  of  the  operating  angle,  load  mass,  and
rope  length  was  subjected  to  external  damping  (Fig.  10).

As  the  external  damping  coefficient  NS  increased,  a  slight
increase  in  system  stability  was  observed  due  to  a  decrease  in
the  value  of  the  parameter  ε  (Fig.  10).  However,  increasing  the
value  of  the  damping  coefficient  c  described  by  Eq.  (42)  had
a  much  greater  impact  on  the  range  of  unstable  solutions  (the
unstable  regions  narrowed  –  the  value  εmin  increased).  For  the
value  of  the  external  damping  coefficient  NS  =  6.15,  the  curves
intersected,  and  the  system  changed  from  unstable  to  stable.

Taking  into  account  the  internal  damping  HS  (Fig.  11)
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Fig. 11. Effect of internal damping on (a), (b) the value of the parameter ε and on (a), (c) the value of the minimum unstable region εmin.

Fig. 12. Effect of structural damping on the value of parameter ε.

slightly reduced the value of the ε coefficient (Fig. 11b) and
increased the value of εmin (Fig. 11c), but this did not signifi-
cantly affect the dynamic stability of the system.

The next damping type analyzed, which affected the stabil-
ity of the tested system, was structural damping. The effect
of this type of damping on the value of the ε parameter in the
Mathieu equation is presented in Fig. 12.

Structural damping MS, like external damping, reduced the
value of parameter ε (Fig. 12), increasing the stability of the
system to some extent. However, it did not eliminate the pos-
sibility of parametric resonance, as it did not affect the value
of the damping coefficient c and did not reduce the range of
unstable regions (εmin = 0).

In the final case study, the effect of all three types of damp-
ing (internal, external, and structural) on the dynamic stabil-
ity of the analyzed system was considered. During the tests,
internal damping was maintained at a constant value appro-
priate for steel (HS = 0.49 · 10−4). The values of structural
and external damping were increased proportionally until the
maximum damping values adopted in the work were reached

Fig. 13. The effect of internal, external, and structural damping on the
value of parameter ε and on the minimum value of the unstable region
εmin.

(respectively MS = 2.1 · 10−2 and NS = 6.7). The parameter
that defines the proportions of the adopted dampings relative
to their maximum values is the proportionality parameter r.
The results of the tests of the influence of all types of damp-
ing on the value of the parameter ε from the Mathieu equation
in relation to the minimum value of the unstable area εmin are
presented in Fig. 13.

As the r parameter increased, the value of parameter ε de-
creased, while the minimum value of the first unstable re-
gion εmin increased. Similar to Fig. 11, the curves inter-
sected at r = 58.87 %, corresponding to the structural damping
MS = 1.23 ·10−2 and the external damping NS = 3.94.

As can be seen, taking into account all three types of damp-
ing shifted the intersection point of the ε and εmin curves, caus-
ing the solutions to transition into stable regions earlier. A
more graphical representation of the influence of internal, ex-
ternal, and structural damping on the range of stable solutions
for the analyzed system is presented in Figures 14a– 14d.

For the obtained system, the value of the parameter ε for
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Fig. 14. The effect of internal, external, and structural damping on the range of stable solutions for the analyzed system.

the first unstable region (δ = 0.25) was tested for three differ-
ent types of damping. An increase in the value of the external
damping coefficient NS caused a slight increase in the system
stability by reducing the value of the parameter ε (Fig. 10), at
the same time, an increase in the value of the minimum unsta-
ble region εmin occurred. The system became stable for an ex-
ternal damping coefficient equal to NS = 6.15. Internal damp-
ing HS (Fig. 11) did not significantly affect the system stabil-
ity. Structural damping MS lowered the value of the parameter
ε (Fig. 12), but did not eliminate the possibility of parametric
resonance, because it did not reduce the range of unstable re-
gions. Taking into account the three types of damping made the
system more stable. It became stable for the values of external
damping NS = 3.94 and structural damping MS = 1.23 ·10−2,
which corresponded to r = 58.87 % (Fig. 13). Each additional
increase in damping made the system’s dynamic stability solu-
tions stable. These solutions were located entirely within the
stable solution regions on the Strutt card (Fig. 14).

4. CONCLUSIONS

Based on the conducted research, the following conclusions
were drawn:

1. Including the damping medium in the tested system reduced
the areas of unstable solutions.

2. Increasing the external damping coefficient above a cer-
tain threshold ensures that the system has stable solutions
throughout the analyzed range.

3. Internal damping, as modeled by the actual values of the in-
ternal damping coefficient of steel, did not introduce signif-
icant changes in dynamic stability compared to undamped
systems.

4. Simultaneous consideration of all analyzed damping types
significantly improved the ability to obtain stable solutions
for the tested systems. These solutions, with the same ge-

ometric parameters and system loads, previously reached
the stable solution region when considering single damping
types.

This paper demonstrates that including damping in the truck
crane boom change system does not eliminate the possibility
of parametric resonance, although it significantly reduces the
area of unstable solutions.
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