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Abstract.  In  the  paper,  a  novel  decomposition  technique  of  a  non-symmetric  real  square  matrix  is  presented.  The  algorithm  is  a  generalization
of  QR  Givens  rotations  technique  by  means  of  matrices  provisionally  called  perturbed  rotations.  It  is  described  in  detail  and  summarized  in
algorithmic  steps.  Its  existence  conditions  are  given.  The  orthogonal  matrix  case  is  discussed.  To  illustrate  the  algorithm,  a  simple  exemplary
matrix  decomposition  is  included.
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1. INTRODUCTION

Say, we have a real non-symmetric N ˆ N matrix X . It is
known, that by means of the QR algorithm [1, 2, 3], X can
be represented as a product of orthogonal Q and an upper tri-
angular R, i.e.

X “ QR. (1)

It can be obtained by means of N ˆN Givens rotation matrices
[4, Sec. 5.1.8], given by

Gm,npφkq “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

–

m n
1

. . . 0
m cosφk sinφk

. . .

n ´sinφk cosφk

0 1
. . .

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

(2)
Using (2), it is possible to zero a selected element of a vector
by multiplication

«

cosφk sinφk

´sinφk cosφk

ffT «

xm

xn

ff

“

«

r
0

ff

, (3)

where

cosφk “
xm

a

x2
m ` x2

n
, sinφk “

´ xn
a

x2
m ` x2

n
. (4)

Then, by the appropriate repetition of (3), X can be converted
to an upper triangular matrix. For details, see [4, Sec. 5.2.5]. If
X is an orthogonal matrix, then QR algorithm becomes the de-
composition technique, so that R becomes the diagonal matrix
E with ˘1 on its main diagonal. If during the process, each
Gm,npφkq is recorded for k “ 1,2, . . . then the QR algorithm for
the orthogonal X will produce the decomposition

X “

˜

N´1
ź

m“1

m`1
ź

n“N

Gm,npφkq

¸

E. (5)

The idea is to find out whether it is possible to decompose
a general non-orthogonal matrix in the manner similar to (5).
Motivation for such approach would be to develop novel com-
puting algorithms for discrete state-space equations which, for
a one-dimensional system, are given by

#

xpn ` 1q “ Axpnq ` Bppnq

rpnq “ Cxpnq ` Dppnq
, (6)

where ppnq and rpnq are input and output signals, respectively;
xpnq is a state-space vector representing internal system’s val-
ues; A, B, C, and D are matrices of appropriate dimensions,
constant for time-invariant systems. They can be combined
into

X “

«

A B
C D

ff

. (7)

Similarly, one can construct state-space equations for multi-
dimensional signals. The main implementation problem of (6)
is to effectively decompose (7) into a product of simple ma-
trices which provide computational precision and easy imple-
mentation of (6). It is known, that one can use Givens rotations
(2) which are efficient due to orthogonality. However, such de-
composition requires X to be orthogonal, which is, in general,
not easy to fulfill. For details on such implementations, see
[5]. That is why we look for similar approaches which do not
impose orthogonality on X . The authors believe that such tech-
niques will also find applications in areas like automation and
control or matrix algebra in general. The problem formulation
and the obtained results are presented in the following sections.

In the paper, we use the following notation: k : l, where l ą k,
is a vector of the form rk,k ` 1, . . . , ls; Xk:l,m:n is a submatrix
obtained by forming the intersection of k : l rows and m : n
columns of X ; XT is a transposition of X .

2. THE ALGORITHM
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N
ź

j“2

c´1
1, j plk,ukq “

1
śN´1

i“1 hi

»

—

—

—

—

—

—

—

—

—

–

1 ´uN´1PN´1 ´uN´2PN´2 ¨ ¨ ¨ ´u1P1

´lN´1RN´1 PN´1RN´1 lN´1uN´2PN´2RN´1 ¨ ¨ ¨ lN´1u1P1RN´1

´lN´2RN´2 0 PN´2RN´2 ¨ ¨ ¨ lN´2u1P1RN´2
...

...
...

. . .
...

´l2R2 0 0 ¨ ¨ ¨ l2u1P1R2

´l1R1 0 0 ¨ ¨ ¨ P1R1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(8)

2.1. Extension of the Givens Rotation Matrix

Consider (2) for N “ 2:

Gpφkq “

«

cosφk sinφk

´sinφk cosφk

ff

“ cosφk

«

1 tanφk

´ tanφk 1

ff

.

(9)
Let us shift one of angles in (9) by δ , which leads to

Gpφk,δ q “ cosφ

«

1 tanφk

´ tanpφk ` δ q 1

ff

“

“ cosφk

«

1 tanφk

´
tanφk`tanδ

1´tanφk tanδ
1

ff

. (10)

For | tanφk tanδ | ! 1 and cosφk omitted, (10) can be inter-
preted as a perturbed rotation matrix

Gpφk,δ q «

«

1 tanφk

´ptanφk ` tanδ q 1

ff

. (11)

Let uk “ tanφk and lk “ ´ptanφk ` tanδ q. Then, (11) can be
generalized to

cm,nplk,ukq “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

–

m n
1

. . . 0
m 1 uk

. . .

n lk 1
0 1

. . .

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

. (12)

Define,

hk “ 1 ´ lkuk. (13)

For hk ‰ 0, (12) possesses its inverse, given by

c´1
m,nplk,ukq “

1
hk

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

m n
hk

. . . 0
m 1 ´uk

hk
. . .

n ´lk 1
0 hk

. . .

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

(14)
From (14), the perturbed rotation (12) where lkuk “ 1 is the
noninvertible matrix.

In the following sections, an algorithm is presented, simi-
lar to QR, which decompose X into the product of invertible
perturbed rotations and the diagonal matrix.

2.2. Problem Formulation

Let X “ rxi, js be the N ˆ N real non-symmetric matrix and
m “ 1. Consider the decomposition

c´1
m,2plN´1,uN´1qc´1

m,3plN´2,uN´2q ¨ ¨ ¨c´1
m,Npl1,u1qX “ Y, (15)

where

Y “ ryi, js “

»

—

—

—

—

–

y1,1 0 ¨ ¨ ¨ 0
0 y2,2 ¨ ¨ ¨ y2,N
...

...
. . .

...
0 y2,N ¨ ¨ ¨ yN,N

fi

ffi

ffi

ffi

ffi

fl

. (16)

The problem is to find lk and uk for k “ 1, . . . ,N ´ 1, for which
(15) is satisfied. Once found, the same technique can be ap-
plied to X “ Y for m “ 2, etc. As the result, one obtains the
decomposition of X into the product of perturbed rotations (12)
and the diagonal matrix E, given by

X “

˜

N´1
ź

m“1

m`1
ź

n“N

cm,nplk,ukq

¸

E. (17)

2.3. Solution to the Decomposition Problem

From (14) and (15), one can observe that the product of per-
turbed inverted rotations in the left hand side of (15) contains
a multiplication of subsequent hk for different set of k. Let us
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define them as Pk and Ri, given by

Pk “

#

1 for k “ 1
śk´1

j“1 h j for k “ 2, . . . ,N ´ 1
(18)

and

Ri “

#

śN´1
j“i`1 h j for i “ 1, . . . ,N ´ 2

1 for i “ N ´ 1
. (19)

By inspection one can verify, that the left hand side product of
(15) is given by (8), where

k “ N ´ j ` 1. (20)

Evaluating y1, j in (15) for m “ 1, j “ 2, . . . ,N and using (8),
one gets

yi, j “ x1, j ´

N
ÿ

i“2

uN´i`1PN´i`1xi, j “ 0 for j “ 2, . . . ,N. (21)

Let us construct the sub-vector xr “ X1,2:N and the sub-matrix
xs “ X2:N,2:N . Then, (21) can be represented as

xT
s F “ xT

r , (22)

where F “

”

f1 ¨ ¨ ¨ fN´1

ıT
, such that

fN´k “ ukPk for k “ 1, . . . ,N ´ 1. (23)

Using (23), one gets

uk “
fN´k

Pk
. (24)

Similarly, solving y j,1 in (15) for j “ 2, . . . ,N and using (8),
one gets

lN´ j`1

¨

˝´x1,1 `

N
ÿ

k“ j`1

uN´k`1PN´k`1xk,1

˛

‚` PN´ j`1x j,1 “ 0

(25a)

´l1x1,1 ` P1xN,1 “ 0
(25b)

for j “ 2, . . . ,N ´ 1. From (25b),

l1 “
P1xN,1

x1,1
. (26)

Substituting (20) to (25a), the remaining lk can be found using

lk “
PkxN´k`1,1

Dk
for k “ 2, . . . ,N ´ 1, (27)

where

Dk “ x1,1 ´

N
ÿ

j“N´k`2

f j´1x j,1. (28)

Using (24), (26), and (27), one can construct the inverted
perturbed rotations (14) which diagonalize the first row and
column of Y . Now, the similar procedure can be applied
to the remaining submatrix Y2:N,2:N , and so on, until Y be-
comes the diagonal one. Let us extend the obtained equa-
tions for m “ 1, . . . ,N ´ 1. From (22), xr “ Xm`1:N,m`1:N and

xs “ Xm,m`1:N . Eq. (28) can be generalized to

Dk “ xm,m ´

N
ÿ

j“N´k`m`1

f j´mx j,m for k “ m ` 1, . . . ,N ´ 1.

(29)
and can be further converted into a recurrent form, given by
#

Dm “ xm,m

Dk “ Dk´1 ´ fN´k`1xN´k`m`1,m for k “ m ` 1, . . . ,N ´ 1
.

(30)
Similarly, (18) can be evaluated using

#

Pm “ 1
Pk “ Pk´1hk´1 for k “ m ` 1, . . . ,N ´ 1

. (31)

Eq. (27) extends to

lk “
PkxN´k`m,m

Dk
for k “ m ` 1, . . . ,N ´ 1. (32)

Consider (13) from the previous iteration of k, which is

hk´1 “ 1 ´ uk´1lk´1. (33)

Substituting (32) and (24) into (33), one gets

hk´1 “
Dk´1 ´ fN´k`1xN´k`m`1,m

Dk´1
. (34)

By (30), the numerator of (34) is Dk for k “ m ` 1, . . . ,N ´ 1.
One can use (34) to evaluate Dk using the simpler formula,
quite similar to (31), which is

#

Dm “ xm,m

Dk “ Dk´1hk´1 for k “ m ` 1, . . . ,N ´ 1
. (35)

The results above can be arranged into the iterative algorithm
which decompose X :

1. Let m “ 1.
2. Solve (22) to get fi.
3. Let C´1 be the N ˆ N identity matrix and k “ m.
4. Evaluate Pk, Dk, using (31), (35).
5. Evaluate lk and uk, using (24), (32).
6. Construct and record Cm,N´k`m as well as c´1

m,N´k`m, given
by (12) and (14), respectively. Accumulate C´1 Ð c´1

m,nC´1.
7. Repeat steps 4-6 for k “ m ` 1, . . . ,N ´ 1.
8. X Ð C´1X .
9. Repeat steps 2-8 for m “ 2, . . . ,N ´ 1.

10. E “ X .

3. EXISTENCE OF THE SOLUTION TO THE DECOMPOSI-
TION PROBLEM

Lemma 1. The algorithm given in Sec. 2.3 for m “ 1 applied
to the N ˆ N real matrix X, or for m ą 1 applied to X “ Y ,
obtained from the previous m ´ 1 step is feasible if and only if

|Xm`1:N,m`1:N | ‰ 0 (36)

xm,m ‰ 0 (37a)

and
hk ‰ 0 for k “ m, . . . ,N ´ 1. (37b)
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Proof. The algorithm consists of final steps. So, it will finish
if all computations are feasible. i.e. the linear system (22)
and three divisions which may break computations, namely by
hk in (14), by Dk in (32), and by Pk in (24). To guarantee the
feasibility of computations they all must be nonzero. P1 ‰ 0 by
(31) as well as D1 ‰ 0 by (35),(37a). Clearly, (36) guaranties
that (22) can be solved. (37b) guaranties that Pk ‰ 0 and Dk ‰ 0
for k “ m, . . . ,N ´ 1 due to, respectively, (31) and (35).

For the "only if" part assume, that the algorithm is compu-
tationally solvable and some or all conditions (36), (37) do not
hold. However, when |Xm`1:N,m`1:N | “ 0, (22) does not have a
finite solution.

From (31), (35), one gets

hk´1 “
Pk

Pk´1
hk´1 “

Dk

Dk´1
, (38)

for k “ m`1, . . . ,N ´1, starting for Pm “ 1, Dm “ xm,m. Now,
assume that there are some k for which hk´1 “ 0. Then, by
(38), Pk “ 0 and Dk “ 0, which brakes (24) and (32). So the
statement, that the algorithm is computationally solvable and
some or all conditions (36), (37) do not hold is false.

The condition (37b) refers directly to the form of (12) and
ensures reversibility of (15). In other words, (15) does not exist
if (37b) does not hold for all its perturbed rotations. So, if the
decomposition (15) exists, it will be found by the algorithm
presented in Sec. 2.3.

The conditions (37a) and (37b), in Lemma 1, can be trans-
lated on elements of X which is gathered as the following

Theorem 1. A real N ˆ N matrix X can be decomposed into
(17) by the algorithm presented in Sec. 2.3 if and only if for
each step m the following conditions hold

|Xm`1:N,m`1:N | ‰ 0, (40)

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

xm,m xm,m`1 ¨ ¨ ¨ xm,N

0 xm`1,m`1 ¨ ¨ ¨ xm`1,N
...

...
. . .

...
0 xi´1,m`1 ¨ ¨ ¨ xi´1,N

xi,m xi,m`1 ¨ ¨ ¨ xi,N
...

...
. . .

...
xN,m xN,m`1 ¨ ¨ ¨ xN,N

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

‰ 0 (41a)

for i “ m ` 2, . . . ,N ´ 1 and⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
xm,m xm,m`1 ¨ ¨ ¨ xm,N

0 xm`1,m`1 ¨ ¨ ¨ xm`1,N
...

...
. . .

...
0 xN´1,m`1 ¨ ¨ ¨ xN´1,N

xN,m xN,m`1 ¨ ¨ ¨ xN,N

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓ ‰ 0. (41b)

Proof. From (35), it follows that the conditions (37) are equiv-
alent to

Dk ‰ 0 for k “ m, . . . ,N ´ 1. (42)

By Cramer’s rule, (22) can be solved by

fi “
|xT

i |

|xT
r |
, (43)

where xT
i is the matrix formed by replacing the i-th column

of xT
s by xT

r in (22). Eq. (43) can be also represented using
|xT

i | “ ´p´1qi`2mMi`m,m and |xT
r | “ Mm,m, where Mi`m,m and

Mm,m are minors of Xm:N,m:N . As the result, (29) is given by

Dk “

xm,mp´1q2mMm,m `
N
ř

j“N´k`m`1
x j,mp´1q j`mM j,m

Mm,m
(44)

for k “ m ` 1, . . . ,N ´ 1. Mm,m ‰ 0 by (40).The numerator of
(44) is the Laplace expansion of the submatrix Xm:N,m:N with
xl,m replaced by zeros for l “ m ` 1, . . . ,N ´ k ` m, which are
given in explicit form by (41).

4. ORTHOGNAL MATRIX CASE

It is possible to transform Givens rotations (2) to perturbed ro-
tations (12) and the diagonal matrix using (39). By (39), start-
ing from the first left Givens rotation in (5) with the identity
matrix on the left, one can convert it into the perturbed rota-
tion followed by the diagonal matrix. In the similar way, one
can apply iteratively (39) to subsequent Givens rotations tak-
ing into account the previously obtained diagonal matrix. As
the result, one obtains (17). In conclusion, we can formulate
the following

Proposition 1. Every orthogonal matrix can be represented as
a product of the perturbed rotations and a diagonal matrix.

5. NUMERICAL EXAMPLE

Suppose

X “

»

—

—

—

–

2 4 8 2
10 5 3 1
7 5 9 3
1 5 7 1

fi

ffi

ffi

ffi

fl

. (45)

Let us apply the algorithm presented in Sec. 2.3 to (45).

‚ m “ 1. F “

”

´0.3 0.6 0.5
ıT

, D1 “ 2, D2 “ 1.5, D3 “

´2.7, P1 “ 1, P2 “ 0.75, P3 “ ´1.35,

c1,4 “

»

—

—

—

–

1 0 0 0.5
0 1 0 0
0 0 1 0

0.5 0 0 1

fi

ffi

ffi

ffi

fl

c1,3 “

»

—

—

—

–

1 0 0.8 0
0 1 0 0

3.5 0 1 0
0 0 0 1

fi

ffi

ffi

ffi

fl

c1,2 “

»

—

—

—

–

1 0.p2q 0 0
5 1 0 0
0 0 1 0
0 0 0 1

fi

ffi

ffi

ffi

fl

(46a)
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»

—

—

—

—

—

—

—

—

–

. . .

dm 0
. . .

0 dn
. . .

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

Gm,npφq “ cm,n

˜

´ dn sinpφq

dm cospφq
,

dm sinpφq

dn cospφq

¸

»

—

—

—

—

—

—

—

—

–

. . .

dm cospφq 0
. . .

0 dn cospφq

. . .

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(39)

‚ m “ 2. F “

”

0.45 0
ıT

, D2 “ 5, D3 “ 5, P2 “ 1, P3 “ 1,

c2,4 “

»

—

—

—

–

1 0 0 0
0 1 0 0
0 0 1 0
0 0.8 0 1

fi

ffi

ffi

ffi

fl

c2,3 “

»

—

—

—

–

1 0 0 0
0 1 0.45 0
0 0.p2q 1 0
0 0 0 1

fi

ffi

ffi

ffi

fl

(46b)
‚ m “ 3. F “ ´2.p7q, D3 “ 6.p6q, P3 “ 1,

c3,4 “

»

—

—

—

–

1 0 0 0
0 1 0 0
0 0 1 ´2.p7q

0 0 0.24 1

fi

ffi

ffi

ffi

fl

E “

»

—

—

—

–

2 0 0 0
0 5 0 0
0 0 6.p6q 0
0 0 0 ´0.8

fi

ffi

ffi

ffi

fl

(46c)

The obtained cm,n and E in (46) are the solution to the decom-
position of (45) into (17), i.e.

X “ c1,4c1,3c1,2c2,4c2,3c3,4E (47)

6. BACKWARD ERROR ANALYSIS

The algorithm presented in Sec. 2.3 requires solving of the
system of linear equations (22). So, the sensitivity of the algo-
ritm depends on a condition number κpFq, see [4, Sec. 2.6.2].
Moreover, the subsequent steps of the algorithm will compute
using previously contaminated results. So, the sensitivity anal-
ysis here is far more complicated than in the the case of orig-
inal Givens QR [6, Sec. 19.6]. To get an estimate of round-
off errors for the algorithm, a series of simulations have been
performed. A set of random square matrices X “ txi, ju of size
N ˆN has been generated with numbers from a Gaussian distri-
bution: 10.000 for each N “ 5,10,20,30 and 1000 for N “ 40.
All obtained matrices have been normalized to |X |1 “ 1. The
algorithm in Sec. 2.3 has been applied to each X using finite
double floating precision. Then, the results of the decompo-
sition, namely cm,n and E in the right hand-side of (17), have
been multiplied back to form a backward estimate X̂ “ tx̂i, ju.
During that step, computations were conducted with increased
quadruple floating point precision in Scilab [7] using modified
DD_QD MuPAT toolbox [8]. For each decomposition, the rel-
ative backward error εrel has been computed, given by

εrel “ max
@xi, j‰0

|xi, j ´ x̂i, j|

|xi, j|
. (48)

Histograms of εrel for each N are presented in Fig. 1-4.

Fig. 1. Histogram of relative backward errors for X of size 5 ˆ 5.

Fig. 2. Histogram of relative backward errors for X of size 10 ˆ 10.

7. CONCLUSIONS

In the paper, the decomposition algorithm of the real non-
symmetric matrix X is presented by means of matrices simi-
lar to the Givens rotations, provisionally called perturbed ro-
tations. We are not aware of any similar technique published
in the matrix algebra books or papers. Possible applications
of the method would cover matrix algebra (properties, equa-
tions solving, matrix inversion) or linear systems (synthesis,
implementation, identification). Not every matrix can be de-
composed in that way. Conditions for the existence of the de-
composition for each m-step of the algorithm are presented as
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Table 2. Histogram peaks ε̃ generated by polynomials.

N 5 10 20 40

ε̃2pNq 7.2608e-12 -1.2688e-11 9.0527e-12 2.9909e-10
ε̃3pNq 5.3569e-16 1.6989e-14 2.7e-12 3e-10

Fig. 3. Histogram of relative backward errors for X of size 20 ˆ 20.

Fig. 4. Histogram of relative backward errors for X of size 40 ˆ 40.

Table 1. Histogram peaks ε̃ of relative backward errors.

N 5 10 20 40

ε̃ 5.3e-16 1.7e-14 2.7e-12 3e-10

Thrm. 1. The backward errors histograms, in Fig. 1-4, have
peaks ε̃ whose values are collected in Tab. 1. For subsequent

N, ε̃ clearly increases. To estimate the rate, datafit function
from Scilab has been used to fit quadratic and cubic functions
to data in Tab. 1, resulting in the following polynomials:

‚ ε̃2pNq “ 5.3e-16p775.34N2 ´ 19158N ` 90106q

‚ ε̃3pNq “ 5.3e-16p25.277N3 ´ 851.36N2 ` 8353.1N `

´ 23640q.

Evaluating ε̃2pNq and ε̃3pNq for N in Tab. 1, one gets results
collected in Tab. 2. Comparing values of ε̃ in Tab.1 and Tab.
2 one can see that ε̃2pNq generates incorrect values but ε̃3pNq

recreates closely the peaks in the histograms. The conclusion
is that εrel ff OpN2q but it might be εrel « OpN3q. However, it
is only a presumption which requires algebraic backward er-
ror analysis of the algorithm planned as a future work. It is
also interesting if the existence of the decomposition would
be determined directly from X , instead of at the beginning of
each m-step of the algorithm, like in Thrm. 1. Another prob-
lem arises how to effectively implement multiplications by the
perturbed rotations using finite precision computations, which
would be at a service in digital signal processing.
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