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Abstract

Time delay estimation (TDE) is a common issue in signal processing. For random signals, various statistical
methods of analysis are used. In this work, standard uncertainties (standard deviations) of the TDE were
analytically analysed and compared for two methods: direct cross-correlation function (CCF) and phase of the
cross-spectral density function (CSDF). In the frequency domain, the CSDF-phase single-point method was
considered, consisting of determining the time delay for one selected frequency. The metrological properties of
the CCF and the single-point phase method are presented for three models of stochastic signals contaminated
with white noise interferences. For these models, the standard uncertainties of the TDE have been compared
taking advantage phase CSDF and CCF for the signal-to-noise ratio (SNR) in the range 0.1 < SNR < 100.
It was found that for small SNR values (SNR < 1) the CCF method is more accurate. On the other hand,
for larger SNR values (especially above one), lower values of the standard uncertainty of the time delay
are obtained for the phase method. Specific SNR values for which the single-point phase method is more
accurate depend on the adopted models and parameters of the signals and on the parameters of the analysis.

Keywords: time delay estimation, stochastic signals, cross-spectral density, cross-correlation, standard
uncertainty.

1. Introduction

Applications of statistical methods for time delay estimation (TDE) of measurement random
signals, received from spatially separated sensors, are widely described in the literature. In recent
decades, several TDE methods have been elaborated based on the analysis of signals in the
time, frequency and state-space domains [1-9]. These methods find application, e.g. in radar
technology, telecommunications, acoustics, mechanics, seismology, and medicine; they aid in
detecting pipeline leaks and assessing two-phase fluid flow [10-17].

The practical application of individual methods of analysis relies on the characteristics of the
signals being measured. Their properties such as: stationarity, probability distribution function
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(PDF), correlation, and SNR are important. The best-known time domain TDE method for Gaussian
stationary signals is the cross-correlation function (CCF) [18-20]. In the classic cross-correlation
method, the estimation of the time delay 7y relies upon the location of the position of the main
CCF peak. Within the frequency domain, one can use a cross-spectral density function (CSDF)
for the purpose of TDE [19,21-23]. To determine the delay for the above-mentioned signals, the
following methods can also be applied: differential and combined functions [16,24,25], conditional
averaging [26,27], and cross-correlation with the Hilbert Transform [28, 29].

The phase method, described in the 1980s [21, 30], is relatively less popular because its
practical implementation is more complicated than in the case of CCF. Efficient execution of this
approach necessitates obtaining an unwrapped phase spectrum estimate and extracting the time
delay, which can be achieved through different approaches. The phase method can be implemented
as single-point or multipoint [19,21,31]. The single-point method involves determining the time
delay for a selected frequency fy and is useful when we are interested in the value of 7 for that
particular frequency. Since the CSDF phase for nondispersive media is a linear function of the
frequency in the band of the analysed signals, the multipoint method can then be used. It consists
of approximating a selected range of the CSDF phase with a straight line and calculating the delay
as the slope of this line. Examples of the application of the phase method in science and technology
are described in the literature: this method is used in electrical capacitance tomography [22],
two-phase flow measurements [32], to analyse vibration and acoustic signals [15,17,33-37], as
well as to signals in medical and biological investigations [14,38,39]. It is generally known that
the cross-correlation method is suitable for estimating the delay time of signals in the presence of
interference, especially for unfavourable SNR. However, there are relatively few works devoted to
analysing the properties of the phase method, especially the single-point phase method.

In this paper, an analysis and comparison of the standard uncertainties for the single-point
phase CSDF and the direct CCF estimator, considering three models of mutually time-delayed and
noise-affected stochastic signals are presented. Since no such comparison was found in the available
literature, the author believes that this work fills this research gap. Section 2 presents the analysed
models of measurement signals. It was assumed that the analysed signals are realizations of a
stationary and ergodic random process. Section 3 briefly describes the principle of the correlation
method and gives the TDE standard uncertainties based on the CCF for the adopted signal models.
In Section 4, an analogous examination for the single-point phase method is presented. Section 5
provides a comparison of the standard uncertainties of TDE by CCF and the single-point phase
method. Section 6 delivers the conclusions from the conducted research.

This paper is significantly improved and expanded version of conference work [40].

2. Models of measuring signals

The relationship between two mutually time-delayed stochastic signals x(¢) and z(z), obtained
from two spatially separated sensors (e.g. optical, capacitive, acoustic, thermal or scintillation),
can be described using the following relationships:

x(1) = s(1) +n1 (1), (1
2(t) = ¢ - s(t —70) + na(1), 2
where: s(¢) — stationary random signal with frequency band B and Gaussian PDF N(0, o), ¢ —

constant factor; 7y — transportation time delay; n; (z), np(¢) — white noises with PDFs: N (0, 0,1),
N (0, opy2) and incoherent with the signal s(¢) and each other.
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Formulas (1) and (2) are hereinafter referred to as Model 1.
The autocorrelation function and the one-sided power spectral density of signal s(¢) are
described by the equations:

sin 27w Bt
Rys(1) = KB (%T) 3
G B K 0<f<B 4
S‘S(f)_{() f>B B ()

where K denotes the constant value of the power spectral density G (?) in frequency band B.
For the signal models (1) and (2) the following relationships take place:

02 =R (0) =07 +07, (5)

O'Z2 =R,,(0) = CZO'SZ + 0',212, (6)

where o, and o, represent the standard deviations of the signals x(z) and z(¢).

The SNR for models (1) and (2) can be defined as follows: SNR, = (o /071)? for x(1) and
SNR, = (0 /on2)? for z(t).

In some cases of TDE, the signal models assume that n;(¢) = ny(¢) = n(t). Then the
disturbances n; () and n,(¢) have identical normal PDFs N (0, 0;,), but these are independent
waveforms. In this case, formulas (1) and (2) will take the form:

x(1) = s(t) +n(t), (N
z2(t) = c - s(t —19) +n(1), (8)

Dependencies (7) and (8) will hereinafter be referred to as Model II. The SNR for this model
can be written as: SNR, = SNR, = SNR = (o /07,)?.
In the transport of solids, simple signal models (9) and (10) are often adopted:

x(t) = s(2), )
z2(t) = c - x(t — 19) + n(1). (10)

This model results from the simplification of (1) and (2), for n;(t) = 0 and ny(¢) = n(z).
Formulas (9) and (10) will hereafter be referred to as Model III. The signal-to-noise ratio for this
is: SNR = (o /00)>.

3. TDE by the use of CCF

3.1. Cross-correlation method
For signals x(t) and z(¢), CCF R, (7) can be given as follows [19,41]:
Ry (1) = E[(x()z(1 + T)] = cRys(T — 10), (1)

where 7 is the time delay and E[-] means the expected value.
For 1 = 1, the function R, (7) assumes a maximum value (Fig. 1). The transportation time
delay can thus be designated as:

19 = arg{max R,,(7)} = arg {R,.(70)}. (12)
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CCF |

Fig. 1. Principle of TDE using CCF.

The normalized CCF is expressed as

pra(T) = Ry (7) _ cRys (T - 10) (13)

VRxx(O)Rzz (0) Ox0z

CRss(0) col

Ox07 O-XO-Z.

and for T = 7¢:

Pxz(T0) = (14)

The dependencies of p (7o) on the SNR for the analysed signal Models I, II and III are given
in the paper [28].

In the currently used digital methods of analysis, the signals are sampled and quantized. Then
the direct CCF estimator can be described using the formula:

Nlotal_l
Xg(tn)zg(tn + 1), m=0,1 2. .M-1, (15)
n=0

R\XZ(Tm) - Nt tal
ota

where: N is the number of samples, x, (n) and z,(n) are sampled and quantized signals x(¢) and
z(t), respectively. Equation (15) is valid for the number of signal samples z, equal to Niota1 + M.
In [42], it was shown that when analysing random signals with a Gaussian PDF, the influence
of quantization on the accuracy of the CCF estimation is negligible already for several levels of
quantization. Thus, in further consideration, a negligible value of the quantization errors can be
assumed.
In [28,29], it was shown that the variance of the CCF estimator for 7 = 1 is equal to:

olo?

o [Rec(ro)| x == [14 p2.(70)] - (16)

total

If CCF estimation is carried out with uncorrelated samples with the division of Ny, into
a number of N, segments, then on the basis of (16) the relative standard uncertainty of the
estimator can be represented by the formula:

7[R @] (o))"
Ry (10) NNy ’

et | Rz (70)| = a”

where: N — the number of samples in a segment.
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3.2. Standard uncertainty of the TDE using CCF

In the article [28], the formula for the variance of the time delay for CCF was derived in the

following form:
) \/E 1 ¢ [Exz (TO)]

Based on (17) and (18), we obtain the formula for the standard uncertainty of the 7y obtained
using CCF:

u (10)ccr = 0 (T0)ccr = #C/g {Mrel [Exz (TO)] }1/2 : (19)

In [28], it was shown that the standard uncertainties of the CCF based time delay estimation

for models I, II, and III can be represented by the formulas:
— Model 1

12 1/2
(weer = A2l e o L L, L] 20)
H0eer = 2BV 4 | VNN, |77 SNR, T 2 \SNR; T SNR SNR; ’

— Model I

1 .[3 1 1 1 1 1/2 1/2
WE bo L (1 L _ , 21
u (TO)CCF B 4 /NNd [ + SNR ( * C2) * CZSNR2:| ( )

— Model III "
1,3 1 IR
= —/= 2 . 22
M(TO)CCF ﬂB\/;{\/N_]Vd [ + CzsNR] ( )

4. Application of the phase of CSDF to TDE

4.1. Single-point phase method

TDE in the frequency domain is most often implemented by using the CSDF phase. In practice,
only one-sided CSDF can be designated for the frequency range 0 < f < oco. This is a complex
quantity described as follows [19]:

G .(f)=2 / Rue(r) - ez, 23)

CSDF (23) can be represented in polar form:
G () =1Gxz(N]e =) 0< f <o 24)

The phase of CSDF @, (f) for non-dispersive media is a linear function of the frequency f.
For 7 = 1y we obtain:

mlo o)

D, (f) = arctan =2r- f - 7. 25)

wfo_o
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Determination of the time delay from the CSDF phase is possible for the selected frequency
fo (single-point method) or using a linear approximation of the phase characteristic in the selected
frequency range (multipoint method) [19,21,31-33]. Next, the single-point method is analysed.

Based on (25), we obtain for the selected frequency f = fy (Fig. 2):

_ q)xz(f())
T0 = Tﬁ) (26)

D, (1) 4

N0 | E— :

Fig. 2. Principle of the single-point CSDF phase method.

Normalized CSDF is known as the coherence function 7y, ( f). The practical approach involves
utilizing the squared coherence function:

2
G (N
Gxx(f) . Gzz(f)’
where G (f) and G, (f) are autospectral density functions of signals x(¢) and z(¢), respectively.

The condition 0 < 7,%2 (f) < 1is fulfilled by the yjzcz (f).
The coherence functions for the models of signals I, II, and III discussed describe the equations:

Yi(f) = 27

— for Model I: 1
2 2 2 2 |~
o (o g
Vi (f) = 1+0__21+C2;2 Czo.lzo._zz
s K N N
(28)
1 11 11\
=1+ + = + ’
SNR, 2 \SNR, SNR, SNR,
— for Model II:
2 4 771 B
2 Ty 1 Op 1 1 1
- 1+_ 1+_+ = 1+ 1+_ + — s 29
Y (f) ) ( Cz) 620;1] [ SNR ( c?]  c2SNR? @

— for Model III:

271 -1
2 B o B 1
yxz(f)_ 1+(CU'S) l - |:1+C2SNR:| . (30)

The dependence (28) graphs are shown in Fig. 3, and the (29) and (30) graphs are presented in
Fig. 4.
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Fig. 4. Plots of the relationships (29) and (30) for various SNR values and ¢ = 1.

4.2. Standard uncertainty of the TDE from phase CSDF

The accuracy of the TDE based on CSDF depends on the variance of the phase estimator,
which is given by [19]:
I- 7)2cz (f)
2Nd7)zcz (f) ’

where @, (f) is the smoothed CSDF phase estimator determined using a phase unwrapping and
averaging procedure, e.g. the Welch method [19,43].

o [@. ()] ~ (31)


https://doi.org/10.24425/mms.2026.3049

R. Hanus: ACCURACY COMPARISON OF TIME DELAY ESTIMATION OF RANDOM SIGNALS USING THE SINGLE-POINT . . .

[31] shows that the standard uncertainty of the TDE when utilizing the CSDF phase for f = fj
is given by the following:

27 fo | 2Nav2,(fo)

Taking into account the coherence functions (28)—(30) for the signal models analysed, we
obtain for [ = fy:

1 1- )Zcz v
u [10]cspr = o [0l cspr { Ve (J0) } . (32)

— for Model I:
1 1 1 1 (1 1 1 2
N 1 + = + , 33
ulmolesor ~ 772 {2Nd [SNRx 2 (SNRz SNRy SNRZ)” >
— for Model II:
| . | 1 | 1/2
u [xolesor ~ 3 {2Nd [SNR (1 * ?) v CZSNRz]} ’ oY
— for Model III:
(0] 1 1 2 (35)
u [T ~ :
01CSDF 27Tf0 ZNdCZSNR

5. Comparison of standard uncertainties of TDE using the CSDF-phase and CCF methods

After a comparison of (19) and (32) we obtain:
1/2
u (70) csDF _B 41 [ 1 1] ! (36)
u(ecr 2/ V3 | Na [v3:(f) | ura[Rez(10)

Taking quotients of formulas (20) and (33), (21) and (34), and (22) and (35) we get the
following dependencies for the signal models:

— Model I:
| 1 AR
[ + 1+ ]
u(to)espr _ B 1 | N [SNR. = c2SNR, SNR, a7
u(to)cck  Jo V48 | Na 1 1 1 ’
2+ + 1+
SNR, " ¢2SNR, \'  SNR,
— Model II:
1 1 R
— 1+ 5|+ 5=
u(to)cspr _ B 1 | N [SNR 2] 2SNR? 38)
u(to)ccrp  Jo V48 | Na 1 1 1 ’
24 == |1+ 5|+ 5=
SNR c2]  c2SNR?
— Model III:
u (70) cspr _ EL {ﬁ [ 1 }1/4 )
u(to)cck Jo V48 | Na | c2SNR(2c2SNR +1) '
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The analysis of formula (32) shows that possible large values of fy should be selected.
The maximum frequency fy can be equal to the signal frequency band B. The plots of the
formulas (37), (38) and (39) for B/ fy = 1 and for ¢ = 1 are shown in Figs. 5, 6 and 7.

For small SNRs, the two in the denominators of (37) and (38) can be omitted, and we obtain,
respectively, for models I and II:

u(to)espr B 1 [N [ 1 1 AN

u (70)ccp fo \/_ {N [SNR ¢2SNR, (1 * SNR )}} ’ (40)
u (TO)CSDF _ { [ l + _ ”1/4 41
u(t)ece SNR ( c2) c2SNR? '

SNR.[-]
\ 2
\ \ — (.15

AN \ — 03

\ - 0.5

w(7o)cspr /u(To)cer [—]
u(7o)cspr /u(t0) ccr [—]

-~
-~
S~

~
~——
- - Sl

-]

(a) (b)

Fig. 5. Plots of the dependence (37) with N/N4 = 110 (a) and N /N4 = 1, 000 (b), for various values of SNR, B/ fo = 1,
andc = 1.

Based on the analysis of formulas (37) to (39) and the plots shown in Figs. 5 to 7, it can be
concluded that, in general, the single-point phase method gives smaller values of the standard
uncertainty of the TDE than the cross-correlation for SNR values greater than unity. SNR limits
(for which u(79)cspr = u(79)ccr) depend on the adopted signal model and the analysis parameters:
N, Ny, B, fy. In the case of Model I, for given values of SNRy, B/ fy, and c, the values of SNR,
and the N /Ny ratio are important. Figure 5 shows the influence of the SNR, values on the ratio of
the number of samples in a segment N to the number of segments N for two selected cases: when
N/N; = 110 (Fig. 5a) and when N/N4 = 1,000 (Fig. 5b). It should be noted that the ratio N/Ny
can take different values depending on the available number of samples N,. For example, for
Niotal = 100, 000, the chosen values of N, Ny, and N/ fy (lub N/N;) are summarized in Table 1.
From the perspective of minimizing the variance of the CCF and CSDF phase estimators, the total
number of samples Ny, and the number of segments N4 should be as large as possible, which
follows directly from (16) and (31). On the other hand, the number of samples in a segment N
should also be large. In practice, it is therefore necessary to find a compromise solution.

Figure 5 allows determining the ranges of SNR, and SNR, values for which the standard
uncertainty of time delay estimation from the CSDF phase will be smaller than for the CCF. For
example, from Fig. 5a, one can infer that the uncertainty u(1y)cspr will be smaller than u(19)ccr
if the SNR, value is greater than 1.3 and SNR, > 0.3. In the case of SNR, = 1, the SNR, value for
this situation would need to be almost one hundred.
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u(7o)cspr /u(To)cer [—]

0.1

u(7o)cspr /u(To)ecr [—]

SNR[-]

Fig. 7. Plots of the dependence (39) for various values of N/Ng4, B/fo=1,and ¢ = 1

Table 1. Selected values of N and N for Nyya = 100, 000.

N 4,000 5,000 6,250 10,000
Nd 25 20 16 10
N /Nd 160 250 444.44 1,000

10
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Figures 6 and 7 show the dependencies u(1y)cspr/u(70)ccr = f(SNR) for signal models 11
and III, respectively. For these cases, the parameter is the ratio N/N,. For Model II, for ¢ = 1
and B/ fy = 1, the limiting SNR values (for which u(7y)cspr = u(79)ccr) range from 0.63 (for
N/Ngz =10)to 1 (for N/Ng4 = 250). In the case of signal model III, the SNR limits range from 0.1
(for N/N4 = 5) to 1.03 (for N/N4 = 250).

In practice, the signal-to-noise ratio in measurement signals is usually unknown, but signal
models can be determined. In such cases, the SNR can be assessed using the experimentally
determined normalized cross-correlation and the relationships p,(79) = f(SNR) for the adopted
signal models. These relationships for signal models I-III are provided in article [28].

6. Conclusions

This paper compares the standard uncertainties of the time delay estimation using the methods of
cross-correlation and phase cross-spectral density (single-point method). Analyses were performed
for three models of mutually delayed stochastic measurement signals with random disturbances.
It was found that in the range of small signal-to-noise ratio values (SNR < 1), the time delay
estimation from the cross-correlation function is more accurate, while in the range of higher SNR,
lower uncertainty values of TDE can be obtained for the phase method. Specific SNR values for
which the phase method is more accurate depend on the adopted models and parameters of the
signals and on the parameters of the analysis. The advantage of the single-point phase method is
the ability to determine the time delay for the selected frequency fy, which lies in the band of
measurement signals. This is important in dispersive media where the CSDF phase is not a linear
function of frequency. The new results obtained in this work are relations (37)—(39) that allow for
comparing the standard uncertainties of the CCF and single-point CSDF estimators for the three
assumed signal models.
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